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Preface 



On the occasion of Wolfhart Zimmermann’s 70th birthday a conference on Quan- 
tum Field Theory was held on June 21-24, 1998 at the Ringberg Castle situated 
in the splendid scenery of Upper Bavaria. 

Twelve invited speakers gave talks on topics related in one or the other way 
to the scientific work of Wolfhart Zimmermann. All participants agreed that the 
conference was a great success and we would like to thank the speakers for their 
interesting and well-prepared talks covering a wide range of interesting actual 
quantum field theoretical problems. 

With great regret we had received the short-term cancellation of Harry 
Lehmann’s participation due to his worsening health conditions. Harry Lehmann, 
like Wolfhart Zimmermann, one of the pioneers of modern QFT had planned to 
give a historical talk on the “Gottinger Feldverein”, which we are sure would 
have been spiced with many personal anecdotes. Harry Lehmann died a few 
months later on Nov. 22, 1998. 

In addition to the talks held at the conference we decided to include in 
these proceedings a small selection of Wolfhart Zimmermann’s scientific papers, 
which proved fundamental to various important developments of modern QFT 
as there are the treatment of bound states in QFT, Renormalized Perturbation 
Theory, Composite Operators and Operator Product Expansions. We resisted 
the temptation to include the famous LSZ papers from the fifties, whose content 
has already entered in most of the standard text books on QFT. 

We would like to thank the Max Planck Society for funding the conference 
and A. Hermann and his crew at the Ringberg Castle for their warm hospitality 
and perfect organization. 



Munich, 
July 2000 



Peter Breitenlohner 
Dieter Maison 
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Anomalies 



William A. Bardeen 

Fermi National Accelerator Laboratory, 
P.O. Box 500, Batavia, IL 60510, USA 



Abstract. I discuss the role of anomalies in the modern development of quantum field 
theory and the implications for physics. 



1 Introduction 

Symmetries play an essential role in our understanding of elementary particle 
physics. Global symmetries in the form of conserved charges label the physical 
states and reflect the existence of conserved local currents. Local symmetries in 
the form of gauge field theories are used to describe practically all aspects of 
elementary particle physics phenomena and imply the existence of vector gauge 
fields coupled to conserved local currents. 

In electromagnetism, the photons are the quanta of the electromagnetic gauge 
field. In the theory of electroweak interactions, the massive W and Z particles are 
the quanta of the electroweak gauge fields in addition to the massless photon. The 
strong dynamics of the quarks and gluons are controlled by the color interactions 
of the quantum chromodynamic gauge fields. Local Lorentz symmetries are used 
to describe the gravitational interactions. 

In some cases the symmetries are not realized explicitly although these in- 
visible symmetries still involve exact symmetries at the fundamental level. In 
quantum chromodynamics, the color confinement phenomena results from an 
exact local color gauge symmetry. However color confinement implies that there 
are no asymptotic states with color, such as the fundamental quarks and gluons, 
and only color singlet particles can be directly observed as isolated states. 

Symmetries can also be dynamically broken without destroying the exact 
underlying symmetry. Spontaneous magnetization occurs when the spins in a 
material tend to align in a particular direction breaking the explicit rotational 
symmetry. This spontaneous breaking of the rotational spin symmetry implies 
the existence of spin waves which govern the long range fluctuations of the 
spins. Chiral symmetries reflect the independent rotations of the left and right 
handed components of fermions which is an exact symmetry of a gauge field 
theory of massless Dirac fermions as in the case of quantum electrodynamics 
with massless electrons. PCAC and the dynamics of massless pions are thought 
to reflect the dynamical breaking of the approximate chiral symmetries of the 
strong interactions. At the fundamental level these global chiral symmetries are 
due to local gauge dynamics of the color interactions becoming exact in the limit 
where the light quarks are massless. 



P. Breiteiiloluier and D. Maison (Eds.); Proceedings 1998, LNP 558, pp. 3-14, 2000. 
© Springer- Verlag Berlin Heidelberg 2000 




4 



William A. Bardeen 



Local gauge symmetries can also be spontaneously broken. Superconductivity 
results from the dynamical breaking of the electromagnetic gauge symmetry. 
This dynamical breaking implies the existence of supercurrents and the Meissner 
effect which is related to the generation of a dynamical magnetic mass for the 
photon, the gauge quanta of the electromagnetic gauge field. In a similar manner, 
the electroweak interactions described by an exact local gauge symmetry which is 
dynamically broken generating masses for all of the presently observed particles 
including the massive gauge bosons, the W and Z particles, which mediate the 
observed electroweak forces. 

At present the Standard Model is used to explain all of the observed phenom- 
ena of elementary particle physics. The Standard Model is based on exact local 
gauge symmetries and the dynamics generated by the local gauge fields coupled 
to the corresponding local conserved currents. The Standard Model currently 
invokes the local gauge symmetries, 

5't/(3)coior ® (SU{2) ® t/(l))ew ® Gravity , 

of the strong, electroweak and gravitation interactions. Of course there are many 
speculations about additional dynamical structure including supersymmetry, 
technicolor grand unification and strings. 

2 Anomalies — Clashing Symmetries 

Symmetries provide the fundamental framework for our present formulation of 
theoretical particle physics. However, anomalies arise when apparent classical 
symmetries come in conflict. This clashing of symmetries has an important im- 
pact on both the dynamics and the symmetry structure of the theories we use 
to describe elementary particles. In the following sections, I will discuss the ori- 
gins of anomalies, the structure of anomalies and some of the implications of 
anomalies for physics. 

The original anomaly puzzle arose in attempts to apply the newly formulated 
quantum field theory to the two photon decay of the neutral pion [1,2]. J. Stein- 
berger computed the decay from the one loop, triangle diagram for a virtual 
proton with point couplings to the neutral pion and photons (Fig. 1). The decay 




Fig. 1. One loop diagram for the two photon decay of the neutral pion. 



amplitude seemed to depend strongly upon whether pseudoscalar or pseudovec- 
tor couplings were used for the interaction of the pion with the proton. However, 
these interactions seemed to be equivalent if one integrated by parts and used the 
field equations. This contradiction between the naive application of the quantum 
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field equations and the direct calculation of the triangle diagrams became known 
as the anomaly. Although the pseudoscalar coupling eventually proved to give 
the correct experimental result, it is possible that this early attempt to apply 
quantum field theory to problems beyond QED convinced Steinberger to focus 
his future career on experimental physics instead of struggling with unreliable 
theories. 

A formal resolution of the problem of the equivalence of pseudovector and 
pseudoscalar couplings was provided J. Schwinger [3] using proper time methods. 
He showed that a careful definition of singular operator products was required 
before the equations of motion could be used to study the anomaly using the 
equations of motion of the quantum field theory. 

A more complete understanding of the anomaly and its physical impact came 
from the study of the anomalous divergence equations for the axial- vector current 
[4,5]. Axial- vector currents had become an important focus of research because 
of their role in understanding hadronic chiral symmetry or PCAC. The partial 
conservation of the axial-vector current followed from this chiral symmetry and 
implied particular couplings for the pions at low energy. Massless pions are iden- 
tified as the Goldstone bosons of dynamical chiral symmetry breaking. Adler 
showed that the anomaly required the existence of specific operator corrections 
to the fermion axial-vector divergence equation. 



5^{V'7m 75'</’} = 2m{i/i75V'} + ■ 

47T 

This result for a free fermion can be generalized to the axial-vector current for 
hadronic chiral symmetry. The anomaly modifies the divergence equation and 
predicts the decay amplitude for the Goldstone pion. 






■^jr“->77 — trfermionsiT Q } , > 

Jv 



where the anomaly coefficient is determined by the fundamental fermion struc- 
ture of the theory. The anomalous divergence equation implies that the axial 
vector current can not be conserved in the presence of electromagnetism even 
in the symmetric limit where the pions are massless. From this perspective, the 
chiral symmetry associated with axial-vector current clashes with local gauge 
symmetries of electromagnetism. 

Because the magnitude of the pion decay amplitude is directly related to the 
strength of the anomaly, it is a sensitive measure of the fundamental fermion 
structure of a dynamical theory of hadrons. The measured values of the anoma- 
lous pion decay amplitude and the e-fe- annihilation cross-section could be com- 
bined with current algebra and operator product expansion methods to provide 
the first convincing evidence for the dynamical color triplet quark picture [6]. Of 
course, the observed pion decay rate was also consistent with the original Stein- 
berger calculation if pseudoscalar pion-nucleon couplings were used to compute 
the proton loop amplitude. 
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3 The Nonabelian Anomaly 

Anomalies have a more complex structure than the abelian anomaly observed in 
the anomalous divergence of the neutral axial-vector current. Nonabelian anoma- 
lies can be studied using generalized fermion loops for nonabelian currents where 
the fermions have arbitrary nonabelian couplings to vector, axial-vector, scalar 
and pseudoscalar densities. 

L = -I- - S - i7si7}?/> = 'ip{r}'ip . 

Explicit perturbative computations of general fermion loops for arbitrary ex- 
ternal fields can be made where the short distance singularities are controlled 
by a well-defined cutoff or regularization procedure. This vaeuum functional, 
or fermion loop effective potential (Fig. 2), can be used to define consistent 

r ^ r 

Fig. 2. Vacuum functional for fermions with arbitrary nonabelian couplings. 



matrix elements of the nonabelian current and other operators. The covariant 
derivative of these currents can then be studied for possible anomalous terms. 
This study corresponds to an explicit check of the gauge covariance of the effec- 
tive potential. Anomalous terms reflect the explicit breaking of the nonabelian 
gauge symmetries. A general regularization procedure will normally break many 
of these symmetries. Local counter- terms can then be added to the effective 
potential to restore the classical gauge symmetries. When this is not possible, 
the fermion loops are said to contain anomalies. By explicit calculation [7], all 
anomalous terms can be made to cancel except those involving certain external 
vector and axial- vector fields. For a particular choice of counter-terms, the gauge 
variation of the general fermion loop effective action be reduced to an especially 
simple form, 

D{A+, r) = R{riA+ - iA^r - 7 • dA+r) 

= I dze^,,rtnB{2iA+d>^v]^d'^vi - d>^v;v^v:^} , 

where A-^. is a left-handed gauge transformation and is the left-handed ex- 
ternal gauge field. Right handed gauge transformations yield a corresponding 
result. The generalized anomalous divergence equation for nonabelian currents 
yields 
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where is the appropriate covariant derivative. Since the anomalous diver- 
gence only involves other external gauge fields, the breaking of the nonabelian 
symmetries can be viewed as a clash between the symmetries associated with 
the current and the symmetries associated with the external gauge fields. 

The form of the nonabelian anomaly is not arbitrary but is constrained by 
consistency conditions which must be satisfied by any proper formulation of the 
quantum theory [8]. The Wess-Zumino consistency conditions provide a powerful 
constraint on the algebraic structure of the anomaly and a simple test for the 
consistency of any specific calculation of anomalous terms. 

The general result for the fermion loop anomaly obtained above has been 
confirmed by many different methods. A particularly elegant derivation of the 
anomaly invokes the path integral formulation of quantum field theory [9]. 
Fermion loops are generated by the functional integral, 

J Dip Dijj exp J dx{ipi^ ■ Dip}^ , 

where the classical fermion action is presumed to be covariant under generalized 
gauge transformations, but the fermionic measure may not preserve this covari- 
ance. Even here great care must be used in giving precise meaning to these 
formal expressions. In this formalism, anomalies are directly related to the non- 
invariance of the fermionic measure and not to problems associated with defining 
composite operators. Of course, this approach gives the same result as the direct 
calculation of the fermion loop diagrams, but it adds an important perspective 
to our understanding of anomalies. 



4 Nonrenormalization Theorem 

A remarkable feature of anomalies concerns their behavior under renormaliza- 
tion. A careful study of higher order radiative corrections shows that these correc- 
tions do not modify the fermion loop anomaly computed above. Since anomalies 
reflect unavoidable gauge symmetry breaking, they are determined solely by the 
structure of the small fermion loops and their symmetries [10]. The nonrenor- 
malization theorem was originally checked by explicit two loop computations 
and confirmed by general regularization arguments to all orders and extended 
to arbitrary renormalizable quantum field theories in four dimensions [10,11]. 
The nonrenormalization theorem was also proven using renormalization group 
methods [12]. 

The nonrenormalization theorem is extremely important as it establishes 
the fundamental significance of the anomaly. The anomaly is not simply an 
artifact of a particular method of calculation or order of perturbation theory. 
As stated in our discussion of the evidence for color triplet quarks, the anomaly 
directly measures properties related to the fundamental fermion structure of the 
underlying quantum field theory. This feature has great significance in the many 
applications of anomalies to physics. 
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5 Classical Applications 

Anomalies have many different implications for quantum field theory. The con- 
sistency of gauge field theory requires the absence of anomalies associated with 
the dynamical currents (£)) which implies that the fermion loop anomalies must 
cancel between different kinds of fermions in the theory. If the anomalous cur- 
rent divergence involves dynamical gauge fields, then the global symmetries (G) 
associated with the anomalous current are explicitly broken by dynamics of the 
gauge fields. Even if no dynamical currents are involved, anomalies can have im- 
portant implications for the global current algebra associated with the external 
symmetries of a quantum field theory. 



5.1 Anomaly Cancellation (DDD) 

Anomalies reflect an intrinsic breaking of local gauge symmetries which can not 
be compensated by simply adding local counter-terms in higher order calcula- 
tions. Since gauge field theories are consistent only if the local gauge symmetries 
are preserved by the quantum theory, the presence of anomalies implies that 
certain gauge models simply do not exist at the quantum level. Hence, anoma- 
lies associated with the dynamical gauge currents must cancel if the dynamical 
gauge symmetries are to be preserved. The fermion loop anomalies depend only 
on the charge structure of the dynamical fermions, and their cancellation con- 
strains the fermion matter content of many gauge field theories. The nonrenor- 
malization theorem then guarantees that this cancellation will be preserved to all 
orders. From the form of the nonabelian anomaly, it can be shown that models 
with vectorlike gauge couplings, such as QED or QCD, do not have dynamical 
anomalies. Only theories where the fermions have chiral gauge couplings can 
have nontrivial anomalies. 

The Standard Model of the electroweak interactions provides an interesting 
example of a chiral gauge theory where anomalies do occur but are canceled 
between the various quark and lepton contributions [13,14]. The anomalies for 
a single generation of quarks and leptons are listed in Table 1. It is a remark- 



Table 1. Contributions of leptons and quarks to nonabelian anomalies. 



Standard Model 


Leptons 


Quarks 


Sum 


51/(2)" ® (7(1) 
1/(1)" 


1 

2 

i-i 


Q - i 
6 

36 9 9 


0 

0 



able feature of the Standard Model that a theory involving only quarks or only 
leptons would not be consistent, but the combined theory of quarks and leptons 
is free of all dynamical anomalies. Anomaly cancellation is a central element 
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in building models beyond the Standard Model including grand unification, ex- 
tended technicolor or any other theory which adds new fermions or additional 
gauge interactions. 

5.2 Global Symmetry Breaking {GDD) 

In gauge field theories, the anomalous divergence equations imply that various 
global symmetries can be broken by anomalies. In the original calculation of 
the axial current anomaly, the chiral symmetry of the neutral pion current was 
broken by the coupling to the electromagnetic gauge fields which modified the 
low energy theorem for the coupling of pions to photons. 

Global symmetries can be broken more dramatically by the presence of non- 
trivial gauge dynamics. The 17(1) problem of QCD is a classic example. The 
original formulation of quark model seemed to have too much symmetry as 
there were nine conserved chiral currents in the limit where the light quarks are 
massless. Weinberg had argued that there should be an extra Goldstone boson, 
an T/', nearly degenerate with the pion. Instead, the physical t]' has a mass of 
order 1 GeV. In quantum chromodynamics, the singlet axial-vector current has 
an anomaly involving the QCD gauge fields. An explicit calculation by ’t Hooft 
[15] showed that instanton effects could break the 17(1) symmetries and generate 
a mass for the rj' [16]. 

In a similar vein, instanton effects can be shown to generate explicit break- 
ing of the baryon number symmetry in the Standard Model [15]. This may be 
somewhat surprising as the baryon number current is a vector current and not 
normally associated with anomalies. However, the Standard Model requires that 
the 517(2) X 17(1) gauge symmetries be exactly preserved. Since these currents 
have chiral structure, the anomaly must be shifted away from the dynamical cur- 
rents, and it reappears as an anomaly in the baryon number current. Hence, the 
anomaly predicts the proton will decay in the normal Standard Model although 
the explicit calculation shows that the vacuum decay rate is so highly suppressed 
that a proton has yet to decay via this mechanism in the entire lifetime of the 
universe. 

Another implication of the QCD anomaly concerns the strong CP problem. 
Naively, all CP violating phases in the quark and lepton masses matrices can be 
rotated away leaving only the weak CP phases of the CKM matrix. However, the 
anomaly induced f7(l) breaking of QCD implies that the 17(1) phase cannot be 
freely rotated and a strong CP violation remains. Since there are precise limits 
on the size of any strong CP violation, alternative models beyond the standard 
model were considered where a new Peccei-Quinn symmetry [17] would allow the 
strong CP phase to be rotated away. However, Wilczek and Weinberg [18] ar- 
gued that this new symmetry would imply the existence a new pseudo-Goldstone 
boson, the axion. Detailed predictions about the mass and couplings of the ax- 
ion could be made using the anomalous current algebra reflecting the strong 
breaking of the 17(1) symmetry in QCD [19]. Extensive tests of these predictions 
show that axions associated with the scale the electroweak interactions are now 
ruled out [20] and only much higher scales are consistent with the axion picture. 
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The resolution of the strong CP problem remains an outstanding puzzle of the 
Standard Model. 

5.3 Global Current Algebra {GGG) 

Anomalies also modify the current algebra relations associated with purely global 
symmetries. This is clear from the anomalous divergence equation where the 
external gauge fields in the anomalous divergence are associated with global 
symmetry currents and not the dynamical gauge fields. These anomalies reflect 
the clash of symmetries generated by the quantum effects of the fermion loops. 
In many applications of current algebra one combines the constraints of current 
algebra with low energy theorems associated with the infrared dynamics of the 
system. Wess and Zumino used their consistency conditions to derive an effective 
action for the Goldstone pions consistent with the anomalous couplings to the 
electromagnetic field [8]. Witten showed that this could be extended to derive 
anomalous terms in the purely strong strong dynamics of pseudoscalar mesons 
[ 21 ]. 

The anomaly has both ultraviolet and infrared implications. The anomaly 
associated with the global symmetries of a given theory provides a set of con- 
sistency conditions which must be satisfied by any infrared realization of the 
theory. These consistency conditions place severe constraints on the massless 
spectrum of fermions and Goldstone bosons even when the dynamics is highly 
nonperturbative [22]. 

6 Topology and Geometry 

Anomalies have important relations to the topology and geometry of gauge fields. 
Atiyah and Singer [23] showed that index theorems and the spectral properties 
of the Dirac operator relate the anomaly to the topological structure of gauge 
fields. The eigenvalues of the Dirac operator, 

7 • D = = 7"^/. - , 

depend upon the deformations of the background gauge fields and reflect their 
topological structure. The anomalous divergence of the axial vector current, 

a'* = ^tr{G'^"(A) ■ , 

is directly related to the topological index of the gauge field 

which takes on integer values. 

Differential geometry has been used to analyze the structure of anomalies 
in arbitrary dimensions of space-time [24]. The descent equations can be used 
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to connect various aspects of the anomaly structure. As in the case of the 
Wess-Zumino consistency conditions, the descent equations strongly constrain 
the anomalous structure allowed for any theory. 

The anomaly also implications for topological objects which occur in gauge 
field theories. Instantons, sphalerons and similar objects are related to fermion 
number changing processes which are determined by the anomaly structure of the 
underlying theory [22]. Anomalies are related to the mechanisms of charge frac- 
tionalization and induced charge on topological defects such as dyons, skyrmeons 
and polyacetylene. Anomalies also have an important impact on the physics of 
magnetic monopoles, cosmic strings, domain walls, vacuum bubbles, D-branes, 
etc. In many cases where the physics is highly nonperturbative, the anomaly 
structure provides the only precise information on the behavior of complex sys- 
tems. 

7 Gravitational Anomalies 

Anomalies also occur for systems interacting with gravitational fields. In precise 
analogy with the axial- vector current anomaly in a background electromagnetic 
field, the fermion loop processes generate a gravitational anomaly in the diver- 
gence of the axial- vector current [26], 

where the anomaly is related to a topological index of the gravitational field. 
Since the Standard Model contains chiral U(l) currents, the potential for grav- 
itational anomalies exists. Such an anomaly would imply a clash between the 
Standard Model gauge symmetries and the general covariance of the background 
gravitational field. We would expect the gravitational anomalies to cancel if we 
wish to preserve our normal picture of gravity. In the Standard model, the indi- 
vidual fermions do have anomalous contributions, but the sum over all fermionic 
contributions cancels (Table 2). Contrary to the case of the gauge anomalies, 
the cancellation occurs separately for quarks and leptons. 



Table 2. Contributions of leptons and quarks to the gravitational anomaly. 



Standard Model 


Leptons 


Quarks 


Sum 


® 17(1) 


@(-i) + l 


3(|) + 3(-i) + 6(i) 


0 



Pure gravitational anomalies can also exist in 2, 6 and 10 dimensions [26]. As 
in gauge theories, it is important to determine the precise form of the consistent 
gravitational anomaly as distinguished from the covariant anomalies associated 
with various currents or densities. In theories with fermions, the vierbein field 
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must be introduced to define the spin using the tangent space symmetries. In 
this case, the local gravitational symmetries can be viewed from the perspectives 
of local Lorentz symmetry or general covariance. By using the veirbein field, the 
gravitational anomalies can be transformed from one perspective to the other by 
adding the analogue of Wess-Zumino counter-terms to the gravitational action 
[27]. 

8 Supersymmetry 

Supersymmetry adds additional complexity to the anomaly picture. Here there 
is potential for the gauge symmetries or global symmetries to clash with super- 
symmetry. Indeed, there was initially considerable confusion between the non- 
renormalization theorem associated with the axial-vector currents, the renormal- 
ization of the supersymmetric b-function and the nonrenormalization theorems 
associated with the holomorphy of the superpotential [27-30]. Anomalies also 
have an important impact on the nonperturbative structure of the superpoten- 
tial, holomorphy and duality [31]. 



9 Superstrings 

The modern superstring era began in 1984 with the observation by Green and 
Schwarz [32] that the anomalies which affected earlier formulations of string the- 
ory could be made to cancel. The apparent loop anomalies were found to cancel 
against anomalous couplings of the graviational sector. Consistent superstring 
theories were found to exist in 10 dimensions (four visible dimensions and six 
compact dimensions) for particular gauge groups. The most interesting early 
string model was the heterotic string [33]. The low energy spectrum of the the- 
ory is determined by anomalies in terms of index theorems and the topological 
structure of the compact six dimensional manifolds. In this way the anomalies 
could be used to predict the generation structure of the chiral fermions [34]. 
More recently, theoretical efforts have focused on superstring duality, M-theory 
and D-branes [34]. Even here anomalies and related phenomena continue provide 
important insights into the structure and applications of string theory. 

10 Conclusions 

Anomalies started out as a troublesome ambiguity about how to apply the new 
ideas of quantum field theory to interesting physical problems. The resolution 
of this ambiguity led to a more fundamental understanding of quantum field 
theories and their symmetries. The discovery and analysis of the complete non- 
abelian anomaly showed that the anomaly was much more complex than the 
simple form of the anomalous divergence of the axial- vector current. Anoma- 
lies could be viewed as the fundamental clash between the classical symmetries 
which can occur in a quantum system. The nonrenormalization theorems showed 
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that the anomalies reflected the fundamental structure of the quantum field the- 
ory and were not just an artifact of a particular computation in some order in 
perturbation theory. As nonabelian gauge theories began to take over the theo- 
retical foundations of particle physics, the anomaly played an important role in 
determining the structure of the gauge models and the symmetry structure of 
the resulting theories. Anomalies cancellation was a required condition for model 
building, the global symmetry structure is modified by the presence of anoma- 
lies, and the anomaly also changed the global current algebras. In many cases, 
the anomaly provides the only nonperturbative information about speciflc gauge 
field theories, as reflected by the constraints of the ’t Hooft anomaly matching 
conditions and by many other applications. 

Connections to fundamental mathematical structures have led to a deeper un- 
derstanding of anomalies and their implications Differential geometry provided 
an elegant mechanism for the analysis of anomaly structure and pointed to gen- 
eralizations of the anomaly picture. Index theorems, spectral flow and related 
techniques revealed the deep connection between anomalies and the topological 
structure of gauge fields. The interplay between the mathematics and the physics 
has led to a much richer view of both fields. 

Anomalies played an important role in the rebirth of string theory. They 
continue to have an important impact on recent developments of string theory, 
M-theory and D-branes. String theories have revealed a much richer symmetry 
structure that goes far beyond the symmetries of normal gauge field theory, and 
anomalies may help provide a path to a more complete understanding of the 
symmetries and the dynamics. 

Many people have played important roles in understanding the mathematical 
structure of anomalies and in developing the vast array of applications in both 
physics and mathematics. In my original derivation of the nonabelian anomaly, 
I knew the result had fundamental significance but had little idea how pervasive 
anomalies would become in the future. 
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Abstract. We give short historical account of the origin of the algebraic quantization 
method from Zimmermann’s construction of normal products. We also give a sketchy 
description of a recent application of the same method. 



In his report at the Aix-en-Provence Conference in 1973 Symanzik mentioned 
among the most relevant achievements of renormalization theory, the “Normal 
Operator Products”: “There exist (in renormalization theory, at least) operators 
which are finite, local, and transform as the naive operator product would” . In his 
speech Symanzik referred mainly to the role of these operators in the construction 
of the short distance operator product expansions [1], and hence he considered 
only minimally subtracted operators. It had however been clear for a couple of 
years that the normal products provided a new, general and rigorous tool for 
the study of renormalization theory and in particular of symmetry properties in 
field theory. 

Indeed, after the pioneering Zimmermann’s work [2], in a sequence of pa- 
pers published between 1971 and 1973 Lowenstein, Schroer, Gomes and Lam 
showed that the use of normal products allows a rigorous and simple formula- 
tion of the Majorana-Schwinger Quantum Action Principle [4,5]. They discussed 
in particular the derivation of single current Ward Identities in models with 
broken symmetries, the origin of a generalized class of anomalies, the structure 
of renormalized energy- momentum tensor [6]. With the same level of rigor and 
simplicity Lowenstein was able to derive a class of parametric equations gener- 
alizing Callan-Symanzik equations and, in two remarkable papers with Schroer, 
gave the first rigorous proof of the gauge independence of the S-matrix in mas- 
sive QED [7] and of the absence of radiative corrections to the axial anomaly in 
the same framework [8]. 

The renormalized version of the Majorana-Schwinger Quantum Action Prin- 
ciple describes the first-order effect of an “infinitesimal” quantum field transfor- 
mation on a generic T-ordered vacuum correlator. In general this introduces into 
the correlators new operators that, in the framework of Zimmermann’s scheme, 
are characterized by different, possibly anisotropic, subtraction degrees [9]. These 
over-subtracted normal products do not transform “as they would” under field 
transformations. They can be reduced to linear combinations of minimally sub- 
tracted normal products that, in perturbation theory, generate a basis for the 
local point-like operators. This reduction yields a generalized class of anomalies. 
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Lam, in his detailed study of the Quantum Action Principle, extending Lowen- 
stein’s work, put into evidence the relation between the over- and anisotropic 
subtractions and the diagrammatic and forest structure of the renormalized am- 
plitudes, in particular in the case of non-linear field transformations. The need 
of some refinement of Lam’s analysis was later shown by Breitenlhoner and Mai- 
son [10]. The extension of the analysis to models involving massless particles 
required a further generalization of the method of normal operator involving 
infra-red subtractions [11]. 

From a general point of view the normal product method is rigorous and 
simple. However its direct applicability requires a detailed analysis of the dia- 
grams contributing to the correlators and of their subtractions. This is therefore 
limited to a particular but important class of models which includes QED and 
the simplest models with broken linear symmetries. 

Taking into account the complexity of the diagrammatic and subtraction 
structure of the Feynman amplitudes, it is clear that a detailed and direct study 
of the renormalization corrections to non-abelian gauge theories and to the Ward 
identities corresponding to the non-abelian current algebra relations [12] is out 
reach even for the top experts. There are however few general properties of 
the quantum corrections that are independent of the particular diagrammatic 
and subtraction structure of the correlators and direct consequence of power 
counting. 

Indeed, independently of any detail of the theory, the quantum corrections 
appear as linear combinations of (integrated) point-like normal products of the 
external and quantized fields. These are Lorentz scalars and have dimensions 
limited by that of the variation of the classical action. One has therefore a finite 
number of independent contributions. 

To keep a sufficient level of generality it is convenient to adopt the func- 
tional framework in which the point-like operators are defined through functional 
derivatives with respect to corresponding external fields. In this framework the 
Schwinger terms, that we consider together with the contact terms required by a 
covariant T-ordering, appear as normal products of external and quantized fields 
(with subtraction indices depending on both kinds of field legs) . The current al- 
gebra Ward identities describe the invariance of the vacuum functional under 
non-abelian gauge transformations of the external vector fields coupled to the 
currents and the chiral anomalies correspond to genuine quantum breakings to 
these identities: they are 4-dimensional normal products of external gauge fields. 

For what concerns the construction of the quantum theory, we assume a sub- 
traction scheme fixed a priori. Consider for example the minimal dimensional 
scheme or the Lowenstein-Zimmermann’s zero-momentum subtraction method. 
Once the subtraction scheme is chosen, the quantum theory is identified by a 
Lagrangian — that we shall call “ Effective Lagrangian” — whose coefficients 
are formal power series in h and are identified with the series of the finite coun- 
terterms implementing the wanted renormalization conditions. In particular a 
theory with prescribed invariance properties is renormalizable if there exist de- 
formations of the Effective Lagrangian for which the quantum corrections to the 
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wanted Ward Identities vanish to all orders of perturbation theory. Assuming 
this attitude, the study of the quantized theory should be extended from that of 
the classically invariant theories with fl-dependent coefficients to a wide class of 
deformations. Power counting and Lorentz invariance are the only classical prop- 
erties that are generally preserved at the quantum perturbative level. Therefore 
by deformations of the classical theory we shall mean the Effective Lagrangians 
corresponding to generic Lorentz invariant and power-counting renormaJizable 
actions with the wanted quantum and external field content. 

Let the generic deformations of the classical theory be identified by a finite 
number of fi-dependent parameters: c“ for i = 1, ..,n . The vanishing conditions 
for the quantum corrections correspond to a finite number (say N) of algebraic 
relations, ensuring the vanishing of the coefficients of the N independent break- 
ing operator (Schwinger) terms. In perturbation theory these algebraic relations 
appear as formal power series in the perturbative parameter h ; that is, they can 
be written in the form: 



Ba{n,c)=0 for 0 ::=l,..,iV (1) 

with Ba, and of course c, formal power series in fi. The classical theory is iden- 
tified by the system: 

S„(0,co)=0. (2) 

At least a subset of the solutions of this system lie on a non-singular (g-dimen- 
sionaJ, if q is the number of the parameters of the classical theory) submanifold 
Me of i?" . The tangent space to this manifold at the point Cq is defined by: 

5a,i(0,c^)u‘ = 0 (3) 

for every tangent vector v. Here the index i labels the c*-paxtial derivative. 

In perturbation theory the condition (1) is replaced by its linearized version 
that ensures recursively the existence of h formal series solutions to (1). This 
linearized condition requires that the system 

Ba {h, c) + Ba,i (0, Co) 5d - O (hB) (4) 

has solutions 6c — O (B) for every point cq of M^. Indeed, assuming that Ba {h, c) 
be of order minh (m, owing to (2), must be greater than zero), one has from (4) 
that Ba (h, c -)- 6c) is of order greater than m. This is expressed in closed form 
by 

Ba(n,c + 6c) = 0{nBa(h,c)), (5) 

which is equivalent to the vanishing of Ba- 

Thus, according to (4), one should prove that Ba (fi, c) belongs to the im- 
age of the matrix Ba,i (0, cq) in i?" if cq 6 up to higher order corrections. 
Notice that Ba,i (0, co) <5c* represents the variation of the classical action. There- 
fore (4) means that the genuine quantum corrections should be compensable by 
deformations of the action. 

Let us illustrate the above equations by a “trivial” example. Suppose we are 
given a massive scalar field theory carrying an orthogonal representation of a 
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simple group. We want to analyze the renormalizability of the theory under the 
condition that the Green functions of the theory be invariant under the action of 
the above group. Let the infinitesimal action of the group on the field be given 
by: 

(6) 

Let r[(j}] be the one-particle-irreducible Green functional of the theory. The 
renormalized invariant theory should satisfy: 

6^r = I dx„“T‘,^'(x) = 0. (7) 

For a generic choice of the Effective Lagrangian, according to the normal product 
version of the Quantum Action Principle, this Ward Identity is written in the 
broken form: 

S^r = jdx Ni F = J dx + O (hb)] (8) 

where the symbol [X] in front of F means the insertion of the corresponding 
operator into the one-particle irreducible Green functions and for a = 

is a basis of 4-dimensional point-like operators. Notice that in (8) the 
operators play two different roles; indeed in the first equation they appear as 
normal product operators while in the second one they are functionals. This puts 
into evidence that in the tree approximation the insertion into T of a normal 
product generates the corresponding elementary vertex. 

Now we can identify the coefficients Ba (h,c) introduced above with 
and hence Eq. (1) corresponds to the system {h, c) = 0, that we write in 
the form of a functional equation: 

J dxcoab'^ (h,c) n°'{x) = 0 . (9) 

In this functional form we can also represent the symmetry breaking induced 
in the classical approximation by an infinitesimal deformation of the action SF 
corresponding to the variation Jc of the parameters. Introducing the complete 
system {74} of independent 4-dimensional integrated Lorentz scalar functionals 
— that is a basis for the Effective Lagrangians — we can write 6F = ji Jc® and 
the corresponding symmetry breaking is written: 

J dxBa^i (0,co) n‘^(x)5F = . (10) 

Now we can translate into our functional formalism the recursive version of the 
renormalizability condition (4): 

J dxujab'^ {h, c) l?“(a;) -f- <5^7, SF = O {hb) 



( 11 ) 
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Taking into account that the basis of functionals { 7 i} is complete, we can write 
this equation in the simpler form: 

j dxUaK (^.c) = S^X + O {hb) . (12) 

where X is any 4-dimensional integrated Lorentz scalar functional of order b. 
This is the final form of the perturbative renormalizability condition for our 
symmetric theory. 

In the present situation the diagrammatic analysis is sufficient to prove that 
(12) has solutions X. Indeed in this example the infinitesimal field transforma- 
tions are linear and homogeneous and the normal products transform as the 
corresponding classical functionals; therefore the left-hand side of (12) can be 
written as the action of 6^^ on the Effective Action. 

However, for example, the same diagrammatic analysis appears particularly 
complex in the study of current algebra Ward identities in a linear sigma model 
[12]. Adopting in this specific case the same functional framework, one is led to 
a situation formally analogous to our example in which, however, the number 
and structure of the elements of the basis is exceedingly rich. This is why the 
idea emerged to reduce this number by using a consistency condition introduced 
by Wess and Zumino [13] to characterize the non-abelian axial anomaly. 

In the case of our example the consistency condition appears as a consequence 
of the Lie algebra commutation relations: 

[<^w' , <5o.] = • (13) 

Indeed, if we compute by means of Eq. (8) we obtain: 

6u' J dxuia 6“ 17“ (a:) - Jdxuj'^ b“17“(x) = 

Jdx[uj,uX b2f2‘^{x) + 0{hb) . (14) 

This is the rigid version of Wess- Zumino consistency condition. It is easy to show 
by purely algebraic means that, in the case of semi-simple symmetry groups, Eq. 
(14) guarantees the existence of solutions to Eq. (12) and hence the renormal- 
izability of the symmetric theory. This is the historical origin of the algebraic 
renormalization method. 

The second important situation requiring more powerful algebraic tools ap- 
pears in the study of non-abelian gauge theories in which the invariance prop- 
erties of the theory are controlled by the Slavnov-Taylor identity. The essential 
novelties of this theory, in the Faddeev-Popov quantization scheme, are the non- 
linearity and nilpotency of the field transformations leaving the classical action 
invariant [14]. 

The non-linearity of the field transformations implies that they axe affected 
by quantum corrections in much the same way as the couplings appearing in the 
Lagrangian. In other words the infinitesimally transformed fields are composite 
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operators that must be written as linear combinations of normal products and 
suitably renormalized. In our functional scheme this implies the introduction 
for (almost) every field of a corresponding external field. We shall use for these 
external fields the name of anti-fields that has been introduced quite recently 
without any substantial change with respect to the original framework. The anti- 
fields obey the opposite statistics of the corresponding fields: those corresponding 
to bosonic fields are elements of a Grassmannian algebra. They anticommute 
with the fermionic fields whose anti-fields are c-number valued. Fields and anti- 
fields carry a ghost-number conserved charge (possibly anomalous, as it is the 
case, for example, in string theory). The sum of the field and corresponding 
anti-field charge is minus one. 

In the case in which there is an anti-field for every field the Slavnov Taylor 
identity is written according: 

= (15) 

where the sura runs over all the quantum fields <j)^ and the corresponding anti- 
fields (j)* . There are many important situations — in particular the standard case 
of a gauge theory with linear gauge fixing function (for example the Feynman 
gauge choice) — in which the prescription of supplementary conditions on the 
form of the gauge fixing function allows the reduction of the effective number of 
pairs field-anti-field. 

In a generic gauge theory with generic subtraction prescriptions the Slavnov- 
Taylor identity is modified by quantum corrections: 

E [A{x)] r = jdx [A{x) + O (hA)], (16) 

where, to keep contact with ( 1 ), we decompose Zi on a suitable basis of normal 
products with Faddeev-Popov charge one: 

A{x) = '^Ba[h,c) Q‘^{x). (17) 

a 

Let Fo be the classical action corresponding to a generic point on Me and 



r = To -h 7 



(18) 



be its local generic deformation. Fq satisfies Eq. (15). The functional 7 corre- 
sponds to a tangent vector to Me if: 



= 





<5 - s ^ 6 : 



= 0 . 



(19) 



This is the functional version of Eq. (3). The functional differential operator T>ra 
is nilpotent since To satisfies Eq. (15). Vpa acts on the space of the local defor- 
mations of Fo giving possible breaking terms. Given a basis of local deformations 




The Algebraic Method in Renormalization Theory 



21 



and the basis {l?“(x)} for the possible breakings, the action of Vpo corresponds 
to the matrix Ba,i (0,cq) in (3). 

Therefore the renormalizability condition Eq. (4) is written in the functional 
language according; 

j dx A{x) + T*ro7? = O {HA) (20) 

that should be solved in terms of %, the deformation of the classical action 
corresponding to Sc in Eq. (4). Eq. (20) means that the Slavnov-Taylor identity 
is renormalizable if the breaking fdxA(x) belongs to the image of T>ro in the 
breaking space. 

Also in this case the existence of 7, solutions of (20) is controlled by a con- 
sistency condition following from the identity: 

Vr [dx Y ~r = 0 (21) 

J ^ 5(j)^ S(j>r ^ ’ 

that implies: 

J dx A{x) = 0 {hA) . (22) 

For the theory to be renormalizable it is sufficient that the image of the 
“coboundary operator” in the space of breakings coincides with its kernel. 
Otherwise the coboundary operator has a non-trivial cohomology in this space 
that corresponds to the potential anomalies of the theory. The study of the 
actual presence of these anomalies goes beyond the algebraic method [8]. 

Beyond the analysis of the quantum corrections, the operator Vpo plays an 
essential role in the identification of the physical content of a perturbative gauge 
theory. Indeed, let us assume that a given theory has been fully renormalized. In 
other worlds, we are given the functional F as formal power series in h satisfying 
Eq. (15) to all orders. T is a function of all the parameters associated with the 
possible deformations of our theory and a functional of external fields coupled 
to all the relevant point-like operators. 

Were we able to define an asymptotic space Has we could find a nilpotent 
Fermionic charge Q [15] corresponding to T>r and commuting with the 5-matrix. 
This is the direct consequence of the Slavnov-Taylor identity. One could conse- 
quently define the cohomology Hq of Q in the asymptotic space, that is the 
quotient of the kernel versus the image of Q in Has- At least in the perturbative 
framework, the original scalar product induces a Hilbert space structure into Hq 
and the 5-matrix defined in Has induces an unitary 5-matrix into Hq. Therefore 
Hq can be identified with the physical asymptotic space [14]. 

To any external bosonic field a commuting with Vp 



VpY-r = Q, 

oa 



(23) 



there corresponds an operator in Has such that: 



[Q,OJ = o. 



(24) 
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Furthermore among the solutions of (23) one finds those satisfying: 






The corresponding relation in the operator formalism is 



( 25 ) 



Oc. = [Q,O0], (26) 

and Oa has vanishing matrix elements in the physical space. 

This shows that the non-trivial point-like observables correspond to external 
fields a such that belongs to a cohomology class of Vp and the correspond- 
ing operators belong to a cohomology class of Q. 

In perturbation theory, having recourse to the implicit function theorem, one 
sees that is replaced by Vpa and F hj Fq- 

The above considerations about the role of Pt-j, justify a deeper analysis of 
its structure. It is apparent from Eq. (19) that Vp^ is the sum of two terms; the 
second one, that we call s, is a field derivative; therefore it can be considered as 
the generator of a field transformation that in general is anti-field dependent. 
The first term is the generator of a field dependent anti-field variation. We shall 
limit ourselves to the case of mass-shell-closed gauge algebras which means that 
Fq is linear in the anti- fields: 

Fo = Finv + Fg = Finv + f dx ^2 (27) 

i 

In this situation s is anti-field independent and nilpotent, while in the general 
case it is nilpotent only modulo the field equations. 

One can thus consider the cohomology of s and ask what is its relation with 
that of Pro- 

To answer this question if we consider a generic P/’q - closed functional X. It 
satisfies: 

Vr.X + = »• (2«) 

The second term in the right-hand side is proportional to the field derivatives of 
the classical action Fq: this means that X is s-closed on the classical mass-shell. 
Henneaux and his collaborators [16] have performed a very general analysis of 
the solutions to the Pro -closeness condition in the case of standard, semi-simple, 
gauge theories. They find that in this case the Pro -cohomology coincides with 
that of s on the functional space constrained by the field equations. Therefore 
it corresponds to gauge invariant, anti-field independent, operators. 

There is however a wide class of models in which the cohomology of Vp^ is 
substantially different from that of s. Since a general analysis has not yet been 
completed, we conclude this report mentioning a very simple example of a model 
of this class. 

We consider a particularly simple topological cr-model [17,18] whose target 
space is a n-dimensional complex torus T. Given the complex structure J of T 




The Algebraic Method in Renormalization Theory 23 

we choose a system of complex coordinates V, V adapted to J. The basic fields 
in the holomorphic sector are the world-sheet scalars V{x), the world-sheet one- 
forms P{x) and the two-forms F{x) carrying ghost number -1 and -2 respectively 
and taking values in holomorphic tangent of T. The anti-holomorphic sector con- 
tains only world-sheet scalar fields: the coordinates V and the anti-holomorphic 
tangent vectors S, A and H with ghost number -1-1, -1-1 and -t-2 respectively. 
Concerning the statistical properties: V, V,H and F are bosonic while E, A and 
the components of P are fermionic fields. 

The symmetry of the model emerges from a particular heterotic twisting of 
a. N = 2 supersymmetry which gives rise to the so-called B-model [17], In the 
B-model the nilpotent functional differential operator s, introduced above acts 
according to: 



sP = dV sF = dP 

sV = E sA = H. (29) 

The model being topological, its classical action reduces to a gauge fixing term 
that is trivial in the s-cohomology: 

Finv = S^, (30) 

where ^ is an integrated two-form with ghost number -1 constrained by the con- 
dition that the kinetic term in the Lagrangian be non-degenerate. For example: 

•F = j [F^A^ + *PW^ , (31) 

where *P is the form Hodge dual to P and d is the exterior differential on the 
world-sheet S; Qij is the target space Kahler metric. 

The anti-field dependent part of Jq is 

r, = y [P*dV + F*dP + V*S + A*H], (32) 

Notice that, in the present model, the anti-fields are world-sheet forms and the 
sum of the form degrees of every field-anti-field pair is two. 

The anti-field-independent part of Fq is obtained from Fg by translating the 
anti-fields according to: 

+ ( 33 ) 

Now we consider the structure of the relevant cohomology. As discussed above 
one is interested in the cohomology of I>ro • However it is not difficult to verify 
that this can be obtained from that of Vp, by the translation (33). Therefore, 
for the purpose of classifying the “observables”, we can choose the classical 
functional (27) with vanishing Finv, i.e.: 



A - A. 



(34) 
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The action of Vp, on the fields coincides with that of s, while on the anti- fields 
one has: 



Vr,V*^dP* Vr.P* = dF* 

Vr,S* = -V* Vr,H* = A* (35) 

The functional space upon which T>r, acts corresponds to the polynomial func- 
tionals in the variables dV, P, F, dV, S, A, H and the anti-fields, whose coeffi- 
cients are target space tensors. These operators must be globally defined on the 
target space. 

Under this condition, it is apparent that the zero-form cohomology consists 
of the polynomials in — since this is the image of V which is not globally 
defined — and F* . Further cohomology elements are associated to one and two- 
form valued operators which satisfy the so-called descent equations: 

The corresponding cohomology elements are obtained by integrating 1 ?U) and 
over non-trivial one and two-cycles of E. 

The zero-form cohomology is generated by: 

J7(0) = (37) 

where the coefficients yut are constant tensors. The corresponding one-form is: 

=^j[p:e^ -FtdV^, (38) 

and the two-form is: 

= fP, [V* E^ - P* dVJ\ . (39) 

The construction of the corresponding operators obtained after the anti- 
field translation (33) is left to the reader. It turns out that integrating over the 
world-sheet the operator generated by one finds the variation of Jo under 
a deformation of the complex structure of the target space parametrized by pj. 

This remark is just the starting point of a field theory construction of spe- 
cial geometry [19] that will be developed elsewhere. It is however important 
to notice here that the presence of anti-field dependent elements of the Vp^- 
cohomology implies that the corresponding elements of the -cohomology 
depend on the parameters appearing in the gauge-fixing fermion iJ. This can 
transform “unphysical” into “physical” parameters inducing an “holomorphic 
anomaly” [20,18]. 

We think that this sketchy example gives an idea of the extension of the range 
of the algebraic quantization method that has originated from Zimmermann’s 
construction of the method of normal products. 
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1 Introduction 

Quantum Field theory appears in several different settings: 

1. Lagrangean quantum field theory together with perturbation theory. 

2. L.S.Z. -theory, which is useful for scattering problems [1]. 

3. Wightman’s quantum field theory [2] and its derivative, the Euclidean field 
theory. 

4. The theory of local observables in the sense of Araki, Haag and Kastler [3]. 

It is believed that these different branches of quantum field theory describe es- 
sentially the same physics. But there is only very little known about the rigorous 
equivalence of the above-mentioned theories. Wolfhart Zimmermann and myself 
[4] were the first to look at the passage from Wightman’s theory to the theory of 
local observables. We found only sufficient conditions. Meanwhile, there exists a 
large number of them, but necessary and sufficient conditions are still missing. 
The situation is not better for the reverse direction or the other equivalence 
problems. 

If one thinks that two theories are equivalent then one should at least try to 
transcribe the great achievements of one of the theories to the other. However, 
in many cases it is not so simple as it seems to be at first inspection. I will try 
to discuss this problem by looking at two examples. One is the PCT-thoerem 
and the other is the tensor product problem. 

2 The PCT-theorem 

This theorem tells us that the product of time reversal, space reflection, and 
charge conjugation is always a symmetry. Reading the paper of Pauli [5] on this 
subject one gets the impression that a precursor of the PCT-theorem has been 
discovered by Schwinger [6]. But it was a mysterious transformation containing 
the interchange of operators. The first development of the PCT-theorem in the 
frame of Lagrangean field theory is due to Liiders [7]. This result has triggered 
the clarification of the connection between spin and statistics and the role of the 
positive energy. (See W. Pauli [5] and also G. Liiders and B. Zumino [8].) 

1957 R. dost [9] gave a proof of the PCT-theorem in the frame of Wightman’s 
field theory. The beauty of this proof is the clarification of the role of the different 
conditions one has to impose. These are 
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1. Covariance of the theory under the (connected part of the) Poincare group. 

2. Positivity of the energy. 

3. There are only fields, which transform with respect to finite dimensional 
representations of the Lorentz group. (Transformation of the index space.) 

4. Locality, which means that for spacelike distances the Bose fields commute 
with all other fields and the Fermi fields anti-commute with eachother. 

5. The Minkowski space has even dimensions. 

6. To every field in the theory appears its conjugate complex partner. 

From the spectrum condition it follows that the Wightman functions have an 
analytic continuation into the forward tube 

Tn = {^1.- • • € C‘‘;3m(zi - Zi+x) € . 

Using locality, Poincare covariance of the theory, and the appearence of only 
finite dimensional representation of the Lorentz group. Hall and Wightman [10] 
could show that the analytically continued Wightman functions can be consid- 
ered as functions on the complex Lorentz group. If the index space transforms 
under infinite dimensional representation of the Lorentz group then the Hall 
Wightman theorem fails because of lack of analyticity. Examples are given by 
Streater [11] and by Oksak and Todorov [12]. The Hall Wightman theorem was 
the starting point of Jost’s investigation. If the Minkowski space has even di- 
mensions then the complex Lorentz group contains the element —I 

/-I 0 0 0 \ 

0-100 
0 0-10 
\ 0 0 0 - 1 / 

This transformation is the product of time reversal and space reflection. But 
there is the time translation e‘^* with the positive energy operator. In order 
to keep the energy positive one has to change i into —i. Therefore, the time 
reversal has to be an antiunitary operator. If 0 is an antiunitary total reflection 
one obtains for a scalar field 

0<?(x)0 = . 

The passage to the conjugate complex is closely related to the charge conjuga- 
tion. Therefore, one has to look at the product of C and PT. One remark more 
to the role of locality: The passage to the conjugate complex interchanges the 
order of an operatorproduct. At totally spacelike points the original order can 
be restored. Putting things together one gets the PCT-theorem for scalar fields. 
The general case needs in addition the handling of finite dimensional matrices 
which appear with fields of higher spin. 

For a long time it was impossible to show the PCT-theorem in the theory of 
local observables because one did not know the meaning of condition 3 and 6 in 
the setting of local observables. These are: 




28 



Hans-Jurgen Borchers 



3. There axe only fields which transform with respect to finite dimensional 
representations of the Lorentz group. (Transformation of the index space.) 

6. To every field in the theory appears its conjugate complex partner. 

That it took such a long time to understand the two conditions in the setting of 
local observables is due to the lack of proper mathematics. This new technique 
is the Tomita-Takesaki theory. At the 1967 Baton Rouge conference Tomita [13] 
distributed a preprint describing his theory of modular Hilbert algebras. As one 
knows by now this is the biggest progress in the theory of operator algebras since 
von Neumann. Tomita himself did not publish his result and it was Takesaki [14] 
who presented this theory in form of a lecture note. This theory is concerned 
with the following: 

Let be a Hilbert space and A4 be a von Neumann algebra acting on this 
space with commutant M' . k vector fi is cyclic and separating for M if MO and 
M'O are dense in "H. If these conditions are fulfilled then a modular operator A 
and a modular conjugation J is associated to the pair {M,0) such that 

(i) A is self-adjoint, positive and invertible 

AO=0, JO^O . 

(ii) The operator J is a conjugation, i.e. J is antilinear, J* = J, = I, and J 
commutes with A'* . This implies the relation 

AdJA = A"i . 

(iii) The unitary group A** defines a group of automorphisms of M 

AdA^M=M, VtelR. 

(iv) For every A £ M the vector AO belongs to the domain of A$ . 

(v) J maps M onto its commutant 

Ad JM=M' . 

Because of the Reeh-Schlieder theorem [15] the vacuum vector is cyclic and 
separating for every algebra M{G), where G is any domain which has a spacelike 
complement with interior points. 

In order to get a better understanding for these new symmetries it is impor- 
tant to find examples where these groups can explicitly be computed. So far one 
knows the following examples: 

(a) G is a spacelike wedge and the local algebras are generated by Wightman 
fields, which transform covariantly with a finite dimensional representation 
of the Lorentz group [16,17]. 

(b) G is a forward light cone and A4(F+) is generated by a massless, non- 
interacting field [18]. 

(c) G is a double cone and M{D) is generated by conformally covariant fields 
[19]. 
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(d) G is a spacelike wedge and the local algebras are generated by generalized 
free fields of a certain type, which break Lorentz covariance [20]. 

(e) G is the forward light cone or the wedge for a quantum field in a ther- 
mal equilibrium state of two dimensional models that factorize in light-cone 
coordinates [21]. 



In (a) the modular group is the group of Lorentz boosts that leave the wedge 
invariant, and the conjugation is the PCT operator (combined with a rotation). 
The precise connection of the modular group and the Lorentz boosts of the wedge 
is 






f cosh 2-Kt — sinh 2wt 0 0^ 
- sinh 27rf cosh 2i:t 0 0 
0 0 10 
V 0 0 01/ 



At the same time Bisognano and Wichmann showed that in their situation wedge 
duality holds, this is the relation 



M(W)=M(W) , 

where W denotes the opposite wedge. 

From this result one can learn the following: Let $i{x) be Wightman fields. 
Then one has 



U{Aw{mi{x)U*{Aw{t)) = D^i{Aw{mk{Aw{t)x) . 

If D^{Aw{t)) has an analytic continuation into the complex Lorentz group then 
the spectrum condition implies that for Xi E W the expression 



U {Aw (a:i ) ■ • • {xn)G 

= {Aw{t))^ki {Aw(t)xi ) . . {Aw{t)x„)f2 , 

has an analytic continuation into the strip -| < Srmt < 0. At the lower bound- 
ary one finds Aw(t — ^)x € W. 

This gives the hint how to solve problem (3) for local observables. The result 
[22] needs some explanation: 

Let Ko be a double cone in the characteristic two-plane of the wedge with center 
at the origin and K be the cylindrical set with the same cylindrical direction as 
that of W, such that the intersection with the characteristic two-plane is Kq. 
Let A e M{K) and denote by A{K,x) the translated operator T{x)AT{—x), 
where T{x) is the given representation of the translations. With this notation 
one introduces the following set: 

Let Ar be the set of operators A{K, 0) with the properties: 

(i) The operator A{K, x) with K+x c Wr is such thatU{A{t))A{K,x)f2 has 
a bounded analytic continuation into the strip S(—^,0) with continuous 
boundary-values and 
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{ii) A* {K, x) with K +a; C Wi is such that U(A(t))A* (K, x)f7 has a bounded 
analytic continuation into the strip 5(0, |) with continuous boundary- 
values. 

The set A* will be denoted by Ai . It has the corresponding property with 
respect to M(yVi). 

Recall the main result about wedge duality; 

Theorem: 

Consider a Lorentz covariant theory of local observables in the vacuum- 
sector. This theory fulfils wedge-duality exactly if 

{A{K,xy,A{K,0) e Ar, K + xcWr} 

{AiK,xy,A{K,0) gAi,K + xC Wi} 

are *-strong dense in M{Wr) and M(Wi), respectively. 

In the above result it has not been mentioned what one knows about the structure 
of the elements U{A{^))A{K,x)n, where K + x is in the right wedge. This 
question has been answered in 

Theorem 3.6 of [22]: 

(i) For every A{K, 0) € Ar and every x with K + x C Wr there exists an 
element A(K,0) € Ai, such that the following relation holds: 

UiA(-^))A(K,x)f2 = A(K,Pwx)n , 

where Pw is the reflection in the characteristic two-plane, which does 
not change the perpendicular directions. 

(ii) For every y with K + y e Wi and A(K,0) G Ai there exists an element 
A(K, 0) e Ar fulfilling the relation 

U(A('-))A(K,y)n = A(K,Pwy)n . 



The above statement 



U{A(-l-))A(K,x)n = A{K,Pwx)Q , 

says nothing about what is happening if with A(K) also A(K)* belongs to Ar- 
In Wightman’s theory one has for a; € IT: 

= {S(Pw(x))}*n . 

The reality condition to be introduced is of the same form. 

Reality condition: 

We say a Poincare covariant theory of local observables in the vacuum sector 
with the property of wedge duality fulfils the reality condition if 
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(i) every A{K, 0) £ >1^ H Ai and every x such that K + x C Wr fulfils the 
relation ^ 

A*(K,Pwx) = {A(K,Pwx}}* . 

(ii) 17 is cyclic for the set 

{A(K,x);A(K,0) € Ar C\Ai, and K x C Wr} ■ 

With the wedge duality and this condition it is possible to give a proof of 
the CPT-theorem. Before formulating the result it is useful to understand the 
reason for this. Together with the modular group of the algebra M{W) there is 
a conjugation Jw which maps M(W) onto its commutant 

JwM{w)jw = M{wy . 

If the theory fulfils wedge duality one has M(Wy = A good candidate 

for the CPT-operator is 

0 = JwU{Rw{t^)) , 

provided the origin is contained in the edge of the wedge. Rw{ot) denotes the 
rotation in the two-plane perpendicular to the characteristic two-plane of the 
wedge. This can only be correct if Jw acts local. Prom a result of [23] one knows 
only that Jw maps the cylinder K + x onto the cylinder K + Pw{x). If one wants 
to have local action for Jw then the modular group A'w must also act local. 

If acts local then the result of Bisognano and Wichmann suggests that 
/ijy and U{Aw{t)) coincide. This is guaranteed by the reality condition [24]. 

Theorem: 

In a representation of a Poincare covariant theory of local observables in 
the vacuum sector the modular group associated with the algebra of any 
wedge coincides with the corresponding Lorentz boosts iff the theory fulfils 
wedge duality and the above reality condition with respect to the Lorentz 
transformations. 

Using this one gets the CPT-theorem by a result of Brunetti, Guido and 
Longo [25] and Guido and Longo [26]. 

Theorem: 

Assume the theory of local observables is such that for every wedge W the 
modular group acts as the corresponding Lorentz boosts, i.e. 

A'^M(D)A^^ = M(Aw(t)L>) , 

where D is any double cone, then: 

(1) The theory is Poincare covariant, i.e. there exists a continuous unitary 
representation U (g) of the Poincare group with 



U{Aw{t)) = A^ . 
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(2) The theory Mills the CPT-theorem and one has for every wedge with 0 
in the edge of the wedge 



0 = JwU{Rw{'^)) ■ 

We collect the results obtained previously and get: 

Theorem: 

If a Poincare covariant theory of local observables fulfils wedge duality and 
the reality condition then this theory is CPT-covariant. 

Remark: 

Brunetti, Guido and Longo and also Guido and Longo have used group 
theoretical methods for their proof. That the theory is Poincare covariant if 
the modular groups fulfil the Bisognano Wichmann property can be shown 
also directly [27]. The construction of the CPT-symmetry using only the 
duality and reality condition is still missing. The problem is the following: For 
every wedge the expression [/(Afv(t)Rw(v’))-^(^ +x)f7 can be analytically 
continued to the group element -1. If one starts from two different wedges 
such that A(D + x) belongs to the corresponding algebras one has to show 
that the two different analytic continuations do not land on different sheets. 
This part is still missing. 

3 Tensor product decomposition 

As an example which is solvable in the theory of local observables is the tensor 
product problem. In Wightman’s field theory there are two operations which are 
related to the tensor product. These are the s- and the p-products. If <?i(x) and 
# 2 ( 2 :) are Wightman fields, then the s-product corresponds to 

^i{x)s^ 2 {^) = ^1(3:) ® H2 + li , 

while the p-product corresponds formally to 

#i(x)p^2(3:) = ^ 1(1) ®$ 2 { x ) . 

As operators the product on the righthand side is not well defined. But since 
one can multiply Wightman functions in the complex one can give the above 
expression a well defined meaning. 

For the s-product there exists a reduction theory due to Hegerfeldt [28], but 
his investigation has not solved all the problems associated with the s-product. 
In particular a characterization of indecomposible fields is missing. There exists 
no decomposition theory for the p-product. 

In order to understand the problems involved with the tensor product de- 
composition in the theory of local observables let us start with two ^eories 
{Mi{0),Ui{A,x),'Hi, Qi}, i = 1,2. One can define a new theory on Ri®'H 2 by 

M{0) = Mi{0)®M2{0), U{A,x) = Ui{A,x)®U2{A,x) , f2 = Hi ® fl2 ■ 
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The new theory {M{0),U{A,x),'H^ O] fulfils again all axioms of local quantum 
field theory. In order to uncover the direct product structure one has to look at 
the sub-theory 

{Mi{0)®t,U{A,x),n,n} , and {1® M2{0),U{A,x),n,Q} , 

which fulfils the assumptions of the theory of local observables, except the cycli- 
city assumption for the vacuum vector. If one denotes the algebras AA \ (O) <8 1 by 
Afi{0) and t®M.2{0) by 7V2(0) then one has to answer the following questions: 

1) In order to obtain a tensor product it is necessary that all the M\{0) com- 
mute with all the A/2(0). Does this imply that the algebra Ni{0) V M2{0) 
can be written as tensor product? 

2) It is a very strong assumption to start with sub-quantum-field-theories 
Mi{0) and M2{0). Therefore, one would like to start with only one do- 
main, for instance a wedge Wo, and assume that M{Wo) can be written as 
a tensor product 

A?(Wo) sA/i(Wo)TC(Wo) . 

Is it possible to construct a tensor product decomposition for all other wedges 
and for all double cones? 

3) In order to obtain a tensor product decomposition of the whole theory it 
is not only necessary to have a decomposition for every wedge and every 
double cone but the family of decompositions has to fulfil some coherence 
property. If one wants to get a tensor product decomposition of the whole 
field theory, then all the algebras N\{W) and N\{D) must act on the same 
Hilbert space 'Hi and the A/ 2 (W) and Af 2 {D) must act on the Hilbert space 

■H2. 

The technique by which one can handle the questions is the Tomita-Takesaki 
theory. Besides the usual axioms of local quantum field theory in the vacuum 
sector one has to assume that the theory fulfils the Bisognano-Wichmann prop- 
erty. This is the assumption used also in the derivation of the PCT-theorem, 
namely, for every wedge W the modular group of M(W) coincides with the 
corresponding Lorentz boosts U{Aw{t))- 
Remark: 

(1) As a consequence of the Bisognano-Wichmann property one concludes that 
the theory fulfils the wedge duality, i.e, for every wedge the relation 

M(Wy = M(W') 

holds, where W' denotes the opposite wedge ofW. For the proof see [25] or 
[27]. 

(2) If one identifies the algebra of the double cone D with 

M{D) = fi{M{Wy, DCW} . 
then the general duality property 

M{D)' = M(D') 

holds, where D' denotes the (interior) of the spacelike complement of D. 




34 



Hans- Jurgen Borchers 



The existence of a cyclic vacuum vector together with the locality condition 
implies that the global algebra M := M(1R‘‘) is of type I. More precisely, the 
commutant of M is an abelian algebra [29,30] which must be the same as the 
center of M. 

If the algebra A4 is of the form 

M = Mi®M 2 on ?{ = with J? = 0 J ?2 , 

then also the modular group splits, i.e. 

A'* = A^ 0 A}^ . 

If this is the case, then 0 1 is a subalgebra of M, which is mapped by cr' 
onto itself. 

0 11) = All 0 11 . 

Subalgebras, which are mapped by <r* onto itself, are “modular covariant subal- 
gebras” . 

The treatment of the modular covariant subalgebras and the tensor product 
decomposition of von Neumann algebras is taken from an article of Takesaki 
[31]. Modular covariant subalgebras have the following well known and easy to 
verify properties. (See [31-33] and [34].): 

Lemma: 

Let M be a modular covariant subalgebra of M. Let be the closure 
of J\fn and denote by Eji/ the projection onto By U one denotes the 
restriction of M to Then: 

1. commutes with A‘^ and J. The restriction of A and J to will 

be denoted by A and J. ^ 

2. A and J are the modular group and modular conjugation of {M, Q). 

3. The commutant of A in coincides with JMJ. 

4. The map M — > M is an isomorphism of von Neumann algebras, 
b. A E. M and [A, £jv] = 0 implies A E M. 

b. A E M. then ^ 

EmAE}.: e Si . 

The results of the last lemma have been strengthened. 

Theorem (Takesaki [31]): 

With the previous assumptions and notations one obtains: 

1) There exists a normal faithful conditional expectation S from M onto 

M. 

2) £ commutes with the modular action: 

£{kdA^A) = kdA'^£{A), AiM . 

3) There exists also a conditional expectation £' from ki' to J£{M)J de- 
fined by 



£’{A') = J£{JA'J)J, A! eM' . 
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4) Let E be a projection with EQ = Q. If there is a von Neumann algebra 
Af C M with E e Af' and the central support of E in Af' is 1, and 
if in addition one has EA4E = A/E, then Af is a modular covariant 
subalgebra of AA . 

Notice that the conditions of 4) imply that there exists a conditional expectation 
from Ai onto Af. 

Let Af^ = Af' n A4 be the relative commutant of A/" in Ad. Since is a 
modular covariant subalgebra of A4 the same is true for Af''. Hence exists a 
second conditional expectation S'' with 

S" : Ad ^ AT' . 

The existence of the two conditional expectations S and S" has some important 
consequences. These have been discovered by Takesaki [31]. 

Theorem: 

Let Ad be a von Neumann algebra with cyclic and separating vector fl. 
Assume the modular covariant subalgebra Af of Ad is a von Neumann sub- 
factor. Let Af" be the relative commutant of Af in AA and let TZ = AfV Af" 
be the von Neumann algebra generated by Af and Af". Then the map 

-K ■.'Y^Ai®BieN ®Af" — e 72- c A4 

extends to an isomorphism of Af^Af" onto TZ = Af V Af". Moreover, the 
vacuumstate (f?, . O) is a product state on TZ, i.e. A e Af and B 6 Af" 
implies 

{n,ABf2) = {n,An){Q,Bfi) . 

In order to apply the concepts just described one starts with a wedge W and 
assumes that the algebra AA{W) has a modular covariant subalgebra Af{W). 
Let Sw be the associated conditional expectation and Ew the projection onto 
[Af{W)Q]. If one now changes the wedge to AW + x then, of course, 

U (A,x)ff {W)U {A,x)* is a modular covariant subalgebra of Ad{AW + x). But 
in order to obtain a decomposition of the global field theory the projections Ew 
and Eaw+x have to coincide. We do not only have to transport the conditional 
expectations to different wedges, but one also needs conditional expectations 
for the algebras Ad{D) associated with double cones. In order to be able to 
construct such conditional expectations the algebras must be closely related to 
the algebras of wedges. Therefore, one sets 

Ad{D) = r\{AA{AW + x)\ DcAW + x). 

Now the coherence property can be defined. 

Definition: 

Assume that the modular covariant subalgebras Af (D) C Ad{D) and Af{W) 
C AdiyV) are associated with every double cone D and ever wedge W. Then 
this family is called coherent if the projections Ed and Ew coincide for all 
double cones D and for all wedges W. 
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One can show the following result: 

Theorem: 

Assume one is dealing with a quantum Held theory fulHlling the usual axioms 
and the Bisognano-Wichmann property. Assume also that for one wedge Wq 
the algebra M{Wo) has a modular covariant subalgebra Af (Wo). Then there 
exists a coherent family of modular covariant subalgebras {M(W),Af(D)} 
of {M(W),M(D)} such that Af(Wo) is the given subalgebra of M(Wo). 

The key to the demonstration is the following result taken from [24] Thm. 4.11, 
which needs some explanation of the notation. Let M be a von Neumann alge- 
bra with cyclic and separating vector fi. Then a one-parametric group ^(f) of 
unitaries is called half-sided translation for M if 

i V(t)Q — fl for all f G IR, 

ii V(t) = e‘^* with H >0, 

hi Vit)MV*(t) C M for t > 0 (or for t < 0). 

Proposition: 

Let M be a von Neumann algebra on % with cyclic and separating vector 
n and let V(t) be a half-sided translation for M. Assume Af is a modular 
covariant subalgebra of AA and £ the associated conditional expectation. 
Then the map Ad V (t) commutes with £ for t > 0 if V (t) is a + half-sided 
translation and fort<0 if V (t) is a - half sided translation. This implies 

[P(t),£jv'j = 0 for all t e IR . 

In the boundary of a wedge W there are two different lightlike vectors £i 
and £ 2 - The translations in the direction of these lightlike vectors are half-sided 
translations for the algebra Ad(W), so that one can transport the modular co- 
variant subalgebra A/’(Wo) of Ai{Wo) in a coherent way to all translated wedges. 
Therefore, the projection Ewa onto [A/’(Wo)l7] commutes with all translations 
in the two-plane spanned by ^ 1 ,^ 2 , which is called the characteristic two-plane 
of the wedge. Prom this one can derive 

Lemma: 

Let the dimension of the Minkowski space be larger than 2. Let Af{W) be a 
modular covariant subalgebra of Ad(W). Then Ew commutes not only with 
the translations in the characteristic two-plane but Ew commutes with all 
translations. 

With this result one can transport the modular covariant subalgebras from 
one wedge to all translated wedges in a coherent way. In order to get to Lorentz 
transformed wedges one has to use the Bisognano-Wichmann property. This im- 
plies that there exist other half-sided translations for AA(W) besides the trans- 
lations in the two lightlike directions. These translations do not have an easy 
interpretation and need some explanation. 
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If JV is a von Neumann subaJgebra of M with the same cyclic and separat- 
ing vector f?, then one says that M fulfils the condition of half-sided modular 
inclusion with respect to M if 

Ad C Af for t <0 (or t > 0) 

holds. This situation implies by a result of H.-W. Wiesbrock [35,36] that there 
exists a half-sided translation U (t) such that one has 

M = AdU(l)M or (AA = Ad[/(-l)Ad) . 

For the following it is essential that the theory enjoys the Bisognano-Wich- 
mann property. Let W{t,ti) be two wedges with the same first vector 

then the algebra 

fulfils the condition of half-sided modular inclusion with respect to both al- 
gebras M{W{t,h)) and [27], Using this result one can trans- 

port the modular covariant subalgebras from one wedge to all others in such 
a manner that the coherence property is fulfilled. Starting from and 

choosing 7^ £\ then one obtains a modular covariant subalgebra of 

M{W{^,£^) C\W{£\,£\)) by means of the half-sided translation which maps 
M{W{£^,£^)) onto M(^{£^i,^)(^W{^,£\)). Since this transportation is done 
by a half-sided translation the coherence property is fulfilled. There exists also a 
half-sided translation which maps M{W{0{,£\)) onto M(W {£^, £^) nW{£i, £l)) 
which is at the same time a half-sided translation for M{W {f^,£^)nW (^ 1 ,^ 2 ))- 
Reversing the last construction one is able to find a modular covariant subalgebra 
of M{W{£^,£l)), such that the coherence condition is satisfied. 

Af{Wif„£°2) ^ Af{W{£'l,^2)^W{£’i,£l)) ^ Af{W{£l,£l)) . 

Repeating this procedure with the second and eventually with a third lightlike 
vector, one can get to every other wedge. By this procedure one has to use 
alternatively the first and the second lightlike vector defining the wedge. 

Using also the translations one can construct to every wedge W a modular 
covariant subalgebra Af {W) of A4{W), such that Ew is independent ofW. 

It remains to construct a modular covariant subalgebra for every double cone. 
Lemma: 

Let Af{W) be a coherent family of modular covariant subalgebras of AA{W). 
Define for any double cone 

Af{D) = n{A7(lU); DcW} . 

Then Af{D) is a modular covariant subalgebra of 

A4{D)=n{M{Wy, D CW} . 

Moreover, one has 

[Af{D)Q] = [Af{W)n] . 
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These are the steps to show the theorem. Since the projection E commutes 
with the Poincare group one obtains: 

Theorem: 

Let {Ai{D),U{A,x),'H, fi} be a theory of local observables fulfilling the 
usual axioms and the Bisognano-Wichmann property. Let M{Wq) be a mod- 
ular covariant subalgebra of M(Wo). Then one obtains a coherent sub- 
theory 

{Af(D},U(A,x),n,f7} , 

which fulfils the axioms of local quantum field theory except the cyclicity of 
the vacuum vector. Let E be the projection onto [jV”(VPo)^^], which commutes 
with cdl Af{D) and the representation of the Poincare group, then 

{M(D),u(A,x),En,n} 

defines a local quantum field theory with cyclic vacuum. J\f denotes the 
restriction of Af to EB. In particular one has for every wedge 

M{W) = y{AJ'{D)-Dc W] . 

In order to apply Takesaki’s result on tensor products the modular covariant 
subalgebra N{W) of M(W) must be a factor. This can be shown under the 
assumption that M.(W) itself is a factor. This is known to be the case if the 
global algebra is a factor. Since the factor property for M{D) is not known one 
is not able to show that Af{D) is a factor. Hence Takesaki’s result can not be 
used. Here one has to use a characterization of tensor prodncts due to Ge and 
Kadison [37]. 

For the factor property of Af{W) the following result can be used ([24] Lemma 
II.3): 

Let U(t) be a half-sided translation for the von Neumann algebra M.. Denote 
by Eo the projection onto the U{t) invariant vectors and by Fi the projection 
onto the eigenvectors of Am to the eigenvalue 1. Then one has 

^1 ^ Lio ■ 



Prom this one concludes: 

Proposition: 

Let {M.{D),U{A,x),'H, n} he a theory of local observables. Assume the 
global algebra is a factor and hence M(W) is a factor. Then every modular 
covariant subalgebra of A4iW) is a factor. 

Now one is in the following situation: Starting with one wedge IFo and a 
modular covariant subalgebra A7(Wo) of M.{Wa) there are the modular covariant 
subalgebras 



N{W^), AP^{Wo), Af'^iWo) := A7(VFo) V Af^{Wo) . 
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Associated with these algebras there are three field theories 

{N{D),U{A,x),V.,Q}, {U^{D),U{A,x),n,n), {N{DY,U{A,x),'H,0]. 

For every wedge Takesaki’s theorem implies 

For the double cones it is not known whether or not the algebras Af{D) are 
factors. Therefore, one has to apply different techniques in order to conclude 
that Af^{D) is isomorphic to a tensor product. Here one can use a result of L. 
Ge and R. Kadison [37]. They characterize subalgebras of a tensor product 
which themselves are tensor products 77i0<Si, with TZi CTZ and »Si C >S. Since 
every double cone is contained in a wedge their result can be applied and one 
finds 

AfP{D)^Af{D)®Af^{D) . 

Collecting the results one obtains: 

Theorem: 

Let {M{0),U{A,x),H,f2} be a theory of local observables fulfilling the 
usual axioms and the Bisognano-Wichmann property. Let Wq be a wedge 
and assume that A/”(Wo) is ^ modular covariant subalgebra of M{Wo). Let 
Af'^{Wo) be the relative commutant of A/’(Wo) in M{Wq) and Af^{Wo) = 
Af(Wo) V A7"(TFo). Then: 

(1) There exists onH a sub-theory of local observables 

mD),Af^(W),U(A,x)} 

covariant under the existing unitary group U(A,x). Moreover, 
{Af^{D),Af^{W)} are modular covariant subalgebras of {M{D),M{W)} 
such that Af^(W) has a trivial relative commutant in Ai{W). In addition, 
for Wo the algebra M^{W) coincides with the given A/”^(Wo)- If denotes 
the projection onto [Af^{Wo)Q] then commutes with J\f^(D),Af^{W) and 
the group representation U{A,x). Moreover, i? is cyclic for Af^(D) in E^'H. 
If one denotes the restriction ofAf^(D) and U{A,x) by N^{D) and l7(A,x) 
respectively then 

{M’>{D),U{A,x),EPn,n} 

defines a theory of local observables satisfying the usual axioms and the 
Bisognano-Wichmann property. 

(2) There exist two coherent families {Af{D),N{W)} and {Af‘^{D),Af‘^{W)} of 
modular covariant subalgebras of {A4{D),AA(W)} extending Af{Wo) and 
A/’‘^(Wo), respectively. If E and E^ are the projections onto [A/’(Wo)j and 
[A/'‘^(Wo)] then these projections commute with U(A,x), and E with Af{D) 
and E'^ with Af‘^{D). With this one obtains: 

{J^^(B),u(A,x),Epn,n}^ 

U°(A,x) 0 U‘(A, x),E'HWE‘^n, 17° 0 f?"} . 
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In this formula denotes the restriction to EH, X‘^ the restriction to E^H, 
and X’’ the restriction to E^H. 

It remains to discuss the situation where the relative commutant is trivial, i.e. 

— €1. This situation appears in the hidden charge problem, which is the 
following; If we start with a theory of local observables {}/{0),U{A,x),'H,f2}, 
such that the theory has charged sectors, which are connected by localized Bose 
fields, then we can add these Bose fields and obtain a field algebra {T{0), 
U{A,x),'H, fl}, which also fulfils the assumptions of the theory of local observ- 
ables. Knowing only the latter theory one would like to discover the local net 
{A/"(0), U{A,x), H, n} and the structure of the charged fields. 

Unfortunately the proof is missing that the case of the trivial relative com- 
mutant is only connected with the hidden charge problem. There are strong 
indications that this is true. Let us assume that this is the case. Then, in gen- 
eral, one is in the situation characterized by the diagram Fig. 1. 

t.p. t.p. 

Fig. 1. General situation for the hidden charge case: A/" is a modular covariant subal- 
gebra of M., and . 

t.p. stands for the construction of the tensor product; 

B.f. stands for the construction of the Bose field. 



Looking at the diagram it would be interesting to understand why one does 
not obtain the whole algebra by going first from M to and forming the 
tensor product afterwards. It can happen that both theories and 

have superselection sectors connected to the vacuum by Fermi fields. Forming 
the tensor product of the two Fermi fields one obtains a field which commutes 
for spacelike distances, i.e. a Bose field. In field theories on low dimensional 
Minkowski space the same phenomenon can be achieved with help of anyonic 
fields. Examples are due to K.-H. Rehren [38]. 

Since by philosophy of the theory of local observables one should start from 
the observable algebra and reconstruct the whole theory from it. Therefore, one 
has to start from elementary theories. A theory is indecomposible with respect to 
the tensor product and the hidden charge problem iff the algebra of any wedge 
contains no non-trivial modular covariant subalgebra. Since every non-trivial 
operator of M{W) and the modular group generate all of M{W) it follows that 
the vacuum Hilbert space is separable. 
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Abstract. In this sirticle a non-technical survey is given of the present status of 
Axiomatic Quantum Field Theory and interesting future directions of this approach 
axe outlined. The topics covered are the universal structure of the loceil algebras of 
observables, their relation to the underlying fields and the significance of their relative 
positions. Moreover, the physical interpretation of the theory is discussed with emphasis 
on problems appearing in gauge theories, such as the revision of the particle concept, 
the determination of symmetries and statistics from the superselection structure, the 
analysis of the short distance properties and the specific features of relativistic thermal 
states. Some problems appearing in quantum field theory on curved spacetimes are 
also briefly mentioned. 



1 Introduction 

Axiomatic Quantum Field Theory originated from a growing desire in the mid- 
fifties to have a consistent mathematical framework for the treatment and inter- 
pretation of relativistic quantum field theories. There have been several profound 
solutions of this problem, putting emphasis on different aspects of the theory. 
The Ringberg Symposium on Quantum Field Theory has been organized in 
honor of one of the founding fathers of this subject, Wolfhart Zimmermann. It 
is therefore a pleasure to give an account of the present status of the axiomatic 
approach on this special occasion. 

It should perhaps be mentioned that the term “axiomatic” is no longer pop- 
ular amongst people working in this field since its mathematical connotations 
have led to misunderstandings. Actually, Wolfhart Zimmermann never liked it 
and called this approach Abstract Quantum Field Theory. Because of the modern 
developments of the subject, the presently favored name is Algebraic Quantum 
Field Theory. So the invariable abbreviation AQFT seems appropriate in this 
survey. 

The early successes of AQFT are well known and have been described in 
several excellent monographs [1-3]. They led, on the one hand, to an under- 
standing of the general mathematical structure of the correlation functions of 
relativistic quantum fields and laid the foundations for the rigorous perturbative 
and non-perturbative construction of field theoretic models. On the other hand 
they provided the rules for the physical interpretation of the theory, the most 
important result being collision theory and the reduction formulas. 

It was an at first sight perhaps unexpected bonus that the precise formula.- 
tion of the foundations of the theory payed off also in other respects. For it led 
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to the discovery of deep and general features of relativistic quantum field theo- 
ries, such as the PCT-theorem, the relation between spin and statistics, disper- 
sion relations, bounds on the high energy behavior of scattering amplitudes, the 
Goldstone theorem etc. These results showed that the general principles of rel- 
ativistic quantum field theory determine a very rigid mathematical framework 
which comprises surprisingly detailed information about the physical systems 
fitting into it. 

These interesting developments changed their direction in the seventies for 
two reasons. First, it became clear that, quite generally, the linear and nonlinear 
properties of the correlation functions of quantum fields following from the prin- 
ciples of AQFT admit an equivalent Euclidean description of the theory in terms 
of classical random fields. Thereby, the construction of relativistic field theories 
was greatly simplified since one could work in a commutative setting [4]. Most 
results in constructive quantum field theory were obtained by using this powerful 
approach which also became an important tool in concrete applications. 

The simplification of the constructive problems outweighed the conceptual 
disadvantage that the Euclidean theory does not have a direct physical interpre- 
tation. To extract this information from the Euclidean formalism is frequently 
a highly non trivial task and has been the source of mistakes. So for the inter- 
pretation of the theory the framework of AQFT is still indispensable. 

The second impact came from physics. It was the insight that gauge theories 
play a fundamental role in all interactions. It was already clear at that time that 
quantum electrodynamics did not fit into the conventional setting of AQFT. For 
the local, covariant gauge fields require the introduction of unphysical states 
and indefinite metric. The idea that one could determine from such fields in an 
a priori manner the physical Hilbert space had finally to be given up. Features 
such as the phenomenon of confinement in non-Abelian gauge theories made 
it very clear that the specification of the physical states is in general a subtle 
dynamical problem. 

A way out of these problems had already been discovered in the sixties, 
although its perspectives were perhaps not fully recognized in the beginning. 
Namely it became gradually clear from the structural analysis in AQFT that 
the local observables of a theory carry all relevant physical information. In par- 
ticular, the (charged) physical states and their interactions can be recovered 
from them. The situation is analogous to group theory, where the set of unitary 
representations can be determined from the abstract structure of the group. 

From this more fundamental point of view the gauge fields appear to be noth- 
ing but a device for the construction of the local (gauge invariant) observables of 
the theory in some faithful representation, usually the vacuum representation. 
The determination of the physical states and their analysis is then regarded as 
a problem in representation theory. 

It also became clear that one does not need to know from the outset the 
specific physical significance of the local observables for the interpretation of the 
theory. All what matters is the information about their space-time localization 
properties. From these data one can determine the particle structure, collision 
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cross sections, the charges appearing in the theory and, finally, identify individual 
observables of physical interest, such as the charge and energy-densities. 

These insights led to the modern formulation of AQFT in terms of families 
(nets) of algebras of observables which are assigned to the bounded space-time 
regions [5]. Field operators, even observable ones, no longer appear explicitly 
in this formalism. They are regarded as a kind of coordinatization of the local 
algebras without intrinsic meaning; which fields one uses for the description of 
a specific theory is more a matter of convenience than of principle. 

This more abstract point of view received, in the course of time, its full 
justification. First, the framework proved to be flexible enough to incorporate 
non-pointlike localized observables, such as the Wilson loops, which became rel- 
evant in gauge theory. Second, it anticipated to some extent the phenomenon 
of quantum equivalence, i.e., the fact that certain very differently looking the- 
ories, such as the Thirring model and the Sine-Gordon theory or the recently 
explored supersymmetric Yang-Mills theories, describe the same physics. The 
basic insight that fields do not have an intrinsic meaning, in contrast to the 
system of local algebras which they generate, found a striking confirmation in 
these examples. Third, the algebraic approach proved natural for the discussion 
of quantum field theories in curved spacetime and the new types of problems 
appearing there [6]. There is also evidence that it covers prototypes of string 
theory [7]. 

So the general framework of AQFT has, for many decades, proved to be con- 
sistent with the progress in our theoretical understanding of relativistic quantum 
physics. It is the appropriate setting for the discussion of the pertinent mathe- 
matical structures, the elaboration of methods for their physical interpretation, 
the solution of conceptual problems and the classification of theories on the basis 
of physical criteria. Some major achievements and intriguing open problems in 
this approach are outlined in the remainder of this article. 

2 Fields and algebras 

As mentioned in the Introduction, the principles of relativistic quantum field 
theory can be expressed in terms of field operators and, more generally, nets of 
local algebras. In this section we give an account of the relation between these 
two approaches. 

We proceed from the for our purposes reasonable idealization that spacetime 
is a classical manifold M. with pseudo-Riemannian metric g. In the main part 
of this article we assume that (M,g) is four-dimensional Minkowski space with 
its standard Lorentzian metric and comment on curved spacetime only in the 
last section. 

Fields: In the original formulation of AQFT one proceeds from collections of 
field operators <^(x) which are assigned to the space-time points x £ M, 

XI — ^{0(x)}. (1) 

(In order to simplify the discussion we assume that the fields if>(x) are observable 
and omit possible tensor indices.) As is well known, this assignment requires some 
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mathematical care, it is to be understood in the sense of operator-valued distri- 
butions. With this precaution in mind the fundamental principles of relativistic 
quantum field theory, such as Poincare covariance and Einstein causality (local- 
ity), can be cast into mathematically precise conditions on the field operators 
[1-3]. As a matter of fact, for given field content of a theory one can encode these 
principles into a universal algebraic structure, the Borchers-Uhlmann algebra of 
test functions [Ij. 

It is evident that such a universal algebra does not contain any specific dy- 
namical information. That information can be put in by specifying a vacuum 
state (expectation functional) on it. This step is the most difficult task in the 
construction of a theory. Once it has been accomplished, one can extract from the 
corresponding correlation functions, respectively their time-ordered, advanced 
or retarded counterparts, the desired information. 

The fact that the construction of a theory can be accomplished by the spec- 
ification of a vacuum state on some universal algebra has technical advantages 
and ultimately led to the Euclidean formulation of quantum field theory. But 
it also poses some problems: Given two such states, when do they describe the 
same theory? That this is a non-trivial problem can be seen already in free field 
theory. There the vacuum expectation values of the basic free field (p o and those 
of its Wick power ipQ, say, correspond to quite different states on the abstract 
algebra. Nevertheless, they describe the same physics. A less trivial example, 
where the identification of two at first sight very differently looking theories re- 
quired much more work, can be found in [8j. So in this respect the field theoretic 
formalism is not intrinsic. 

Algebras: In the modern algebraic formulation of AQFT one considers families 
of W*-algebras^ of bounded operators which are assigned to the open, 

bounded space-time regions O C M, 

O ^ A{0). (2) 

Each A{0) is regarded as the algebra generated by the observables which are 
localized in the region O; it is called the local algebra affiliated with that region. 
Again, the principles of locality and Poincare covariance can be expressed in this 
setting in a straightforward manner [5]. In addition there holds the property of 
isotony, i.e., 

A{Oi) C A[02) if 01 C C?2. (3) 

This condition expresses the obvious fact that the set of observables increases 
with the size of the localization region. Despite its at first sight almost tau- 
tological content, it is this net structure (nesting) of the local algebras which 
comprises the relevant physical information about a theory. To understand this 
fact one has to recognize that the assignment of algebras to a given collection of 
space-time regions will be very different in different theories. 

^ The letter W indicates that the respective algebras are closed with respect to weak 
limits and * says that they are stable under taking adjoints. 
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The algebraic version of AQFT defines a conceptually and mathematically com- 
pelling framework of local relativistic quantum physics and has proved very 
useful for the general structural analysis. It is rather different, however, from 
the field theoretic formalism which one normally uses in the construction of 
models. The clarification of the relation between the two settings is therefore an 
important issue. 

Prom fields to algebras: The problems appearing in the transition from the field 
theoretic setting to the algebraic one are of a similar nature as in the transition 
from representations of Lie algebras to representations of Lie groups: one has to 
deal with regularity properties of unbounded operators. Heuristically, one would 
be inclined to define the local algebras by appealing to von Neumann’s charac- 
terization of concrete W*-algebras as double commutants of sets of operators, 

A(0) = {4>{x) : X e O)", (4) 

that is they ought to be the smallest weakly closed algebras of bounded opera- 
tors on the underlying Hilbert space which are generated by the (smoothed-out) 
observable fields in the respective space-time region. Because of the subtle prop- 
erties of unbounded operators it is, however, not clear from the outset that the 
so-defined algebras comply with the physical constraint of locality assumed in 
the algebraic setting. 

The first courageous steps in the analysis of this problem were taken by 
Borchers and Zimmermann [9]. They showed that if the vacuum |0) is an an- 
alytic vector for the fields, i.e., if the formal power series of the exponential 
function of smeared fields, applied to |0), converge absolutely, then the passage 
from the fields to the local algebras can be accomplished by the above formula. 
Further progress on the problem was made in [10], where it was shown that fields 
satisfying so-called linear energy bounds also generate physically acceptable nets 
of local algebras in this way. 

The latter result covers all interacting relativistic quantum field theories 
which have been rigorously constructed so far. As for the general situation, the 
most comprehensive results are contained in [11] and references quoted there. 
In that analysis certain specific positivity properties of the vacuum expectation 
values of fields were isolated as crucial pre-requisite for the passage from fields 
to algebras. In view of these profound results, it can now safely be stated that 
the algebraic framework is a proper generalization of the original field theoretic 
setting. 

From algebras to fields: As already mentioned, the algebraic version of AQFT 
is more general than the field theoretic one since it covers also finitely localized 
observables, such as Wilson loops or Mandelstam strings, which are not built 
from observable pointlike localized fields. Nevertheless, the point-field content 
of a theory is of great interest since it includes distinguished observables, such 
as currents and the stress energy tensor. 
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Heuristically, the point-fields of a theory can be recovered from the local 
algebras by the formula 

= n (5) 

OBx 

It should be noticed here that one would not obtain the desired fields if one would 
simply take the intersection of the local algebras themselves, which is known to 
consist only of multiples of the identity. Therefore, one first has to complete 
the local algebras in a suitable topology which allows for the appearance of 
unbounded operators (respectively forms). This step is indicated by the bar. 

The first profound results on this problem were obtained in [12], where it has 
been proposed to complete the local algebras with the help of suitable energy 
norms which are sensitive to the energy-momentum transfer of the observables. 
Using this device, it was shown that one can reconstruct from local algebras, if 
they are generated by sufficiently “tame” fields, the underlying field content by 
taking intersections as above. These results were later refined in various direc- 
tions [13]. They show that the step from fields to algebras can be reversed. 

Prom a general point of view it would, however, be desirable to clarify the 
status of point fields in the algebraic setting in a more intrinsic manner, i.e., 
without assuming their existence from the outset. An interesting proposal in 
this direction was recently made in [14]. There it was argued that the presence 
of such fields is encoded in phase space properties of the net of local algebras^ 
and that the field content can be uncovered from the algebras by using notions 
from sheaf theory. In [15] this idea was put into a more suitable mathematical 
form and was also confirmed in models. The perspectives of this new approach 
appear to be quite interesting. It seems, for example, that one can establish in 
this setting the existence of Wilson-Zimmermann expansions [16] for products 
of field operators. Such a result would be a major step towards the ambitious 
goal, put forward in [14] , to characterize the dynamics of nets of local algebras 
directly in the algebraic setting. 

3 Local algebras and their inclusions 

Because of their fundamental role in the algebraic approach, much work has 
been devoted to the clarification of the structure of the local algebras and of 
their inclusions. We cannot enter here into a detailed discussion of this subject 
and only give an account of its present status. To anticipate the perhaps most 
interesting perspective of the more recent results: There is evidence that the 
dynamical information of a relativistic quantum field theory is encoded in, and 
can be uncovered from the relative positions of a few (depending on the number 
of space-time dimensions) algebras of specific type. This insight may be the 
starting point for a novel constructive approach to relativistic quantum field 
theory. 

^ A quantitative measure of the phase space properties of local algebras is given in 
Sec. 7. 
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To begin, let us recall that the center of a tT*-algebra is the largest sub- 
algebra of operators commuting with all operators in the algebra. A VF*-algebra 
is called a factor if its center consist only of multiples of the identity, and it is said 
to be hyperfinite if it is generated by its finite dimensional sub-algebras. The 
hyperfinite factors have been completely classified, there exists an uncountable 
number of them. 

Because of this abundance of different types of algebras it is of interest that 
the local algebras appearing in quantum field theory have a universal (model- 
independent) structure [17], they are generically isomorphic to the tensor prod- 
uct 

A{0) ~ M ® 2, (6) 

where M is the unique hyperfinite type IIIi factor according to the classification 
of Connes, and Z is an Abelian algebra. That the local algebras are hyperfinite 
is encoded in phase space properties of the theory, the type IIIi property is a 
consequence of the short distance structure, cf. [17] and references quoted there. 
The possible appearance of a non-trivial center Z in a, local algebra is frequently 
regarded as a nuisance, but it cannot be excluded from the outset. 

Under the above generic conditions also the global (quasilocal) algebra 



A = \JA{0), (7) 

o 

which is the C*-inductive limit of all local algebras, is known to be universal. 
It is the so-called “proper sequential type loo funnel”. So one has very concrete 
information about the mathematical objects appearing in the algebraic setting. 
Prom the conceptual point of view, these results corroborate the insight that the 
individual local algebras as well as the global one do not comprise any specific 
physical information. This information is entirely contained in the “arrow” in 
(2), i.e., the map from space-time regions to local algebras. 

In view of these results it is natural to have a closer look at the possible 
“relative positions” of the local algebras with respect to each other. Depending 
on the location of the regions it has been possible to characterize in purely 
algebraic terms the following geometric situations. 

(a) The closure of Oi is contained in the interior of C> 2 - 




In that case there holds generically 



A(Oi) C TV C A{02), 



(8) 
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where jV is a factor of type loo, i-e-, an algebra which is isomorphic to the algebra 
of all bounded operators on some separable Hilbert space. This “split property” 
of the local algebras has been established in all quantum field theories with 
reasonable phase space properties, cf. [17] and references quoted there. It does 
not hold if the two regions have common boundary points [18]. 

(b) 0\ and O 2 are spacelike separated. 




Then, under the same conditions as in (a), it follows that the H7*-algebra which 
is generated by the two local algebras associated with these regions is isomorphic 
to their tensor product, 

A{Oi) V A{02) ~ A{Oi) ® A{02). (9) 

Thus the local algebras satisfy a condition of causal (statistical) independence, 
which may be regarded as a strengthened form of the locality postulate. 

(c) Oi and O 2 are wedge-shaped regions, bounded by two characteristic planes, 
such that Oi C O 2 and the edge of Oi is contained in a boundary plane of O 2 . 




In this geometric situation the corresponding algebras give rise to so-called 
“half-sided modular inclusions” or, more generally, “modular intersections”. It 
is a striking fact that one can reconstruct from a few algebras in this specific 
position a unitary representation of the space-time symmetry group, the PCT 
operator and the net of local algebras [19,20]. This observation substantiates the 
claim that the dynamical information of a theory is contained in the relative 
position of the underlying algebras. Thus the concept of modular inclusions and 
intersections seems to be a promising starting point for the direct construction 
of nets of local algebras. 

The preceding results rely heavily on modular theory, which has become an 
indispensable tool in the algebraic approach. It is not possible to outline here 
the many interesting applications which are based on these techniques. Some 
recent results and further pertinent references can be found in [21]. 
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4 Particle aspects 

We turn now to the physical interpretation of the mathematical formalism of 
AQFT. Here the basic ingredient is the notion of particle. According to Wigner 
the states of a single particle are to be described by vectors in some irreducible 
representation of the Poincare group, or its covering group. This characterization 
of particles has been extremely useful in the solution of both, constructive and 
conceptual problems. 

As for the interpretation of the theory, the particle concept enters primarily 
in collision theory, whose first precise version was given by Lehmann, Symanzik 
and Zimmermann [22]. By now collision theory has been rigorously established in 
AQFT, both for massive and massless particles [5|. These results formed the basis 
for the derivation of analyticity, crossing and growth properties of the scattering 
amplitudes [23]. There remain, however, many open problems in this context. In 
view of the physical relevance of gauge theories it would, for example, be desirable 
to determine the general properties of scattering amplitudes of particles carrying 
a gauge charge. In physical gauges such particles require a description in terms 
of non-local fields, hence the classical structural results cannot be applied. Some 
remarkable progress on this difficult problem has been presented in [24]. 

Another longstanding question is the problem of asymptotic completeness 
(unitarity of the S-matrix); Even in the models which have been rigorously con- 
structed, a complete solution of this problem is not known [25]. So the situation 
is quite different from quantum mechanics, where the problem of asymptotic 
completeness was solved in a general setting almost two decades ago. 

In order to understand the origin of these difficulties, one has to realize 
that, in contrast to quantum mechanics, one deals in quantum field theory with 
systems with an infinite number of degrees of freedom. In such systems there 
can occur the formation of superselection sectors which require an extension of 
the original Hilbert space. So one first has to determine in a theory the set of all 
superselection sectors and particle types before a discussion of the problem of 
asymptotic completeness becomes meaningful. In models this step can sometimes 
be avoided by technical assumptions, such as restrictions on the size of coupling 
constants, by which the formation of superselection sectors and new particles 
can be excluded. But the determination of the full physical Hilbert space from 
the underlying local operators is an inevitable step in any general discussion of 
the problem. Some progress on this problem will be outlined below. 

Still another important problem which deserves mentioning here is the treat- 
ment of particles carrying charges of electromagnetic type. As is well known, the 
states of such particles cannot consistently be described in the way proposed 
by Wigner, cf. [26] and references quoted there. In the discussion of scattering 
processes involving such particles this problem can frequently be circumvented 
by noting that an infinite number of soft massless particles remains unobserved. 
Because of this fact one can proceed to an “inclusive description” , where the 
difficulties disappear. This trick obscures, however, the specific properties of the 
electrically charged particles. It seems therefore worthwhile to analyze their un- 
common features which may well be accessible to experimental tests. 
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It is apparent that progress on these problems requires a revision of the 
particle concept. A proposal in this respect which is based on Dirac’s idea ofv 
improper states of sharp momentum has been presented in [27]. The common 
mathematical treatment of improper states as vector-valued distributions would 
not work in the general setting since it assumes the superposition principle which 
is known to fail for momentum eigenstates carrying electric charge. Instead one 
defines the improper states as linear maps from some space (more precisely, left 
ideal) of localizing operators L £ A into the physical Hilbert space, 

Ti — >L\p,i). (10) 

Here p is the momentum of the particle and l subsumes its charges, mass and 
spin. In quantum mechanics, the simplest example of a localizing operator L 
which transforms the “plane waves” \p,i) into normalizable states is the pro- 
jection onto a compact region of configuration space. In quantum field theory 
such localizing operators can be constructed out of local operators by convolu- 
tion with suitable test functions which restrict the energy-momentum transfer 
of the operators to spacelike values. It can be shown that by acting with any 
such operator on an improper momentum eigenstate of a particle one obtains 
a Hilbert space vector. Thus, from a mathematical point of view, the improper 
states are weights on the algebra of observables A. 

Using this device one can, on the one hand, determine the particle content of 
a theory from the states |^) in the vacuum sector by means of the formula [27] 

^hm^ I d^x{^ML*LM = dp^{p,c){p,i\L*L\p,i). (11) 

Here L is any localizing operator, at,x are the automorphisms inducing the 
space-time translations on A and fi± are measures depending on j^). Thus if 
one analyzes the states |^) at asymptotic times by spatial averages of localizing 
operators, they look like mixtures of improper single particle states. These mix- 
tures are formed by the members of the incoming respectively outgoing particle 
configurations in the state \$) which generically include also pairs of oppositely 
charged particles. By decomposing the mixtures in (11) one can therefore recover 
all particle types. As outlined in [28] , this result also allows one to recover from 
the underlying local observables in the vacuum sector the pertinent physical 
Hilbert space of the theory. 

Relation (11) does not only establish a method for the determination of the 
particles in a theory, but it also provides a framework for their general analysis. 
It is of interest that this framework also covers particles carrying charges of 
electromagnetic type. Whereas for a particle of Wigner type the corresponding 
improper states lead, after localization, to vectors in the same sector of the 
physical Hilbert space, this is no longer true for electrically charged particles. 
There one finds that the vectors L\p,i) and L'\p',i) are orthogonal for any 
choice of localizing operators L,L' if the momenta p,p' are different. So the 
superposition principle fails in this case and wave packets of improper states 
cannot be formed. Nevertheless, the charges, mass and spin of such particles 
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can be defined and have the values found by Wigner in his analysis. The only 
possible exception are massless particles whose helicity need not necessarily be 
restricted to (half-) integer values [27]. 

So there is progress in our general understanding of the particle aspects of 
quantum field theory. Further advancements seem to require, however, new meth- 
ods such as a more detailed harmonic analysis of the space-time automorphisms 
[29]. 

5 Sectors, symmetries and statistics 

One of the great achievements of AQFT is the general understanding of the 
structure of superselection sectors in relativistic quantum field theory, its relation 
to the appearance of global gauge groups and the origin and classification of 
statistics. Since this topic has been expounded in the monographs [5,30] we need 
to mention here only briefly the main results and open problems. 

The superselection sectors of interest in quantum field theory correspond to 
specific irreducible representations of the algebra of observables A, more pre- 
cisely, to their respective unitary equivalence classes. It is an important fact 
that each sector has representatives which are (endo)morphisms p of the algebra 
A (or certain canonical extensions of it), so there holds 

p{A) C A (12) 

Using this fact one can distinguish various types of superselection sectors ac- 
cording to the localization properties of the associated morphisms. 

Localizable Sectors: These sectors have been extensively studied by Doplicher, 
Haag and Roberts. Each such sector can be characterized by the property that 
for any open, bounded space-time region O C Ai there is a morphism po, be- 
longing to this sector, which is localized in O in the sense that it acts trivially 
on the observables in the causal complement O' of O, 

Po\A(0') = id. (13) 

Localizable sectors describe charges, such as baryon number, which do not give 
rise to long range effects. 

Sectors in Massive Theories: It has been shown in [31] that the superselection 
sectors in quantum field theories describing massive particles can always be 
represented by morphisms pc which are localized in a given spacelike cone C, 

PC \A{C') = id. (14) 

This class of sectors includes also non-localizable charges appearing in certain 
massive gauge theories. The preceding result says that the long range effects of 
such charges can always be accommodated in extended string-like regions. 

It is possible to establish for both classes of sectors under very general con- 
ditions, the most important one being a maximality property of the underlying 
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algebras of local observables (Haag-duality) , the existence of a composition law. 
Namely, if k, A are labels characterizing the sectors there holds for the corre- 
sponding morphisms the relation 

Piop^ px, (15) 

A 

where c{l, k, A) are integers and the summation is to be understood in the sense of 
direct sums of representations. Moreover, for each p^ there is a charge conjugate 
morphism such that pj o p^ contains the identity. 

It is a deep result of Doplicher and Roberts that these general facts imply 
the existence of charged fields ijj of Bose or Fermi type which connect the states 
in the various superselection sectors. More precisely, each morphism p can be 
represented in the form 

d 

P(-) = (16) 

m=l 

where the fields have the same localization properties eis p and satisfy Bose 
or Fermi commutation relations at spacelike distances. Moreover, these fields 
transform as tensors under the action of some compact group G, 

d 

'Ig (V’xi) = ^ Dnmid ) > (ll') 

m=l 

where 7 . are the automorphisms inducing this action and is some d- 

dimensional representation of G. The observables axe exactly the fixed points 
under the action of G and the whole structure is uniquely determined by the 
underlying sectors. 

In order to appreciate the strength of this result one has to notice that it 
does not hold in low space-time dimensions. In that case there can occur fields 
with braid group statistics and the superselection structure can in general not be 
described by the representation theory of compact groups, while more complex 
symmetry structures, such as “quantum groups”, seem to emerge [32]. These 
facts have stimulated much work in the general analysis of low dimensional 
quantum field theories in recent years, yet we cannot comment here on these 
interesting developments. 

With regard to physical space-time, there are several interesting problems 
which should be mentioned here. First, it would be of interest to understand 
in which way the presence of supersymmetries is encoded in the superselection 
structure of a theory. It seems that this problem has not yet been thoroughly 
studied in the general framework of AQFT. 

Second, there is the longstanding problem of the superselection structure in 
theories with long range forces, such as Abelian gauge theories with unscreened 
charges of electromagnetic type. In such theories there exists for each value of 
the charge an abundance of sectors due to the multifarious ways in which ac- 
companying clouds of low energy massless particles can be formed. These clouds 
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obstruct the general analysis of the superselection structure since it is difficult 
to disentangle their fuzzy localization properties from those of the charges one 
is actually interested in. 

A promising step towards the solution of this problem is the observation, 
made in some models [33], that charges of electromagnetic type have certain 
clear cut localization properties in spite of their long range effects. Roughly speak- 
ing, they appear to be localized in a given Lorentz system with respect to dis- 
tinguished observables, such as current densities. In the framework of AQFT 
this restricted localizability of sectors can be expressed by assuming that there 
is a subnet O i — > ^{O) C A{0) on which the corresponding morphisms are 
localized, 

po\B{0') = id. (18) 

In contrast to the preceding class of localizable sectors, the net O \ — > B{0) need 
not be maximal, however. In the case of electrically charged sectors, it will also 
not be stable under Lorentz transformations. So the general results of Doplicher 
and Roberts cannot be applied in this case. Yet there is evidence [33] that if the 
localizing subnet of observables is sufficiently big (it has to satisfy a condition 
of weak additivity) one can still establish symmetry and statistics properties 
for the physically interesting class of so-called simple sectors which are induced 
by automorphisms p of the algebra of observables with the above localization 
properties. 

Another important issue which is closely related to the sector structure is the 
problem of symmetry breakdown. The consequences of the spontaneous break- 
down of internal symmetries are well understood in AQFT in the context of 
localizable sectors, cf. [34] and references quoted there. They lead to a degener- 
acy of the vacuum state and, under more restrictive assumptions, to the appear- 
ance of massless Goldstone particles. For the class of cone-like localizable sectors 
the consequences of spontaneous symmetry breaking are less clear, however. One 
knows from model studies in gauge theories that under these circumstances there 
can appear a mass gap in the theory (Higgs mechanism). But the understanding 
of this phenomenon in the general framework of AQFT is not yet in a satisfactory 
state. 

6 Short distance structure 

Renormalization group methods have proved to be a powerful tool for the anal- 
ysis of the short distance (ultraviolet) properties of field-theoretic models. They 
provided the basis for the discussion of pertinent physical concepts, such as 
the notion of parton, confinement, asymptotic freedom, etc. In view of these 
successes it was a natural step to transfer these methods to the abstract field 
theoretic setting [35]. More recently, the method has also been established in the 
algebraic formulation of AQFT [36]. We give here a brief account of the latter 
approach in which renormalization group transformations are introduced in a 
novel, implicit manner. 
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The essential idea is to consider functions of a parameter A 6 M+ , fixing 
the space-time scale, which have values in the algebra of observables, 

A ^ e (19) 

These functions form under the obvious pointwise defined algebraic operations 
a normed algebra, the scaling algebra A, on which the Poincare transformations 
(A,x) act continuously by automorphisms j, according to 

(a^,,(A))^=a^,Az(AJ. (20) 

The local structure of the original net can be lifted to A by setting 

A(0) = {A:A^E A{X0), a e }. (21) 

It is easily checked that with these definitions one obtains a local, Poincare 
covariant net of subalgebra^ of the scaling algebra which is canonically associated 
with the original theory. 

We refer the reader to [36] for a discussion of the physical interpretation of 
this formalism and only mention here that the values A^ of the functions A 
are to be regarded as observables in the theory at space-time scale A. So the 
graphs of the functions A establish a relation between observables at different 
space-time scales, in analogy to renormalization group transformations. Yet, in 
contrast to the field theoretic setting, one need not identify specific observables 
in the algebraic framework since the physical information is contained in the 
net structure. For that reason one has much more freedom in the choice of the 
functions A which have to satisfy only the few general constraints indicated 
above. Thus one arrives at a universal framework for the discussion of the short 
distance structure in quantum field theory. 

The physical states, such as the vacuum |0), can be analyzed at any scale 
with the help of the scaling algebra and one can define a short distance (scaling) 
limit of the theory by the formula 

( 22 ) 

To be precise, the convergence on the right hand side may only hold for suit- 
able subsequences of the scaling parameter, and it should also be noticed that 
the limit may not be interchanged with the expectation value. The resulting 
correlation functions determine a pure vacuum state on the scaling algebra. So 
by the reconstruction theorem one obtains a net O Ao{0) of local algebras 
and automorphisms which induce the Poincare transformations on this net. 
This scaling limit net describes the properties of the underlying theory at very 
small space-time scales. 

Based on these results the possible structure of scaling limit theories has 
been classified in the general framework of AQFT [36]. There appear three 
qualitatively different cases (classical, quantum and degenerate limits). There 
is evidence that they correspond to the various possibilities in the field theo- 
retic setting of having (no, stable, unstable) ultraviolet fixed points. One can 
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also characterize in purely algebraic terms those local nets which ought to cor- 
respond to asymptotically free theories. Yet a fully satisfactory clarification of 
the relation between the field theoretic renormalization group and its algebraic 
version requires further work. 

The framework of the scaling algebra has also shed new light on the physical 
interpretation of the short distance properties of quantum field theories [37] . Par- 
ticle like entities and symmetries appearing only at very small space-time scales, 
such as partons and color, can be uncovered from a local net of observables by 
proceeding to its scaling limit. Since the resulting net has all properties required 
in AQFT, the methods and results outlined in the preceding two sections can be 
applied to determine these structures. It is conceptionally very satisfactory that 
one does not need to rely on unphysical quantities in this analysis, such as gauge 
fields; moreover, the method has also proven to be useful as a computational 
tool. 

There remain, however, many interesting open problems in this setting. For 
example, one may hope to extract in the scaling limit information about the 
presence of a local gauge group in the underlying theory. A possible strategy 
could be to consider the scaling limit of the theory with respect to base points 
p ^ 0 in Minkowski space and to introduce some canonical identification of 
the respective nets. One may then study how this identification lifts to the 
corresponding algebras of charged fields, which are fixed by the reconstruction 
theorem of Doplicher and Roberts outlined in the preceding section. It is an 
interesting question whether some non-trivial information about the presence of 
local gauge symmetries is encoded in this structure. 

Another problem of physical interest is the development of methods for the 
determination of the particle content of a given state at short distances which, 
in contrast to the determination of the particle content of a given theory, has not 
yet been accomplished. In order to understand this problem one has to notice 
that there holds for any physical state |#) 

ito = (oi4„a,-a,io), (23) 

so all states look like the vacuum state in the scaling limit [36]. In order to 
extract more detailed information about the short distance structure of ]<?), one 
has to determine also the next to leading contribution of the matrix element on 
the left hand side of this relation. One may expect that this term describes the 
particle like structures which appear in the state |<f) at small scales, but this 
question has not yet been explored. 

7 Thermal states 

The rigorous analysis of thermal states in non-relativistic quantum field theory is 
an old subject which is well covered in the literature. Interest in thermal states in 
relativistic quantum field theory arose only more recently. For this reason there 
is a backlog in our understanding of the structure of thermal states in AQFT and 
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one may therefore hope that this physically relevant topic will receive increasing 
attention in the future. 

We recall that, from the algebraic point of view, a theory is fixed by specifying 
a net of local algebras of observables. The thermal states correspond to distin- 
guished positive, linear and normalized functionals (■) on the corresponding 
global algebra A. We will primarily discuss here the case of thermal equilibrium 
states, which can be characterized in several physically meaningful ways, the 
technically most convenient one being the KMS-condition, which imposes ana- 
lyticity and boundary conditions on the correlation functions [5]. Having char- 
acterized the equilibrium states, it is natural to ask which properties of a local 
net matter if such states are to exist. The important point is that, in answering 
this question, one arrives at criteria which distinguish a physically reasonable 
class of theories and can be used for their further analysis. 

It has become clear by now that phase space properties, which were already 
mentioned at various points in this article, are of vital importance in this context. 
A quantitative measure of these properties, where the relation to thermodynam- 
ical considerations is particularly transparent, has been introduced in [38]. In 
that approach one considers for any 0 > 0 and bounded space-time region O 
the linear map 0/3, o from the local algebra A{0) to the vacuum Hilbert space 



H given by 



0/3,0 (A) = e-'^^AIO), 



(24) 



where H is the Hamiltonian. Roughly speaking, this map amounts to restricting 
the operator to states which are localized in O, whence the sum of its 

eigenvalues yields the partition function of the theory for spatial volume |0| and 
inverse temperature /?. This idea can be made precise by noting that for maps 
between Banach spaces, such as 0,g,o, one can introduce a nuclear norm jj • ||i 
which is the appropriate generalization of the concept of the trace of Hilbert 
space operators. Thus ||0,a,c>||i takes the place of the partition function and 
provides the desired information on the phase space properties (level density) of 
the theory. If the theory is to have reasonable thermodynamical properties there 
must hold for small P and large \0\ 



110/3, o||i < ^ , (25) 

where c,m and n are positive constants [38]. This condition, which can be 
checked in the vacuum sector V., should be regarded as a selection criterion 
for theories of physical interest. 

It has been shown in [39] that any local net which satisfies condition (25) 
admits thermal equilibrium states {-)p for all ^ > 0. As a matter of fact, these 
states can be reached from the vacuum sector by a quite general procedure. 
Namely, there holds for A € A 

(A)a — lim Tr Eo Eo A, (26) 

where Eq projects onto certain “local” subspaces of H and Zq is a normalization 
constant [39]. This formula provides a direct description of the Gibbs ensemble 
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in the thermodynamic limit which does not require the definition of the theory in 
a “finite box” . It has led to a sharpened characterization of thermal equilibrium 
states in terms of a relativistic KMS-condition [40]. This condition states that 
for any A,B £ A the correlation functions 

xy-^ {Aaa,{B))i3 (27) 

admit an analytic continuation in all space-time variables x into the complex 
tube ]£■* + iCjj, where Cp C is a double cone of size proportional to 




and the boundary values of these functions at the upper tip of Cp coincide with 

a: I — >{Ba^{A))p. (28) 

The relativistic KMS-condition may be regarded as a generalization of the rela- 
tivistic spectrum condition to the case of thermal equilibrium states. One recov- 
ers from it the spectrum condition for the vacuum sector in the limit /d -> oo. 

The (relativistic) KMS-condition and the condition of locality lead to en- 
largements of the domains of analyticity of correlation functions of pointlike 
localized fields, in analogy to the case of the vacuum. Moreover, there exists 
an analogue of the Kallen-Lehmann representation for thermal correlation func- 
tions which provides a basis for the discussion of the particle aspects of thermal 
states. These results are, however, far from being complete. We refer to [41] for 
a more detailed account of this topic and further references. 

Amongst the many intriguing problems in thermal AQFT let us also mention 
the unclear status of perturbation theory [42], the still pending clarification of 
the relation between the Euclidean and Minkowski space formulation of the 
theory [43] and the characterization of non-equilibrium states. Any progress on 
these issues would be an important step towards the consolidation of thermal 
quantum field theory. 

8 Curved spacetime 

The unification of general relativity and quantum theory to a consistent theory 
of quantum gravity is an important issue which has become a major field of 
activity in theoretical physics. There are many stimulating proposals which are 
based on far-reaching theoretical ideas and novel mathematical structures. Yet 
the subject is still in an experimental state and has not yet reached a point 
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where one could extract from the various approaches and results a consistent 
mathematical formalism with a clearcut physical interpretation. In a sense, one 
may compare the situation with the status of relativistic quantum field theory 
before the invention of AQFT. 

In view of these theoretical uncertainties and lacking experimental clues it 
seems appropriate to treat, in an intermediate step, the effects of gravity in 
quantum field theory as a classical background. This idea has motivated the 
formulation of AQFT on curved space-time manifolds (M,g). As far as the al- 
gebraic aspects are concerned, this step does not require any new ideas. One 
still deals with nets (2) of local algebras which are assigned to the bounded 
space-time regions of A^. On these nets there act the isometries of (M,g) by 
automorphisms and they satisfy the principle of locality (commutativity of ob- 
servables in causally disjoint regions). A novel difficulty which appears in this 
setting is the characterization of states of physical interest. For in general the 
isometry group of (M,g) does not contain global future directed Killing vec- 
tor fields which could be interpreted as time translations and would allow for 
the characterization of distinguished ground states, representing the vacuum, or 
thermal equilibrium states. 

The common strategy to overcome these difficulties is to invent local regu- 
larity conditions which distinguish subsets (folia) of physically acceptable states 
amongst the set of all states on the global algebra of observables. Such conditions 
have successfully been formulated for free field theories [6], yet their generaliza- 
tion turned out to be difficult and required new ideas. There are two promising 
proposals which can be applied to arbitrary theories, the “condition of local 
stability” [44], which fits well into the algebraic setting, and the “microlocal 
spectrum condition” [45,46], which so far has only been stated in a setting based 
on point fields. These conditions have proved to be useful for the discussion of 
prominent gravitational effects, such as the Hawking temperature [44,47], and 
they provided the basis for the formulation of a consistent renormalized pertur- 
bation theory on curved spacetimes [48]. 

In the long run, however, it appears to be inevitable to solve the problem 
of characterizing states describing specific physical situations. If the underlying 
spacetime is sufficiently symmetric in the sense that it admits Killing vector 
fields which are future directed on subregions of the space-time manifold (an 
example being de Sitter space) one can indeed identify vacuum-like states by 
symmetry and local stability properties [49,50]. The general situation is unclear, 
however. It has been suggested in [51] to distinguish the physically preferred 
states by a “condition of geometric modular action” which can be stated for a 
large class of space-time manifolds. But this proposal has so far been proven to 
work only for spacetimes where the preceding local stability conditions are also 
applicable. So there is still much work needed until our understanding of this 
important issue may be regarded as satisfactory. 

Even more mysterious is the generalization of the particle concept to curved 
space-time manifolds and the description of collision processes. Since curvature 
gives rise to interaction with the classical background its effects have to be taken 
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into account in the characterization of the corresponding states. These problems 
are of a similar nature as those occuring in the description of particle states in 
Minkowski space in the presence of long range forces or in thermal states. One 
may therefore hope that progress in the understanding of the latter problems 
will also provide clues to the solution of these conceptual difficulties in curved 
spacetime. 

9 Concluding remarks 

In the present survey of AQFT emphasis was put on issues which are of rele- 
vance for the discussion of relativistic quantum field theory in physical spacetime. 
There has been considerable progress in recent years in our understanding of the 
general mathematical framework and its physical interpretation. In particular, 
it has become clear that the modern algebraic approach is suitable for the dis- 
cussion of the conceptual problems appearing in gauge theories. Yet there are 
still many intriguing questions which deserve further clarification. 

Several topics which are presently in the limelight of major research activities 
had to be omitted here, such as the general analysis of low-dimensional quantum 
field theories. These theories provide a laboratory for the exploration of new 
theoretical ideas and methods and their thorough investigation brought to light 
novel mathematical structures which stimulated the interest of mathematicians. 
It was also not possible to outline here the many pertinent results and interesting 
perspectives which are based on the powerful techniques of modular theory. For 
an account of these exciting developments we refer to [52,53]. 

Thus, in spite of its age, AQFT is still very much alive and continues to be a 
valuable source of our theoretical understanding. One may therefore hope that 
it will eventually lead, together with the constructive efforts, to the rigorous 
consolidation of relativistic quantum field theory. 
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Abstract. A non-technical description of the Operator Product Expansion and Renor- 
malization Group techniques as applied to weak decays of mesons is presented. We use 
this opportunity to summarize briefly the present status of the next-to-leading QCD 
corrections to weak decays and their implications for the unitarity triangle, the ratio 
e'/£; the radiative decay B — >■ and the rare decays K'^ — > and Kl — t 

1 Preface 

It is a great privilege and a great pleasure to give this talk at the symposium 
celebrating the 70th birthday of Wolfhart Zimmermann. The Operator Product 
Expansion [1] to which Wolfhart Zimmermann contributed in such an important 
manner [2-4] had an important impact on my research during the last 20 years. 

1 do hope very much to give another talk on this subject in 2008 at a symposium 
celebrating Wolfhart Zimmermann’s 80th birthday. I am convinced that OPE 
will play an important role in the next 10 years in the field of weak decays as it 
played already in almost 25 years since the pioneering applications of this very 
powerful method by Gaillard and Lee [5] and Altarelli and Maiani [6]. 

2 Operator Product Expansion 

The basic starting point for any serious phenomenology of weak decays of hadrons 
is the effective weak Hamiltonian which has the following generic structure 

^efj — ■ (1) 

Here Gf is the Fermi constant and Qi are the relevant local operators which 
govern the decays in question. The Cabibbo-Kobayashi-Maskawa factors Ec/cm 
[ 7 ,8] and the Wilson Coefficients Gj [1] describe the strength with which a given 
operator enters the Hamiltonian. 

In the simplest case of the /?-decay, 'Heff takes the familiar form 

cos6Ic[u 7^(1 - 7s)d ® e7'"(l - 75 ) 1 /^] , ( 2 ) 

where Vud has been expressed in terms of the Cabibbo angle. In this particular 
case the Wilson Coefficient is equal unity and the local operator, the object be- 
tween the square brackets, is given by a product of two V - A currents. This 
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Fig. 1. ;d-decay at the quark level in the full (a) and effective (b) theory. 



local operator is represented by the diagram (b) in Fig. 1, Equation (2) repre- 
sents the Fermi theory for /3-decays as formulated by Sudarshan and Marshak 
[9] and Feynman and Gell-Mann [10] forty years ago, except that in (2) the 
quark language has been used and following Cabibbo a small departure of Vud 
from unity has been incorporated. In this context the basic formula (1) can be 
regarded as a generalization of the Fermi Theory to include all known quarks 
and leptons as well as their strong and electroweak interactions as summarized 
by the Standard Model. It should be stressed that the formulation of weak de- 
cays in terms of effective Hamiltonians is very suitable for the inclusion of new 
physics effects. We will discuss this issue briefly later on. 

Now, I am aware of the fact that the formal operator language used here 
is hated by experimentalists and frequently disliked by more phenomenological 
minded theorists. Consequently the literature on weak decays, in particular on 
B-meson decays [11], is governed by Feynman diagram drawings with W-, Z- 
and top quark exchanges, rather than by the operators in (1). In the case of the 
,3-decay we have the diagram (a) in Fig. 1. Yet such Feynman diagrams with full 
W-propagators, Z-propagators and top-quark propagators really represent the 
situation at very short distance scales 0(Mw,Zi nit)) whereas the true picture 
of a decaying hadron with masses 0(mb,mc,mif) is more properly described 
by effective point-like vertices which are represented by the local operators Qi. 
The Wilson coefficients Ci can then be regarded as coupling constants associated 
with these effective vertices. 

Thus Heff in (1) is simply a series of effective vertices multiplied by effective 
coupling constants Cj. This series is known under the name of the operator 
product expansion (OPE) [l]-[4], [12]. Due to the interplay of electroweak and 
strong interactions the structure of the local operators (vertices) is much richer 
than in the case of the ^-decay. They can be classified with respect to the Dirac 
structure, colour structure and the type of quarks and leptons relevant for a 
given decay. Of particular interest are the operators involving quarks only. They 
govern the non-leptonic decays. To be specific let us list the operators relevant 
for non-leptonic B-meson decays. They are: 
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Current— Current: 



<3l = {Cocbjj)v-A (S/ 3 Ca)v 


-A Q 2 = {cb)v-A (sc)v_^ 


(3) 


QCD— Penguins: 






Qz = {sh)v-A X ^^^)v-A 


<34 = {Sabi3)v-A X (Q 0 Qa)v-A 


(4) 


q=^Uydy8yC,b 


q=Uyd,S,Cyb 




Qb ^ {sb)v-A X (9q)v+A 


Qe — {Sab 0 )v-A X (Q 0 ‘la)v+A 


(5) 


q=Uyd,8,c,b 


q—u,d,8,Cyb 





Electroweak— Penguins: 



<37 = 2 X] (<1Q)v+A 

q=Ufd,8,c,b 

3 

<3s = 2 {sab0)v-A ^ eg{q0qa)v+A 

q=Uyd,8,c,b 



<39 = 2 i^b)v-A XI ^q(<1^)v-a 

q=u,dyS,c^b 

QlO = 2 X {Q0Qa)v-A ■ 

q~Uyd,8,c,b 

Here, a and ^ are colour indices and Cg denotes the electrical quark charges 
reflecting the electroweak origin of Qt, . . . , Qio- Q 2 , < 33-6 and Qt ,9 originate in 
the tree level VP^-exchange, gluon penguin and ( 7 , Z°)-penguin diagrams re- 
spectively. These are the diagrams a)-c) in Fig. 2. To generate Qi, Qs and Qiq 
additional gluonic exchanges are needed. The operators given above have dimen- 
sion six. Of interest are also operators of dimension five which are responsible 
for the H -t 57 decay. They originate in the diagram d) in Fig. 2 where 7 and 
the gluon are on-shell. They will be given in Section 7. In what follows we will 
neglect the higher dimensional operators as their contributions to weak decays 
are marginal. 

Now what about the couplings Ci{fi) and the scale fi7 The important point 
is that Ciln) summarize the physics contributions from scales higher than fi 
and due to asymptotic freedom of QCD they can be calculated in perturbation 
theory as long as fj, is not too small. (7, include the top quark contributions and 
contributions from other heavy particles such as W, Z-bosons and charged Higgs 
particles or supersymmetric particles in the supersymmetric extensions of the 
Standard Model. At higher orders in the electroweak coupling the neutral Higgs 
may also contribute. Consequently Ci{fj.) depend generally on mt and also on the 
masses of new particles if extensions of the Standard Model are considered. This 
dependence can be found by evaluating the box and penguin diagrams with full 
W-, Z-, top- and new particles exchanges shown in Fig. 2 and properly including 
short distance QCD effects. The latter govern the //-dependence of the couplings 
Ci(p). 
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The value of /r can be chosen arbitrarily. It serves to separate the physics 
contributions to a given decay amplitude into short-distance contributions at 
scales higher than fi and long-distance contributions corresponding to scales 
lower than fi. It is customary to choose fx to be of the order of the mass of 
the decaying hadron. This is 0{m\,) and 0{mc) for B-decays and D-decays 
respectively. In the case of K-decays the typical choice is = 0{l - 2 GeV) 
instead of 0{m,K), which is much too low for any perturbative calculation of the 
couplings Cj. 

Now due to the fact that -C Mw,z, m, large logarithms InMv^/p. com- 
pensate in the evaluation of Ci{^x) the smallness of the QCD coupling constant 
as and terms aP(lnMw//i)", a^(lnMw/M)"“^ etc. have to be resummed to all 
orders in Qs before a reliable result for Ci can be obtained. This can be done 
very efficiently by means of the renormalization group methods [13-15]. Indeed 
solving the renormalization group equations for the Wilson coefficients Ci{n) 
summs automatically large logarithms. The resulting renormalization group im- 
proved perturbative expansion for Ci{p) in terms of the effective coupling con- 
stant as{p) does not involve large logarithms and is more reliable. 
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It should be stressed at this point that the construction of the effective Hamil- 
tonian 'Hef f by means of the operator product expansion and the renormalization 
group methods can be done fully in the perturbative framework. The fact that 
the decaying hadrons are bound states of quarks is irrelevant for this construc- 
tion. Consequently the coefficients Ci{n) are independent of the particular decay 
considered in the same manner in which the usual gauge couplings are universal 
and process independent. 

Having constructed the effective Hamiltonian we can proceed to evaluate the 
decay amplitudes. An amplitude for a decay of a given meson M = K,B,.. into 
a final state F = nuu, tttt, DK is simply given by 

A{M -t F) = {F\neff\M) = ^ E Vi^MCiiii){F\Qi{^)\M), (8) 

where {F\Qi{^)\M) are the hadronic matrix elements of Qi between M and F. 
As indicated in (8) these matrix elements depend similarly to Ci (fj.) on They 
summarize the physics contributions to the amplitude A{M — > F) from scales 
lower than fj,. 

We realize now the essential virtue of OPE: it allows to separate the prob- 
lem of calculating the amplitude A{M F) into two distinct parts; the short 
distance (perturbative) calculation of the couplings Ci{iJ.) and the long-distance 
(generally non-perturbative) calculation of the matrix elements {Qi{n))- The 
scale n, as advertised above, separates then the physics contributions into short 
distance contributions contained in and the long distance contributions 

contained in {Qi{fj,)). By evolving this scale from /j, = 0{Mw) down to lower 
values one simply transforms the physics contributions at scales higher than fi 
from the hadronic matrix elements into Ci{fi). Since no information is lost this 
way the full amplitude cannot depend on fi. Therefore the /r-dependence of the 
couplings Ci{fi) has to cancel the /^-dependence of (Qi(/t)). In other words it 
is a matter of choice what exactly belongs to Cj(/f) and what to (<3i(/x)). This 
cancellation of /i-dependence involves generally several terms in the expansion 
in (8). 

Clearly, in order to calculate the amplitude A{M -r F), the matrix elements 
(<5i(/i)) have to be evaluated. Since they involve long distance contributions one 
is forced in this case to use non-perturbative methods such as lattice calculations, 
the 1/N expansion (N is the number of colours), QCD sum rules, hadronic sum 
rules, chiral perturbation theory and so on. In the case of certain B-meson decays, 
the Heavy Quark Effective Theory (HQET) turns out to be a useful tool. Needless 
to say, all these non-perturbative methods have some limitations. Consequently 
the dominant theoretical uncertainties in the decay amplitudes reside in the 
matrix elements {Qi{fTj). 

The fact that in most cases the matrix elements cannot be reliably 

calculated at present, is very unfortunate. One of the main goals of the exper- 
imental studies of weak decays is the determination of the CKM factors V^km 
and the search for the physics beyond the Standard Model. Without a reliable 
estimate of {Qiiff)} this goal cannot be achieved unless these matrix elements 
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can be determined experimentally or removed from the final measurable quan- 
tities by taking the ratios or suitable combinations of amplitudes or branching 
ratios. However, this can be achieved only in a handful of decays and generally 
one has to face directly the calculation of (Qi(/i))- 

Now in the case of semi-lep tonic decays, in which there is at most one hadron 
in the final state, the chiral perturbation theory in the case of K-decays and 
HQET in the case of B-decays have already provided useful estimates of the 
relevant matrix elements. This way it was possible to achieve satisfactory de- 
terminations of the CKM elements Vus and Vet in K nev and B ->■ D*ei' 
respectively. Similarly certain rare decays like K nui/ and B up. can be 
calculated very reliably. 

The case of non-leptonic decays in which the final state consists exclusively 
out of hadrons is a completely different story. Here even the matrix elements 
entering the simplest decays, the two-body decays like K mr, D Ktt or 
B DK cannot be calculated in QCD reliably at present. More promising in 
this respect is the evaluation of hadronic matrix elements relevant for K° - 
and mixings. 

Returning to the Wilson coefficients C, (^) it should be stressed that similar 
to the effective coupling constants they do not depend only on the scale n but 
also on the renormalization scheme used: this time on the scheme for the renor- 
malization of local operators. That the local operators undergo renormalization 
is not surprising. After all they represent effective vertices and as the usual ver- 
tices in a field theory they have to be renormalized wheii quantum corrections 
like QCD or QED corrections are taken into account. As a consequence of this, 
the hadronic matrix elements {Qi{n)) are renormalization scheme dependent and 
this scheme dependence must be cancelled by the one of so that the phys- 
ical amplitudes are renormalization scheme independent. Again, as in the case 
of the ^-dependence, the cancellation of the renormalization scheme dependence 
involves generally several terms in the expansion (8). 

Now the and the renormalization scheme dependences of the couplings 
Ciifi) can be evaluated efficiently in the renormalization group improved per- 
turbation theory. Unfortunately the incorporation of these dependences in the 
non-perturbative evaluation of the matrix elements {Qi{fi)) remains as an im- 
portant challenge and most of the non-perturbative methods on the market are 
insensitive to these dependences. The consequence of this unfortunate situation 
is obvious: the resulting decay amplitudes are and renormalization scheme 
dependent which introduces potential theoretical uncertainty in the predictions. 
On the other hand in certain decays these dependences can be put under control. 

So far I have discussed only exclusive decays. It turns out that in the case of 
inclusive decays of heavy mesons, like B-mesons, things turn out to be easier. In 
an inclusive decay one sums over all (or over a special class) of accessible final 
states so that the amplitude for an inclusive decay takes the form: 

A{B -4 X) = VQj^yiCi{fi){f\Qi{n)\B) . 

f€X 



( 9 ) 
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At first sight things look as complicated as in the case of exclusive decays. 
It turns out, however, that the resulting branching ratio can be calculated in 
the expansion in inverse powers of mb with the leading term described by the 
spectator model in which the B-meson decay is modelled by the decay of the 
6-quark; 

Br(B ^X)= Br(6 ^ q) + O(^) . (10) 

mb 

This formula is known under the name of the Heavy Quark Expansion (HQE) 
[16]-[18]. Since the leading term in this expansion represents the decay of the 
quark, it can be calculated in perturbation theory or more correctly in the renor- 
malization group improved perturbation theory. It should be realized that also 
here the basic starting point is the effective Hamiltonian (1) and that the knowl- 
edge of the couplings C'i(/r) is essential for the evaluation of the leading term in 
(10). But there is an important difference relative to the exclusive case: the ma- 
trix elements of the operators Qi can be “effectively” evaluated in perturbation 
theory. This means, in particular, that their fi and renormalization scheme de- 
pendences can be evaluated and the cancellation of these dependences by those 
present in Ci{ix) can be explicitly investigated. 

Clearly in order to complete the evaluation of Br{B X) also the remaining 

terms in (10) have to be considered. These terms are of a non-perturbative origin, 
but fortunately they are suppressed by at least two powers of mt,. They have been 
studied by several authors in the literature with the result that they affect various 
branching ratios by less than 10% and often by only a few percent. Consequently 
the inclusive decays give generally more precise theoretical predictions at present 
than the exclusive decays. On the other hand their measurements are harder. 
There is of course an important theoretical issue related to the validity of HQE 
in (10) which appear in the literature under the name of quark-hadron duality. 
I will not discuss it here. Recent discussions of this issue can be found in [19]. 

We have learned now that the matrix elements of Qi are easier to handle in 
inclusive decays than in the exclusive ones. On the other hand the evaluation of 
the couplings Ci{n) is equally difficult in both cases although as stated above 
it can be done in a perturbative framework. Still in order to achieve sufficient 
precision for the theoretical predictions it is desirable to have accurate values of 
these couplings. Indeed it has been realized at the end of the eighties that the 
leading term (LO) in the renormalization group improved perturbation theory, 
in which the terms o:"(ln Mw/m)” ^re summed, is generally insufficient and the 
inclusion of next-to-leading corrections (NLO) which correspond to summing 
the terms a"(ln Mw/m)"~^ is necessary. In particular, unphysical left-over fi- 
dependences in the decay amplitudes and branching ratios resulting from the 
truncation of the perturbative series are considerably reduced by including NLO 
corrections. These corrections are known by now for the most important and 
interesting decays and will be briefly reviewed below. 
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3 Penguin-Box Expansion and OPE 

The FCNC decays, in particular rare and CP violating decays are governed by 
various penguin and box diagrams with internal top quark and charm quark 
exchanges. Some examples are shown in Fig. 2. These diagrams can be evalu- 
ated in the full theory and are summarized by a set of basic universal (process 
independent) mt-dependent functions Fr{xt) [20] where xt = rri^/M^. Explicit 
expressions for these functions can be found in [21-23]. 

It is useful to express the OPE formula (8) directly in terms of the functions 
Fr(xt) [25]. To this end we rewrite the A{M -> F) in (8) as follows 

A(M ^F) = ^VcKM Y,{F I Ofc(M) I M) Uki (/i,Mw) Ci(Mw), (11) 

^ i,k 

where UkjifJ-, Mw) is the renormalization group transformation from Mw down 
to fi. Explicit formula for this transformation will be given below. In order to 
simplify the presentation we have removed the index “i” from Vckm 

Now Cj(Mw) are linear combinations of the basic functions Fr{xt) so that 
we can write 

Ci(Mw) = Ci -I- hirFrixt) (12) 

r 

where Ci and hir are mt-independent constants. Inserting (12) into (11) and 
summing over i and k we find 

A{M F) = Po{M ^ F) + Y,Pr{M F) Fr(xt), (13) 

r 

with 

Po(M F) = Y.{F I 0*(/i) I M) IJu ifi, Mw)ci , (14) 

i,k 

Pr{M -^F)^ I OkifJ.) I M) Uki , (15) 

i,k 

where we have suppressed the overall factor {GfI\/2)Vckm- I would like to call 
(13) Penguin-Box Expansion (PBE) [25], 

The coefficients Pq and Pr are process dependent. This process dependence 
enters through {F \ Ok{fi) \ M). In certain cases like K — ^ ttuu these matrix 
elements are very simple implying simple formulae for the coefficients Pq and 
Pr- In other situations, like e' fe, this is not the case. 

Originally PBE was designed to expose the mt-dependence of FCNC pro- 
cesses [25]. After the top quark mass has been measured precisely this role of 
PBE is less important. On the other hand, PBE is very well suited for the study 
of the extentions of the Standard Model in which new particles are exchanged in 
the loops. We know already that these particles are heavier than W-bosons and 
consequently they can be integrated out together with the weak bosons and the 
top quark. If there are no new local operators the mere change is to modify the 
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functions Fr{xt] which now acquire the dependence on the masses of new parti- 
cles such as charged Higgs particles and supersymmetric particles. The process 
dependent coefficients Po and Pr remain unchanged. This is particularly useful 
as the most difficult part is the evaluation of Ukj{lJ.,Mw) and of the hadronic 
matrix elements, both contained in these coefficients. However, if new effective 
operators with different Dirac and colour structures are present the values of Po 
and Pr are modified. Examples of the applications of PBE to physics beyond 
the Standard Model can be found in [26-28]. 

The universality of the functions Fr{xt) can be violated partly when QCD 
corrections to one loop penguin and box diagrams are included. For instance 
in the case of semi-leptonic FCNC transitions there is no gluon exchange in a 
Z°-penguin diagram parallel to the Z°-propagator but such an exchange takes 
place in non-leptonic decays in which the bottom line is a quark-line. Thus the 
general universality of Fr{xt) present at one loop level is reduced to two univer- 
sality classes relevant for semi-leptonic and non-leptonic transitions. However, 
the 0{as) corrections to the functions Fr{xt) are generally rather small when the 
top quark mass mt(nit) is used and consequently the inclusion of QCD effects 
plays mainly the role in reducing various p-dependences. 

In order to see the general structure of A{M F) more transparently let us 
write it as follows; 

A{M — > P) = BM-^FVGKMVQCi)F{xt) + Charm (16) 

where the first term represents the internal top quark contribution and 
“Charm” stands for remaining contributions, in particular those with internal 
charm quark exchanges. F{xt) represents one of the universal functions and 
rjQcu the corresponding short distance QCD corrections. The parameter Bm^f 
represents the relevant hadronic matrix element, which can only be calculated by 
means of non-perturbative methods. However, in certain lucky situations Bm-^f 
can be extracted from well measured leading decays and when it enters also other 
decays, the latter are then free from hadronic uncertainties and offer very use- 
ful means for extraction of CKM parameters. One such example is the decay 
it'+ TT+i/P for which one has 



Br{K^ -k'^vv) = 



al^^Br{K+ ^ 
y^j27T^ sin'* 6w 

X + ycs^cdVQCD^i^c)] 



(17) 



The factor in square brackets stands for the “H-factor” in (16), which is given 
in terms of well measured quantities. Since Vcs, Fed and Vj* are already rather 
well determined and F{xi) and tJqcd be calculated in perturbation theory, 
the element Vtd can be extracted from Br{K^ tt+i/P) without essentially any 
theoretical uncertainties. We will be more specific about this in Section 7. 




74 Andrzej J. Burns 

4 Motivations for NLO Calculations 

Going beyond the LO approximation for Ci{fj,) is certainly an important but 
a non-trivial step. For this reason one needs some motivations to perform this 
step. Here are the main reasons for going beyond LO; 

• The NLO is first of all necessary to test the validity of the renormalization 
group improved perturbation theory. 

• Without going to NLO the QCD scale Ajfs [29] extracted from various high 
energy processes cannot be used meaningfully in weak decays. 

• Due to renormalization group invariance the physical amplitudes do not 
depend on the scales p present in or in the running quark masses, in 
particular mt(p), mb(/i) and mdfj.). However, in perturbation theory this 
property is broken through the truncation of the perturbative series. Con- 
sequently one finds sizable scale ambiguities in the leading order, which can 
be reduced considerably by going to NLO. 

• The Wilson Coefficients are renormalization scheme dependent quantities. 
This scheme dependence appears first at NLO. For a proper matching of the 
short distance contributions to the long distance matrix elements obtained 
from lattice calculations it is essential to calculate NLO. The same is true 
for inclusive heavy quark decays in which the hadron decay can be modeled 
by a decay of a heavy quark and the matrix elements of <5* can be effectively 
calculated in an expansion in 1/mb. 

• In several cases the central issue of the top quark mass dependence is strictly 
a NLO effect. 

5 General Structure of Wilson Coefficients 

We will give here a formula for the Wilson coefficient C(p) of a single operator 
Q including NLO corrections. The case of several operators which mix under 
renormalization is much more complicated. Explicit formulae are given in [21,23]. 

C(/i) is given by 

C{fi) = My^)C{Mw) (18) 

where 

D(p,Mw) = exp[r'"' (19) 

is the evolution function, which allows to calculate C(^) once C(Mw) is known. 
The latter can be calculated in perturbation theory in the process of integrating 
out W^, and top quark fields. Details can be found in [21,23]. Next 7 q is the 
anomalous dimension of the operator Q and j3{gs) is the renormalization group 
function which governs the evolution of the QCD coupling constant aa{n). 

At NLO we have 



47T 



( 20 ) 
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47T 

3 



Inserting the last two formulae into (19) and expanding in ct^ we find 



U{fi,Mv/) = 





ots{Mw) 


d 


as(Mw) j 


_ 47T . 


. Oisin) . 




47T 



with 



j=±B 

/3o^' 2/3o 



d = 



^(0) 

7q 

2/3o' 



( 21 ) 

( 22 ) 

(23) 

(24) 



Inserting (23) and (20) into (18) we find an important formula for <7(/x) in 
the NLO approximation: 






[i + “‘<'‘>j] 


as{Mw) 


d r 


. 47T . 







l + ^ii^(B-J) 

47T 



(25) 



6 Status of NLO Calculations 

Since the pioneering leading order calculations of Wilson coefficients for current- 
current [5,6] and penguin operators [30], enormous progress has been made, so 
that at present most of the decay amplitudes are known at the NLO level. We 
list all existing NLO calculations for weak decays in table 1. In addition to the 
calculations in the Standard Model we list the calculations in two-Higgs dou- 
blet models and supersymmetry. In table 2 we list references to calculations of 
two-loop electroweak contributions to rare decays. The latter calculations allow 
to reduce scheme and scale dependences related to the definition of electroweak 
parameters like sin^^w, uqed , etc. Next, useful techniques for three-loop cal- 
culations can be found in [77] and a very general discussion of the evanescent 
operators including earlier references is presented in [78]. Further details on these 
calculations can be found in the orignal papers, in the review [21] and in the 
Les Houches lectures [23]. Some of the implications of these calculations will be 
analyzed briefly in subsequent sections. 

7 Applications: News 

7.1 Preliminaries 

There is a vast literature on the applications of NLO calculations listed in table 1. 
As they are already reviewed in detail in [21-23] there is no point to review them 
here again. I will rather discuss briefly some of the most important applications 
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Table 1. References to NLO Calculations 



Decay 


Reference 


AF = 1 Decays 


current-current operators 


[31,32] 


QCD penguin operators 


[33,35-38] 


electroweak penguin operators 


[34-37] 


magnetic penguin operators 


[39,40] 


Br{B)sL 


[31,41-43] 


inclusive AS — 1 decays 


[44] 


Paxticle-Antiparticle Mixing 


V1 


[45] 




[46,47] 


Vi 


[48] 


Rare K- and R-Meson Decays 


Kl ->■ B l+r, B XsuP 


[49-52] 


K'^ — )• Rl 


[53,52] 




[54] 


RTl -> 7r°e'*‘e“ 


[55] 


J5 — y 


[56,57] 




[58]-[65] 


AFb, 


[67] 


inclusive B — t Charmonium 


[68] 


Two-Higgs Doublet Models 


R-t V,7 


[64,66,65] 


Supersymmetry 


AMk and ek 


[69,70] 


R-tX.7 


[71] 



Table 2. Electroweak Two-Loop Calculations 



Decay 


Reference 


K'l — > ■k'^uu, B — > l~^l~ , B — > Xsvv 

R^X,7 

B° — R® mixing 


[72] 

[73-75] 

[76] 



in general terms. This will also give me the opportunity to update some of 
the numerical results presented in [23]. This update is related mainly to the 
improved experimental lower bound on B^ — B^ mixing {{AM)g > 12.4/ps) and 
a slight increase in jl/uil/IV'ctl: 0.091±0.016, both presented at the last Rochester 
Conference in Vancouver [79]. 

7.2 Unitarity Triangle 

The standard analysis of the unitarity triangle (see Fig. 3) uses the values of 
jVusj: iKjftj, |Vu6/Vcfc| extracted from tree level K- and B- decays, the indirect 
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A=(p,ii) 




Fig. 3. Unitarity Triangle. 



CP-violation in Kl -t tttt represented by the parameter e and the ^ 

mixings described by the mass differences {AM)d,a- Prom this analysis follows 
the allowed range for [g, fj) describing the apex of the unitarity triangle. Here 

[81] ^ 2 

0 = 0(l-y)> = (26) 

where A, g and rj are Wolfenstein parameters [82] with |Pus[ = A = 0.22. We 
have in particular 

Vnb = MVcb\{e-iv), Vtd^X\Vcb\{l-Q-iv)- (27) 

rj^Ois responsible for CP violation in the Standard Model. 

The allowed region for (g,r)) is presented in Fig. 4. It is the shaded area 
on the right hand side of the solid circle which represents the upper bound for 
{AM)d/{AM)s- The hyperbolas give the constraint from e and the two circles 
centered at (0,0) the constraint from The white areas between the 

lower e-hyperbola and the shaded region are excluded by B^ - B^ mixing. We 
observe that the region p < 0 is practically excluded. The main remaining theo- 
retical uncertainties in this analysis are the values of non-perturbative parame- 
ters; Bk in FBdV^d in {AM)d and ^ = Fb, V^IFb^ in {AM)df {AM)g. 
I have used Bk = 0.80 ±0.15, FBd'/Bd — 200±40MeV and ^max = 1-2- On the 
experimental side lPuf./Pc 6 l and {AM)s should be improved. 

From this analysis we extract 

lV^,l = (8.6±1.6)•10-^ My/.Vtd) = (1-38 ±0.33) -10-" (28) 

and 

sin 2,d = 0.71 ± 0.13, sin 7 = 0.83 ± 0.17 (29) 



7.3 e' /e 

e' je is the ratio of the direct and indirect CP violation in Kl -t tttt. A measure- 
ment of a non- vanishing value of e'/e would give the first signal for the direct 
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Fig. 4. Unitarity Triangle 1998. 



CP violation ruling out the superweak models [83]. In the Standard Model e'/e 
is governed by QCD penguins and electroweak (EW) penguins. The correspond- 
ing operators are given in (4)-(7). With increasing mt the EW penguins become 
increasingly important [84,85], and entering e' /e with the opposite sign to QCD 
penguins suppress this ratio for large mt. For mt « 200 GeV the ratio can even 
be zero [85], Because of this strong cancellation between two dominant contribu- 
tions and due to uncertainties related to hadronic matrix elements of the relevant 
local operators, a precise prediction of e' /e is not possible at present. 

A very simplified formula (not to be used for any serious numerical analysis) 
which exhibits main uncertainties is given as follows 



- = 15 - 10 -^ 
e 



vMVcb? 1 


■ 120 MeV ' 


2 


r 1 

MS 


1.3-10-4 


ms{2 GeV). 




300 MeV 



[B^-Z{xt)Bs] (30) 



where Z{xt) « 0.18(mt/Mw)^ ®® represents the leading mt-dependence of EW 
penguins. Bq and B% represent the hadronic matrix elements of the dominant 
QCD-penguin operator Qq and the dominant electroweak penguin operator Qg 
(see (5) and (6)) respectively. Together with ms(2GeV) the values of these pa- 
rameters constitute the main theoretical uncertainty in evaluating e' je. Present 
status of ma, Bq and Bg is reviewed in [86,23]. Roughly one has Bg = 1-0 ± 0.2 
and Bg = 0.7 ± 0.2. Taking these values, tj of Fig. 4 and lPc6| = 0.040 ± 0.003, 1 
find: 



f (5.7 ±3.6) ■ 10-^ , ma(2GeV) = 130±20MeV 
\ (9.1 ±5.7) ■ 10-4 , ma(2GeV) = 110±20MeV. 



where the chosen values for mg are in the ball park of various QCD sum rules 
and lattice estimates [86]. This should be compared with the result of NA31 
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collaboration at CERN which finds (e'/e) = (23 ± 7) • 10“^ [87] and the value of 
E731 at Fermilab, (e'/e) = (7.4 ± 5.9) ■ IQ-'* [88]. 

The Standard Model expectations are closer to the Fermilab result, but due 
to large theoretical and experimental errors no firm conclusion can be reached 
at present. The new improved data from CERN and Fermilab in 1999 and later 
from DA^NE should shed more light on e' je. In this context improved estimates 
of Rei Sg and mg are clearly desirable. 



7.4 B X*7 

A lot of efforts have been put into predicting the branching ratio for the inclusive 
decay B including NLO QCD corrections and higher order electroweak 

corrections. The relevant references are given in table 1 and in [23], where details 
can be found. The final result of these efforts can be summarized by 

Br{B A's7)th = (3.30 ± 0.15(scale) ± 0.26(par)) • (32) 

where the first error represents residual scale dependences and the second error is 
due to uncertainties in input parameters. The main achievement is the reduction 
of the scale dependence through NLO calculations, in particular those given in 
[61] and [40]. In the leading order the corresponding error would be roughly ±0.6 
[89,90]. 

The theoretical result in (32) should be compared with experimental data: 



_/ (3-15 ±0.35 ±0.41) ■ 10-^ , CLEO 
Bt{B Ag7)exp - j j. Q go ± 0.72) - lO-"* , ALEPH, 



(33) 



which implies the combined branching ratio: 

Br{B X,7)exp = (3.14 ± 0.48) • 10"^ (34) 

Clearly, the Standard Model result agrees well with the data. In order to see 
whether any new physics can be seen in this decay, the theoretical and in par- 
ticular experimental errors should be reduced. This is certainly a very difficult 
task. Most recent analyses of B -)> X *7 in supersymmetric models and two-Higgs 
doublet models are listed in table 1. 



7.5 Kl and Ff± — )■ tt+i/i/ 

7 T°i/P and AT+ ->■ tt+i/P are the theoretically cleanest decays in the field 
of rare K-decays. Kl -t 7r°i/P is dominated by short distance loop diagrams 
(Z-penguins and box diagrams) involving the top quark. ■k+i'D receives 

additional sizable contributions from internal charm exchanges. The great virtue 
of Kl is that it proceeds almost exclusively through direct CP violation 

[91] and as such is the cleanest decay to measure this important phenomenon. It 
also offers a clean determination of the Wolfenstein parameter rj and in particular 
offers the cleanest measurement of ImPj’Ptd [92]. K^ x+i/P is CP conserving 
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and offers a clean determination of \Vtd\- Due to the presence of the charm 
contribution and the related rric dependence it has a small scale uncertainty 
absent in Ki — > -k^vu. 

The next-to-leading QCD corrections [49,50,53,51,52] to both decays consid- 
erably reduced the theoretical uncertainty due to the choice of the renormaliza- 
tion scales present in the leading order expressions, in particular in the charm 
contribution to Since the relevant hadronic matrix elements of 

the weak currents entering K 'kvv can be related using isospin symmetry 
to the leading decay Tr^e+z^, the resulting theoretical expressions for 

Br( Kl -t T[^vu) and Br(if+ -> are only functions of the CKM pa- 

rameters, the QCD scale and the quark masses mt and me. The isospin 
braking corrections have been calculated in [93]. The long distance contribu- 
tions to -k+uD have been considered in [94] and found to be very small: a 

few percent of the charm contribution to the amplitude at most, which is safely 
neglegible. The long distance contributions to Kl -t are negligible as well 
[95]. 

The explicit expressions for Br{K+ tt+vu) and Br{KL -t 7 r°i/i/) can 
be found in [21-23]. Here we give approximate expressions in order to exhibit 
various dependences: 



Br{K+ -K+vV) = 0.7- 



10 


r ' 


2 






0.010_ 




_ 0.040 _ 



■ mt(mt) 


2.3 


.170 GeV 


± cc ± tc 



(35) 



BriKi -t TT^i/u) = 3.0 ■ 10 ^ 

' L0.39J 



■ mt(mt) ' 


2.3 


[1^6 1] 


.170 GeV _ 




.0.040 



(36) 



where in (35) we have shown explicitly only the pure top contribution. 

The impact of NLO calculations is the reduction of scale uncertainties in 
Br{K^ from ±23% to ±7%. This corresponds to the reduction in the 

uncertainty in the determination of \Vtd\ from ±14% to ±4%. The remaining 
scale uncertainties in Bv{Kl 7r°iyp) and in the determination of 77 are fully 
negligible. 

Updating the analysis of [23] one finds [52]: 



Br(K+ TT+vP) = (8.2 ± 3.2) ■ 10^“ , 
BriKi TT°i/P) = (3.1 ± 1.3) ■ 10““ , 



(37) 



where the errors come dominantly from the uncertainties in the CKM parame- 
ters. 

As stressed in [92] simultaneous measurements of i?r(/f+ — ^ tt+i/z/) and 
Bt{Kl ir°i'P) should allow a clean determination of the unitarity triangle as 
shown in Fig. 5. In particular the measurements of these branching ratios with 
an error of ±10% will determine \Vtd\, Imk)*Uf^ and sin 2j3 with an accuraccy of 
±10%, ±5% and ±0.05 respectively. The comparision of this determination of 
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sin 2/3 with the one by means of the CP-asymmetry in B -> tpKs should offer a 
very good test of the Standard Model. 

Experimentally we have [96] 

BR{K+ ^ TT+Pi>) = (4.2+9.7-3.5) ■ 10"^° (38) 

and the bound [97] 

BR{Ki^ TT°uP) < 1.6 ■ 10-®. (39) 

Moreover from (38) and isospin symmetry one has [98] BR{K\, tv^vv) < 
6.1 • 10 -®. 







The central value in (38) is by a factor of 4 above the Standard Model 
expectation but in view of large errors the result is compatible with the Standard 
Model. The analysis of additional data on ■n'^vv present on tape at 

BNL787 should narrow this range in the near future considerably. In view of the 
clean character of this decay a measurement of its branching ratio at the level of 
2 • would signal the presence of physics beyond the Standard Model [52]. 

The Standard Model sensitivity is expected to be reached at AGS around the 
year 2000 [99]. Also Fermilab with the Main Injector could measure this decay 
[ 100 ]. 

The present upper bound on Br{Ki, -y -n^vv) is about five orders of magni- 
tude above the Standard Model expectation (37). FNAL-E799 expects to reach 
the accuracy 0(10“^) and a very interesting new experiment at Brookhaven 
(BNL E926) [99] expects to reach the single event sensitivity 2 • 10“^^ allowing a 
10% measurement of the expected branching ratio. There are furthermore plans 
to measure this gold-plated decay with comparable sensitivity at Fermilab [101] 
and KEK [102]. 
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8 Summary 

We have given a general description of OPE and Renormalization Group tech- 
niques as applied to weak decays of mesons. Further details can be found in 
[21-23,103]. One of the outstanding and important challanges for theorists in 
this field is a quantitative description of non-leptonic meson decays. In the field 
of K-decays this is in particular the case of the AI = lj2 rule for which some 
progress has been made in [104]. In the field of B-decays progress in a quanti- 
tative description of two-body decays is very desirable in view of forthcoming 
B-physics experiments at Cornell, SLAG, KEK, DESY, FNAL and later at LHC. 
Recent reviews on non-leptonic two-body decays are given in [105-107] where 
further references can be found. 

I would like to thank Peter Breitenlohner, Dieter Maison and Julius Wess for 
inviting me to such a pleasant symposium. 
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Abstract. We review our recent work, hep-th/9803030, on the constraints imposed by 
global or local symmetries on perturbative quantum field theories. The anrJysis is per- 
formed in the Bogoliubov-Shirkov-Epstein-Glaser formulation of perturbative quantum 
field theory. In this formulation the S-matrix is constructed directly in the asymptotic 
Fock space with only input causality and Poincare invariance. We reformulate the sym- 
metry condition proposed in our earlier work in terms of interacting Noether currents. 



1 Introduction 

The relation between symmetries and quantum theory is an important and fun- 
damental issue. For instance, symmetry relations among correlation functions 
(Ward identities) are often used in order to prove that a quantum field theory 
is unitary and renormalizable. Conversely, the violation of a classical symmetry 
at the quantum level (anomalies) often indicates that the theory is inconsistent. 
Furthermore, in recent years symmetries (such as supersymmetry) have been 
instrumental in uncovering non-perturbative aspects of quantum theories (see, 
for example, [1]). It is, thus, desirable to understand the interplay between sym- 
metries and quantization in a manner which is free of the technicalities inherent 
in the conventional Lagrangian approach (regularization/renormalization) and 
in a way which is model independent as much as possible. 

In a recent paper [2] we have presented a general method, the Quantum 
Noether Method, for constructing perturbative quantum field theories with glo- 
bal symmetries. Gauge theories are within this class of theories, the global sym- 
metry being the BEST symmetry [3]. The method is established in the causal 
approach to quantum field theory introduced by Bogoliubov and Shirkov [4] 
and developed by Epstein and Glaser [5,6]. This explicit construction method 
rests directly on the axioms of relativistic quantum field theory. The infinities 
encountered in the conventional approach are avoided by a proper handling of 
the correlation functions as operator-valued distributions. In particular, the well- 
known problem of ultraviolet (UV) divergences is reduced to the mathematically 
well-defined problem of splitting an operator-valued distribution with causal sup- 
port into a distribution with retarded and a distribution with advanced support 
or, alternatively [6,7], to the continuation of time-ordered products to coincident 
points. Implicitly, every consistent renormalization scheme solves this problem. 
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Thus, the explicit Epstein-Glaser (EG) construction should not be regarded as 
a special renormalization scheme but as a general framework in which the con- 
ditions posed by the fundamental axioms of quantum field theory (QFT) on any 
renormalization scheme are built in by construction. In this sense our method 
is independent from the causal framework. Any renormalization scheme can be 
used to work out the consequences of the general symmetry conditions proposed 
in [2]. 

In the EG approach the S'-matrix is directly constructed in the Fock space 
of free asymptotic fields in a form of formal power series. The coupling constant 
is replaced by a tempered test function g{x) (i.e. a smooth function rapidly 
decreasing at infinity) which switches on the interaction. Instead of evaluating 
the 5-matrix by first computing off-shell Greens functions by means of Feynman 
rules and then applying the LSZ formalism, the 5-matrix is directly obtained 
by imposing causality and Poincare invariance. The method can be regarded as 
an “inverse” of the cutting rules. One builds n-point functions out of m-point 
functions (m < n) by suitably “gluing” them together. The precise manner in 
which this is done is dictated by causality and Poincare invariance (see appendix 
A for details). One shows, that this process uniquely fixes the 5-matrix up to 
local terms (which we shall call “local normalization terms”). At tree level these 
local terms are nothing but the Lagrangian of the conventional approach [2]. 

The problem we set out to solve in [2] was to determine how to obtain a 
quantum theory which, on top of being causal and Poincare invariant, is also 
invariant under a global symmetry. For linear symmetries such as global inter- 
nal symmetries or discrete C, P, T symmetries the solution is well-known: one 
implements the symmetry in the asymptotic Fock space space by means of an 
(anti-) unitary transformation. The focus of our investigation in [2] was symme- 
tries that are non-linear in the Lagrangian formulation. The prime examples are 
BEST symmetry and supersymmetry (in the absence of auxiliary fields). The 
main puzzle is how a theory formulated in terms of asymptotic fields only knows 
about the inherent non-linear structure. 

The solution to the problem is rather natural. One imposes that the Noether 
current that generates the asymptotic symmetry is conserved at the quantum 
level, i.e. inside correlation functions. This condition, the Quantum Noether 
Condition (QNC), constrains the local normalization terms left unspecified by 
causality and Poincare invariance. At tree-level one finds that the asymptotic 
Noether current renormalizes such that it generates the full non-linear transfor- 
mation rules. At the quantum level the same condition yields the correspond- 
ing Ward identities. The way the methods works is analogous to the classical 
Noether method [8,9], hence its name. In addition, we have shown that the QNC 
is equivalent to the condition that the 5-matrix is invariant under the symmetry 
under question (i.e. the 5-matrix commutes with the generator of the asymptotic 
symmetry) . 

Quantum field theory, however, is usually formulated in terms of interacting 
fields. In the Lagrangian formulation, the symmetries of the theory are the sym- 
metries of the action (or more generally of the field equations) that survive at 
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the quantum level. These symmetries are generated by interacting Noether cur- 
rents. It will, thus, be desirable to express the QNC in terms of the latter. As we 
shall see, this is indeed possible. The QNC in term of the interacting current is 
given in (22). If the symmetry is linear then the condition is that the interacting 
current is conserved (as expected). If the symmetry, however, is non-linear the 
interacting current is only conserved in the adiabatic limit {g const.). 

One important example is Yang-Mills theory. In this case, the corresponding 
Noether current is the BRST current. Because there are unphysical degrees of 
freedom present in gauge theories, one needs a subsidiary condition in order 
to project out the unphysical states. The subsidiary condition should remain 
invariant under time evolution. This means that it should be expressed in terms 
of a conserved charge. The appropriate charge for gauge theories is the BRST 
charge [10]. The subsidiary condition is that physical states should be annihilated 
by the BRST charge Qint (and not be Qi„t-exact). 

The considerations in [10], however, (implicitly) assumed the naive adiabatic 
limit. For pure gauge theories this limit seem not to exist. Then from the Quan- 
tum Noether Condition (22) follows that the interacting BRST current is not 
conserved before the adiabatic limit. We stress, however, that the Quantum 
Noether Condition allows one to work out all consequences of non-linear sym- 
metries for time-ordered operator products before the adiabatic limit is taken. 
As we shall see, one can even identify the non-linear transformation rules. 

We organize this paper as follows: In the next section we shortly review the 
Quantum Noether Method. In section 3 we express the Quantum Noether Condi- 
tion in terms of the interacting Noether current. Section 4 contains a discussion 
of future directions. In the appendix we present the main formulae of the causal 
framework and our conventions. 



2 The Quantum Noether Method 

In the EG approach one starts with a set of free fields in the asymptotic Fock 
space. These fields satisfy their (free) field equations and certain commutation 
relations. To define the theory one still needs to specify Ti , the first term in the S- 
matrix. (Actually, as we shall see, even T\ is not free in our construction method 
but is also constrained by the Quantum Noether Condition). Given Ti one can, 
in a well defined manner, construct iteratively the perturbative 5-matrix. The 
requirements of causality and Poincare invariance completely fix the 5-matrix 
up to local terms. The additional requirement that the theory is invariant under 
a global and/or local symmetry imposes constraints on these local terms. 

To construct a theory with global and/or local symmetry we introduce the 
coupling in the theory, where is the Noether current that generates 
the asymptotic (linear) symmetry transformations, and we impose the condition 
that “the Noether current is conserved at the quantum level” 



= 0 , 



( 1 ) 
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where we introduce the notation (we use the abbreviation djdx*^ = dj^) 

n 

(^1 > ' ' ' ^n^n/l ’ ( 2 ) 

1 = 1 

and 

X/i = TlTiixi) ■ ■ ■ ■■T,{xn)]. (3) 

(for n = 1, ^i{xx) = io (a:i)). In other words we consider an n-point function 
with one insertion of the current at the point xi. Notice that since the left 
hand side of (1) is a formal Laurent series in h, this condition is actually a set 
of conditions. 

One may apply the inductive EG construction to work out the consequences 
of (1). This may be done by first working out T[joTi...Ti] and then constructing 
(2). However, there is an alternative route [2]. One relaxes the field equations of 
the fields Then the inductive hypothesis takes the form: for m < n, 

m 

1 = 1 A 



where 






d^o 



d4>^ 



(5) 



are the free field equations is the free Lagrangian that yields (5); the present 
formulation assumes that such a Lagrangian exists). The coefficients i?^’’"(^) are 
defined by (4) and are formal series in h. 

Clearly, if we impose the field equation we go back to (1). The converse is also 
true. Once one relaxes the field equations in the inductive step, (1) implies (4) 
as was shown in [2]. The advantage of the off-shell formulation is that it makes 
manifest the non-linear structure: the coefficients are just the order m 

part of the non-linear transformation rules. In addition, the calculation of local 
on-shell terms arising from tree-level graphs simplifies: 

We now discuss the condition (1) at tree-level. For the analysis at loop level 
we refer to [2]. At tree-level we only need the If part of (4). Let us define 






A-,m/tzO 



m- 



( 6 ) 



Depending on the theory under consideration the quantities R^’'^{If) may be 
zero after some value of m. Without loss of generality we assume that they are 
zero for TO > fc -I- 1, for some integer k (which may be infinity; the same applies 
for k' below.). One shows that 



k 

m=0 



( 7 ) 
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are symmetry transformation rules that leave the Lagrangian, 

k' 

^ ^ ( 8 ) 

m=0 

invariant (up to total derivatives), where k' is also an integer (generically not 
equal to k). The Lagrangian will be determined from the tree-level normal- 
ization conditions as follows, 

for m>l, (9) 

where Nm denotes the local normalization ambiguity of T,n[^i(3;i)---T'i(a;m)] in 
tree graphs defined with respect to the naturally split solution (i.e. the Feynman 
propagator is used in tree-graphs). For m = 1, S^i = {h/i)Ti. The factor m! 
reflects the fact that appears in (A.55) with a combinatorial factors m! 

while the factor hji is there to cancel the overall factor i/h that multiplies the 
action in the tree-level 5-matrix. Notice that we regard (9) as definition of 
Let us further define as the local normalization ambiguity of T„[joTi...Ti],^ 

T„[io^(xi)Ti(x2) ■ ■ -Ti(x„)] = Tc,„b'^(xi)Ti(x2) • ■ -Ti(x„)] + (10) 

where T„,c denotes the naturally splitted solution. We shall see that the normal- 
ization terms complete the asymptotic current jo to the Noether current that 
generates the non-linear symmetry transformations (7). 

We wish to calculate the tree-level terms at nth order. The causal distribution 
Sr=i order consists of a sum of terms each of these being a 

tensor product of T„i[ri...Ti5-joTi...Ti) (m < n) with T-products that involve 
only Ti vertices according to the general formulae (A.61,A.62,A.68). By the off- 
shell induction hypothesis, we have for all m < n 

m 

( 11 ) 

l=l A 

As explained in detail in [2], at order n one obtains all local on-shell terms 
by performing the so-called “relevant contractions”, namely the contractions 
between the (j>^ in the right hand side of (11) and (f) in local terms. In this 
manner we get the following general formula for the local term Ac,n arising 
through tree-level contractions at level n, 

n — 1 
m—1 



' We use the following abbreviations for the delta function distributions: 
5^"' = (5(xi, . . . ,Xn) = S{xi - X 2 ) ■■■ S(Xn~l ~ X„) ■ 



( 12 ) 
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where it is understood that in the right hand side only “relevant contractions” 
are made. The factors Nn-m are tree-level normalization terms of the T-products 
that contain n — mTi vertices. 

In [2] we have provided a detailed analysis of (12) for any n (under the as- 
sumption that the Quantum Noether Method is not obstructed). In the next 
section, we will need these results in order to show that condition (22) is equiv- 
alent to condition (1). We therefore list them here without proofs. 

The n = 1 case is trivial. One just gets that = so0^. For 2 < n < 

fc + 1 , the condition (4) at tree-level yields the following constraint on the local 
normalization terms of the T-m, m < n, 

SoJ^n~l + Si^n-2 + ' ’ ' + ( 13 ) 

and, furthermore, determines 

j;_, - + (n - 1)! T(‘ + " 

For n > fc -f 1 we obtain, 

S^SSn-l + ^\^n-2 + ■ • • + ShS§n-\-k = (1^) 



and 



+ (n - 1)! 






(16) 



Depending on the theory under consideration the =^„’s will be zero for n > k', 
for some integer fc'. Given the integers fc and fc', there is also an integer fc" 
(determined from the other two) such that = 0, for n > fc". 

Summing up the necessary and sufficient conditions (13), (15) for the Quan- 
tum Noether method to hold at tree level we obtain, 



k' k” k 

= + CZg^si4>^).9i^AB<l>^ (17) 

1=1 1=1 1=1 



Using so=^o = 9^fco ^11*1 for 1 < fc 





si4>^^ab4>^ = 


(18) 


we obtain, 




k" 








sSS = d^i^g^k^) 
1=0 


(19) 


where, for 1 < 


1 < k, 








kf=3§r + J^si 6 ^ 


(20) 
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and for I > k, fcf = We therefore find that is invariant under the 
symmetry transformation, 

k 

S(j)^ = '^g‘si(j)^. ( 21 ) 

1=0 

According to Noether’s theorem there is an associated Noether current. One 
may check that the current normalization terms (14), (16) are in one-to-one 
correspondence with the terms in the Noether current. Therefore the current jo 
indeed renormalizes to the full non-linear current. 

3 Conservation of the Interacting Noether Current 

The Quantum Noether Condition (1) can be reformulated in terms of interacting 
fields. Let j^;„t and be the interacting currents corresponding to free field 
operators j^ and j)', respectively, perturbatively constructed according to (A.82). 

is equal to (defined in (13)) as will see below. Then the general Ward 

identity 

( 22 ) 

is equivalent to condition (1). According to condition (22) the interacting Noether 
current jg is conserved only if it generates a linear symmetry, i.e. vanishes, 
or otherwise in the adiabatic limit g{x) 1, provided this limit exists. In the 
following we shall show that the condition (22) yields the same conditions on the 
the time-ordered products Tn[Ti...Ti] as the Quantum Noether condition (1). In 
this sense the two general symmetry conditions are considered equivalent. 

Because Poincare invariance and causality already fix the time-ordered prod- 
ucts T„[Ti...Ti] up to the local normalization ambiguity AT„, we only have to 
show that these local normalization terms iV„ are constrained in the same way 
by both conditions, (22) and (1). 

First, we translate the condition (22) to a condition on time-ordered products 
using the formulae given in the appendix; 

The perturbation series for the interacting field operator j((,j of a free field 
operator j'^ is given by the advanced distributions of the corresponding expansion 
of the S'-matrix (see (A.82)); 

°° 1 r 

Jint(5, a:) = fix) + II 

n = l 

Adn+i [Tiixi) . ..Tiixr,y,f{x)]g{xi) ...gixn), (23) 

where Adn+i denotes the advanced operator- valued distribution with n vertices 
Ti and one vertex j^{x) at the (n -t- l)th position. This distribution is only 
symmetric in the first n variables xi,...,Xn- The support properties are defined 
with respect to the unsymmetrized variable x. 
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°° 1 r 

n=l ' 

d^Adn+i [ri(a;i) . . . Ti(x„); j^{x)] g{xi) . . . g{xn) (24) 
and the right hand side of (22) 

“if 

Jl = Y1~\ • • • d‘^^nd^Xn+1 

n=0 d 

Adn+i [Ti(xi) . . .Ti(x„); J(*(x)] 6{x - x„+i) 
g{xi) . . . g{xn)d^"*^ g{xn+i) (25) 

After partial integration, symmetrization of the integrand in the variables (xi, 
. . . ,x„+i) and shifting the summation index, the right hand side of (22) can be 
further rewritten as 

oo ^ . 

Ji,int(3^)^/*5(^) = -Y.^ I • ■ ■ dW 

n=l 

n 

Y, {Adn [Ti(xi) . . . . ,T(x„);jt(x)] d;^5{xj - x)} 

p(xi)...p(x„) (26) 

where the hat indicates that this coupling has to be omitted. Equation (22) reads 
then 

9^3o =0, [n = 0) 
a;^Ad„+i[Ti(xi)...r(x„);i'((x)] 

n 

+ YAdn ^Ti{xi) . . ,T{xj) . . .T{xn)-,Ji{x) d^^S{xj - x) = 0, (n > 0)(27) 
1=1 

where the local normalization terms of the Ad-distributions with respect to a 
specified splitting solution will be given below. 

In the following we discuss the equivalent condition of the time-ordered dis- 
tributions instead of the advanced ones in order to compare the unsymmetrized 
condition (22) with the symmetrized Quantum Noether Condition (1). We get 
instead of (27) 

S;^T„+i[Ti(xi)...ri(x„);j^(x)' 

n 

= -Y'd'n ri(xi)...Ti(xj)...Ti(x„);J)‘(x)j 5 ^jA(Xj - x) (28) 

1=1 
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These distributions get smeared out by g{x{) . . . g{xn)g{x), where the test func- 
tion g differs from g. One easily verifies the left hand side of (28) is just the 
Quantum Noether Condition (1) but without the symmetrization; the missing 
symmetrization produces the extra terms on the right hand side of (28) as we 
shall see. 

We shall use the same off-shell procedure in order to fix the local on-shell 
obstruction terms (which is explained in detail in [2], section 4.2). The starting 
point (n = 0) of both conditions is the same 

d^j^ix) = so4>^3^ab4>^ (29) 

We have now for n = 1, 

(T 2 ,c[Ti(xi)io^(x)] + if J(xi - x)) = -if (x)a^'<5(xi - x) (30) 

Working out the left hand side (and using T\ = \-^i) we obtain, 

dl (jf5(xi - x)) + so^i5(xi -x)-dl - x)) 

= Jf(x)a^5(xi-x) (31) 

This condition fixes the local renormalization of at order g, denoted by jf 
(defined with respect to the natural splitting solution T 2 ,c) and also Jf in condi- 
tion (22). The latter term, proportional to the derivative of the 5-distribution, 
is left over in our new unsymmetrized condition. Note that in the symmetrized 
case, we reduced these kind of terms to ones proportional to the 5-distribution 
with the help of distributional identities. 

The condition (31) can be fulfilled for some local operators jf and Jf if and 



only if sq^i is a divergence up to field equation terms, 

SO^I - (32) 

In the absence of real obstructions this equation has solutions and we get 

as local renormalization of Jq at order g^ and 

jf = (34) 

Equation (33) should be compared with the analogous formulae (14) for n = 2^. 
We finally have 

dlT 2 [Ti(xi)i^(x)] + Jf (x)a*M(xi - x) = si<l>^3^AB<l>^5{xi - x). (35) 



^ Notice that n in the present section should be compared with n -f 1 in section 2. 
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The off-shell term on the right hand side of (35) is responsible for local 
obstruction terms at the next order, n = 2. We get (taking special care of 
derivative terms and advantage of our off-shell procedure): 



d;n,c [Tl{xi)Ti{x2)j^{x)] + (T2,c [Ti{xi)j^ix)] dl^5{X2 - x) + [xi O X2]) 






dTi 












(36) 



where N 2 denotes the tree-normalization term of r 2 [riTi] which is uniquely 
defined with respect to the natural splitting solution T 2 ,c[T’iT'i]- Now we include 
also the normalization ambiguity of the other distributions involved: 



T 3 [Ti(xi)Ti(X 2 )j^(x)] = r3,e[Ti(xi)Ti(x2)jo^(x)] + i2^(x)5(xi,X2,x) (37) 
T 2 [Ti(xi)J5‘(x)l = T 2 ,c [Ti(xOjt(x)l + J^5{xi - x) 

According to (13) the Quantum Noether Condition (1) at order n = 3 is fulfilled 
if and only if 

Si^l + 50^2 = + S24>^^AB<P^ (38) 

where the definition = {h/i){Nn/n\) is used. Now the same is true for 
condition (36). Only if (38) holds one can absorb the local terms on the right 
hand side of (36) in the normalization terms j^ix) and ^(x) given in (37). The 
reasoning is again slightly different from the one in the symmetrized case. The 
distributions are only symmetric in the variables Xj, but x is a distinguished 
variable. This means that the two local operator-valued distributions ® 



2 

io< 5 (xi,X 2 ,x); (A<^(xi,X2,x)j 



i=l 



(39) 



where Aq(x) and Ai(x) are local operators, are independent (on the test func- 
tions g(xi,X2,x) := 5(xi)sr(x2)fl(x) with g ^ g)^. 

So if and only if (38) is true the condition (22) can be fulfilled at order n = 2 
and the local normalization terms of the interacting currents, Jq and 
get fixed to 



3 

4 



.a 

32 



2 ! ( + 



dS§2 






So<j)^ + 



d{d^4>'^) 



s\4>' 



% = -21^2^ + 



d3§i 






(40) 



)ne could also choose as a basis Ao5(xi,X2,x);9^ ^Ai5(xi,x2,x)^. 

1 the symmetrized case, where one smears out with totally symmetric test 
ructions g(xi,X 2 ,X 3 ) := g(xi)g(x 2 )ff(x 3 ), one has ^Ai5(xi, X2,X)) = 

2/3)9Ai<5(xi,X2,x). 
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Note the different symmetry factors in compared with the symmetrized case 
(14). With these normalizations we get 

[Ti{xi)T,{x 2 )j^{x)\ + (T 2 [Ti(xi)Ji(x)] d-^-5{x2 - x) + [xi o Xj]) (41) 
= 2\s2(f>^.‘MAB(l>^S{xi,X2,x) 

This corresponds to (22) at order n = 2: 

^d^9ix) + 2\s2<^^:^^B<l>^{x). (42) 

9 ‘‘ g* 

Prom these first two steps of the inductive construction, one already realizes 
that in general the additional terms proportional to d^g in (22) correspond to 
terms proportional to 9^(5” which are now independent. In the former condition 
(1) we got rid of these terms by symmetrization and moding out the general 
formula ~ 0- This formula is a direct consequence of translation in- 

variance. Regardless this slight technical difference both conditions, (1) and (22), 
pose the same consistency conditions on the physical normalization ambiguity. 

For 0 < n < fc, (where k is the minimal integer such that Vm > fc, = 0), 
condition (28) yields 




= ( 43 ) 

where j!^ and are defined by analogous to (37) formulae. The sufficient and 
necessary condition for this equation to have a solution is 

So-^n + • • • + Sn-l=^l = ■ (44) 

This agrees with (13) (we remind the reader that n in present section corresponds 
to n + 1 in section 2) . Then the current normalization terms are given by 



II 




(45) 


1 

II 


a 


(46) 


and we have 






9 


= 3l,mt , + n\Sn(p^.9ifAB<P^ (x) 

n, g„-l 


(47) 
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For n > k, equation (28) yields 






+ 1 ) 



This equation now implies 

SO-^n + ■ ■ • + Sk^n-k = ■ 

We further obtain for the current normalization terms, 

/ k 






dJ^n- 



‘ „.J,A 






Sl<t> 



^ ri 

= -n!iC + (^ - 1)! E^ 



i=0 



d{d^4>^y 



Therefore, 






= 

J 1 ,int 



, 9^g{x) 



(48) 

(49) 

(50) 

(51) 

(52) 



without using the free field equations. 

In exactly the same way as in section 2, we deduce that the sum of all tree- 
level local normalization terms consitute a Lagrangian which is invariant (up to 
a total derivative) under the symmetry transformation s(f)^ — Inserting 

now the local normalization terms (45) and (50) into (23) we obtain, 



•M 



dlA^) 



s(j}^ — 



(53) 



where we have used the definitions (8), (7), and (20). The combinatorial factor 
n! in (45) and (50) exactly cancels the same factor in (23). We, therefore, see 
that the interacting free current exactly becomes the full non-linear current. 

We have, thus, found that going from condition (1) to condition (22) just 
corresponds to a different technical treatment of the terms which has 

no influence on the fact that both conditions pose the same conditions on the 
normalization ambiguity of the physical T„ distributions, namely the consistency 
conditions of the classical Noether method. Our analysis of the condition (1) at 
the loop level is also independent of this slight technical rearrangement of the 
derivative terms. Thus, the issue of stability can be analyzed in exactly the same 
way as before (see section 4.3 of [2]). One shows (under the assumption that the 
Wess-Zumino consistency condition has only trivial solutions) that condition 
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(22) at loop level also implies that the normalization ambiguity at the loop 
level, Nn{h), is constrained in the same way as the tree-level normalizations, 
Nn{hP). Once the stability has been established the equivalence of (1) and (22) 
at loop level follows. 

Summing up, we have shown that conditions (l)-(22) yield all consequences 
of non-linear symmetries for time-ordered products before the adiabatic limit. 
So at that level currents seem to be sufficient. As mentioned in the introduction, 
however, if one wants to identify the physical Hilbert space, one may need to 
use the Noether charge <5i„t = J xjf^f.(x) . As our Quantum Noether Condition 
(22) shows, only in the adiabatic limit (provided the latter exists) the interacting 
Noether current is conserved. Moreover, there is an additional technical obstacle. 
In the construction of the BRST charge a volume divergence occurs. In [11] a 
resolution was proposed for the case of QED. It was also described there how 
the analysis of Kugo-Ojima may hold locally. One may expect more technical 
problems in the construction of the BRST charge in the case non-abelian gauge 
theories where the free non-interacting Noether current includes two quantum 
fields. However, at least for the implementation of the symmetry transformations 
in correlation functions, such an explicit construction of the BRST charge is not 
necessary, as we have shown. Symmetries are implemented with the help of 
Noether currents only. 



4 Discussion 

We have presented a general method for constructing perturbative quantum field 
theories with global and/or local symmetries. The analysis was performed in the 
Bogoliubov-Shirkov-Epstein-Glaser approach. In this framework the perturba- 
tive S-matrix is directly constructed in the asymptotic Fock space with only 
input causality and Poincare invariance. The construction directly yields a finite 
perturbative expansion without the need of intermediate regularization. The in- 
variance of the theory under a given symmetry is imposed by requiring that the 
asymptotic Noether current is conserved at the quantum level. 

The novel feature of the present discussion with respect to the usual ap- 
proach is that our results are manifestly scheme independent. In addition, in 
the conventional approach one implicitly assumes the naive adiabatic limit. Our 
construction is done before the adiabatic limit is taken. The difference between 
the two approaches is mostly seen when the symmetry condition is expressed 
in terms of the interacting Noether current. If the interacting current generates 
non-linear symmetries, it is not conserved before the adiabatic limit is taken. 
An important example is pure gauge theory. In this case, the global symmetry 
is BRST symmetry. The interacting BRST current is not conserved before the 
adiabatic limit. Nevertheless, one may still construct correlation functions that 
satisfy the expected Ward identities. 

In the present contribution and in [2] we analyzed the symmetry conditions 
assuming that there are no true tree-level or loop-level obstructions. The algebra 
of the symmetry transformation imposes integrability conditions on the possible 
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form of these obstructions [12]. Therefore, to analyze the question of anomalies 
in the present context one would have to understand how to implement the 
algebra of s 5 Tnmetry transformations in this framework. This is expected to be 
encoded in multi-current correlation functions. We will report on this issue in a 
future publication [13]. 

The Quantum Noether Condition (1) or (22) leads to specific constraints 
(equations (13), (15)) that the local normalization terms should satisfy. We have 
seen that these conditions are equivalent to the condition that one has an in- 
variant action. So, one may infer the most general solution of equations (13), 
(15) from the most general solution of the problem of finding an action invariant 
under certain symmetry transformation rules. 

For the particular case of gauge theories the global symmetry used in the 
construction is BRST symmetry. In EG one always works with a gauged fixed 
theory since one needs to have propagators for all fields. Therefore, the symmetry 
transformation rules are the gauged fixed ones. Physics, however, should not 
depend on the particular gauge fixing chosen. The precise connection between 
the results of the gauge invariant cohomology (which may be derived with the 
help of the antifield formalism [15,16]) and the present gauged-fixed formulation 
will be presented elsewhere [14]. 

The symmetry condition we proposed involves the (Lorentz invariant) condi- 
tion of conservation of the Noether current. There are cases, however, where one 
has a charge that generates the symmetry but not a Noether current (for this to 
happen the theory should not possess a Lagrangian). A more fundamental for- 
mulation that will also cover these cases may be to demand that the charge that 
generates the symmetry is conserved at the quantum level (i.e. inside correlation 
functions) . A precise formulation of this condition may require a Hamiltonian 
reformulation of the EG approach. Such a reformulation may be interesting on 
its own right. 
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5 Appendix 

In this appendix we give the basic conventions and formulae of the causal frame- 
work, in particular the definition of the interacting field. A self-contained intro- 
duction to the EG construction may be found in section 3 of [2]. For further 
technical details we refer the reader to the literature [5,6,17,18]. 

We describe the construction for the case of a massive scalar field. The very 
starting point is the Fock space ^ of the massive scalar field (based on a rep- 
resentation space of the Poincare group) with the defining equations 

{n + rn^)(p = 0 (a), \ip{x),(p{y)] = ihDm{x - y) (b), 



(A.54) 
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where Dm{x — y)= f dk^S(k^ — m^)sgn (fc°) exp{— ifca:) is the Pauli-Jordan 
distribution. In contrast to the Lagrangian approach, the 5-matrbc is directly 
constructed in this Fock space in the form of a formal power series 

oo .. 
n=l 

The coupling constant g is replaced by a tempered test function g(x) E 5^ (i.e. a 
smooth function rapidly decreasing at infinity) which switches on the interaction. 

The central objects are the n-point operator-valued distributions Tn € .9^', 
where .5^' denotes the space of functionals on .5^. They should be viewed as 
mathematically well-defined (renormalized) time-ordered products, 

Tn{xi,--- ,x„',h) =T[Ti(a:i)---ri(x„)], (A.56) 

of a given specific coupling, say Ti = ^ : (c), which is the third defining 

equation in order to specify the theory in this formalism. Notice that the expan- 
sion in (A. 55) is not a loop expansion. Each in (A. 55) can receive tree-graph 
and loop-contributions. One can distinguish the various contributions from the 
power of h that multiplies them. 

Epstein and Glaser present an explicit inductive construction of the most 
general perturbation series in the sense of (A.55) which is compatible with the 
fundamental axioms of relativistic quantum field theory, causality and Poincare 
invariance. 

The main guiding principle is the property of causal factorization which can 
be stated as follows; 

• Let gi and 52 be two tempered test functions. Then causal factorization means 
that 

S{gi+g2) = S{g2)S{gi) if supp^i ^ supp52 (A.57) 

the latter notion means that the support of g\ and the support of 52 1 two closed 
subsets of R^, can be separated by a space like surface. 

It is well-known that the heuristic solution for (A.57), namely 

T„(xi,...,j;„;fi) (A.58) 

= 2\(x^(l)) . . . Ti(x,r(n))®(^7r(l) “ ^7 t( 2)) ' ' ■ ^(^Tr(n-l) ~ ^7r(n))’ 

7T 

is, in general, affected by ultra-violet divergences (tt runs over all permutations 
of 1, . . . , n). The reason for this is that the product of the discontinuous 0-step 
function with Wick monomials like Ti which are operator-valued distributions 
is ill-defined. One can handle this problem by using the usual regularization 
and renormalization procedures and finally end up with the renormalized time- 
ordered products of the couplings Ti . 

Epstein and Glaser suggest another path which leads directly to well-defined 
T-products without any intermediate modification of the theory using the fun- 
damental property of causality (A.57) as a guide. They translate the condition 



Jdxt---dxt, T„(xi j * * * ) 9{xi) ■ ■ ■ g{xn)- (A.55) 
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(A. 57) into an induction hypothesis, Hm-,rn < n, for the T^-distribution which 
reads 

(Trr,{XUY)=T^,{^) ^m—mi (Y) 

I if X tY, X,Y 0<mi <m , . 

) [T,„,(x),r„,(y)] = o ^ ^ 

[ if X ^Y X yY A X -:<Y), Vmi,m2<m 

Here we use the short-hand notation Tm{xi, . . . , x^', h)=T{Xy, \X\=m. 
Besides other properties they also include the Wick formula for the Tm distri- 
butions into the induction hypothesis. This is most easily done by including the 
so-called Wick submonomials of the specific coupling Ti = (i/ fi) : ; as addi- 
tional couplings in the construction T( := {i/h){4\/{A — j)!) : :,0 < j < 4. 

Then the Wick formula for the T„ products can be written as 



m / \ 

= y {0\ T[Ty^\xi) ■ ■■Ty^"'{xm)] I 0) : Hi— 

^ Sii 

That such a quantity is a well-defined operator-valued distribution in Fock space 
is assured by distribution theory (see Theorem O in [5], 2. p. 229). Note also 
that the coefficients in the Wick expansion are now represented as vacuum ex- 
pectation values of operators. 

Now let us assume that T-m distributions with all required properties are 
successfully constructed for all m < n. Epstein and Glaser introduce then the 
retarded and the advanced n-point distributions (from now on we suppress the 
h factor in our notation); 

Rn{xi, ■ ■ ■ ,Xn) = Tn{xi, ■ . ■ ,Xn) R'n, Rn ~ Xn)T„^{X) (A. 61) 

P2 

A„(a;i, . . . , x„) = Tn(a;i, . . . , a:n)-l-A(j, = ^^T'nj(A)T„_„j(y, a;„). (A. 62) 

P2 

The sum runs over all partitions P 2 : {xi, . . .a;n-i} j= X U Y) X 0 into 
disjoint subsets with j X |= ni > 1, | Y |< n - 2. The T are the operator-valued 
distributions of the inverse S'-matrix: 

1 /• 

5(g)"^ = l + ^— d'^xi...d'^Xntn{xi,...Xn)g{xi)...gixn) (A.63) 

n=l 

The distributions T can be computed by formal inversion of S{g): 

00 

5(3)-i = (l+T)-i =l + ^(-T)*' (A.64) 

n=l 



f„(X) = ^(-)^5 ^T„,(Xi)...T„^(X.), 

r=l P,- 



(A.65) 
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where the second sum runs over all partitions Pr of X into r disjoint subsets 
X = X\ U . . . U Xr, Xj ^ 0, I Xj 1= Tlj. 

We stress the fact that all products of distributions are well-defined because 
the arguments are disjoint sets of points so that the products are tensor products 
of distributions. We also remark that both sums, R'^ and in contrast to T„, 
contain Tj's with j < n — \ only and are therefore known quantities in the 
inductive step from n - 1 to n. Note that the last argument Xn is marked as 
the reference point for the support of i?„ and An- The following crucial support 
property is a consequence of the causality conditions (A. 59): 

supp/im(3;i,. . . ,Xm) C r+_i(irn), m < Tl (A.66) 

where P^_i is the (m - l)-dimensional closed forward cone, 

= {(a:i,...,Xm_l) I {Xj -Xmf > 0, x° >x^,Vj). (A.67) 

In the difference 

(A.68) 

the unknown n-point distribution T„ cancels. Hence this quantity is also known 
in the inductive step. With the help of the causality conditions (A. 59) again, 
one shows that £)„ has causal support 

supp£>„ C r^_i(x„) U r~_i(xn) (A.69) 

Thus, this crucial support property is preserved in the inductive step from n - 1 
to n. 

Given this fact, the following inductive construction of the n-point distribu- 
tion T„ becomes possible: Starting off with the known Tm (xi, . . . ,x„), m < n — 1, 
one computes R'^ and Dn = R'^- A'^. With regard to the supports, one can 
decompose £>„ in the following way: 

Pni^l j • • • 1 ^n) ~ P-n (^1 j • ■ ■ i ^n) (^1 1 • j ^n) (A. 70) 

SUppiin C r+_i(x„), SUppA„ C r~_i(Xn) (A. 71) 

Having obtained these quantities we define as 

T; = - < = A„ - a; (A.72) 

Symmetrizing over the marked variable x„, we finally obtain the desired T„, 

1'ni^lj • ■ ■ ^n) = 'y ^ ■ ■ ■ ^■Jr(n)) (A. 73) 

■K 

One can verify that the Tn satisfy the conditions (A. 59) and all other further 
properties of the induction hypothesis [5]. 

Summing up, with the help of the corresponding causal factorization property 
of the Tm-distribution one is able to reduce the problem of constructing well- 
defined time-ordered products to the following splitting problem of distributions: 
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Given an operator-valued tempered distribution £>„ 6 with causal 

support, 

sxippDn c r+_i(x„) U r~_i(xn). (A-74) 

one has to find a pair (R, A) of tempered distributions on with the following 
characteristics: 

• R,A6^'(R^") (A) (A.75) 

• suppi? C r’+(a;„), suppA C (B) (A. 76) 

. R-A = D (C) (A.77) 



A general solution of this problem was given by the mathematician Mal- 
grange some time ago [19]. As mentioned already, every renormalization scheme 
solves this problem implicitly. The advantage of the Epstein-Glaser formulation 
is that it separates the purely technical details (which are essential for explicit 
calculations) from the simple physical structure of the theory. 

The singular behavior of the distributions for a: — 0 is crucial for the 
splitting problem because r+_i(0)nr”_i(0) = {0}. One therefore has to classify 
the singularities of distributions in this region. This can be characterized in terms 
of the singular order w of the distribution under consideration which turns out 
to be identical with the usual power-counting degree. For details on the theory 
of distribution splitting we refer to the literature [5,17]. 

One has to ask whether the splitting solution of a given numerical distribution 
d with singular order w(d) is unique. Let fi s and r 2 € be two splitting 
solutions of the given distribution d 6 By construction ri and T 2 have their 
support in and agree with d on \ {0}, from which follows that (ri - r 2 ) is 
a tempered distribution with point support and with singular order uj <u){d) : 

supp(ri - T 2 ) C {0}, Lj{ri - r^) = w(d), (ri - 7 - 2 ) 6 .9^' (A. 78) 

According to a well-known theorem in the theory of distributions, we have 

Wo 

ri-r2=Y. (A-79) 

| a |=0 

In the case w{d) < 0 which means that d„ is regular at the zero point, the 
splitting solution is thus unique. In the case w(d) > 0 the splitting solution is 
only determined up to a local distribution with a fixed maximal singular degree 
Wo = w(d). The demands of causality (A.57) and translational invariance leave 
the constants Ca in (A. 79) undetermined. They have to be fixed by additional 
normalization conditions. 

One shows that, besides this normalization ambiguity, the T„ distributions 
are already fixed at all orders by the fundamental axioms of QFT and the defining 
equations of the specific theory under consideration which includes the definition 
of the specific coupling Ti. 

Having constructed the most general 5-matrix one can construct interact- 
ing field operators (compatible with causality and Poincare invariance) (second 
reference in [5], section 8) as follows: 
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One starts with an extended first order 5-matrix 

S{g,gi,g2,---) = j d‘^x{Ti{x)g{x) + ^{^i{x)gi{x) +^2{x)g2{x) + . . .)} (A.80) 

where represent certain Wick monomials like ip ox ■. Following Bogoliubov 
and Shirkov [4], Epstein and Glaser defined the corresponding interacting fields 
as functional derivatives of the extended 5-matrix: 



I ogAx) 



s.=o 



(A.81) 



One shows that the perturbation series for the interacting fields is given by the 
advanced distributions of the corresponding expansion of the 5-matrix, namely 






n = l 



d xi ... d (xi, . . . , x), (A. 82) 



where denotes the advanced distributions with n original vertices Ti 

and one vertex at the (n + l)th position; symbolically we may write: 



Ati+i/u+i (^1 ) • • • ) ^71 T x) — [T) (xi) . . .Ti (x,i) ; {x)] (A. 83) 

One shows that the perturbative defined object fulfills the properties like 
locality and field equations in the sense of formal power series. The definition 
can be regarded as a direct construction of renormalized composite operators. 
Epstein and Glaser showed that the adiabatic limit 5—^1 exists only in the 
weak sense of expectation values in massive theories. The limit possesses all the 
expected properties of a Green’s function such as causality, Lorentz covariance 
and the spectral condition. 
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Abstract. Applications of the principle of reduction of couplings to the standard 
model and supersymmetric grand unified theories are reviewed. Phenomenological 
applications of renormalization group invariant sum rules for soft supersymmetry- 
breaking parameters are also reviewed. 



1 Application to the Standard Model 

High energy physicists have been using renormalizability as the predictive tool, 
and also to decide whether or not a quantity is calculable. As we have learned 
in the previous talk by Professor Oehme, it is possible, using the method of re- 
duction of couplings [1-3], to renormalize a theory with fewer number of counter 
terms then usually counted, implying that the traditional notion of renormal- 
izability should be generalized in a certain sense Consequently, the notion 
of the predictability and the calculability [5] may also be generalized with the 
help of reduction of couplings. Of course, whether the generalizations of these 
notions have anything to do with nature is another question. The question can 
be answered if one applies the idea of reduction of couplings to realistic models, 
make predictions that are specific for reduction of couplings, and then wait till 
experimentalists find positive results ^ . 

In 1984 Professor Zimmermann, Klaus Sibold and myself [8] began to apply 
the idea of reduction of couplings to the S'U(3)c x 5[/(2)l x C/(1)y gauge model 
for the strong and electroweak interactions. As it is known, this theory has a lot 
of free parameters, and at first sight it seemed there exists no guiding principle 
how to reduce the couplings in this theory. There were two main problems associ- 
ated with this program. The one was that it is not possible to assume a common 
asymptotic behavior for all couplings, and the other one is how to increase the 
predictive power of the model without running into the contradiction with the 
experimental knowledge (of that time) such as the masses of the known fermions. 

‘ Earlier references related to the idea of reduction of couplings are given in [4]. Pro- 
fessor Shirkov who is present here was one of the authors who considered such the- 
oretical possibilities. For reviews, see [6]. 

^ Here I would like to restrict myself to phenomenological applications of reduction of 
couplings. See [7,9] for the other applications. Professor Oehme reminded me that 
in his seminar talk given at the Max-Planck-Institute early 1984, professor Peccei 
suggested phenomenological applications of this idea . 
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Professor Zimmermann suggested to use asymptotic freedom as a guiding prin- 
ciple, and assumed that QCD is most fundamental among the interactions of the 
standard model (SM). Since pure QCD is asymptotically free, we tried to switch 
on as many SM interactions as possible while keeping asymptotic freedom and 
added them to QCD. The result was almost unique: There exist two possibilities 
(or two asymptotically free (AF) surfaces in the space of couplings). It turned 
out that on the first surface, the 517(2)l gauge coupling 02 is bigger than the 
QCD coupling 03, and on the second surface, Q2 has to identically vanish. We 
decided to choose the second possibility, because we found out that it is possible 
to include the S17(2)l gauge coupling 02 as a certain kind of “perturbation” 
into the AF system. Since the perturbating couplings should be regarded as free 
parameters, the reduction of couplings in this case can be achieved only partially 
(“partial reduction”). For the first case, it was not possible. 



Asymptotically free surface 




Thus, the largest AF system which is phenomenologically acceptable (at 
that time) contains 03, the quark Yukawa couplings Oj (i = d,s,b,u,c,t) and 
the Higgs self coupling a\. However, because of the hierarchy of the Yukawa 
couplings, we could not expect that all couplings can be expressed in terms of 
a power series of 03 without running into the contradiction with that hierarchy. 
So we decided to apply to the reduction of couplings only to the system with 
03 , at and a\, and to regard the other couplings as perturbations like 03. Fig. 1 
shows the AF surface in the space of 0:3, Qj/aa and axjaz. The reduction of the 
top Yukawa and Higgs couplings in favor of the QCD coupling corresponds to 
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the border line on the surface, i.e., the line defined by 
, 2 , V^-25 

at/as = - , oa/os = 0.0694 ( 1 ) 

in the one-loop approximation. This border line was already known as the 
Pendleton- Ross infrared (IR) fixed point (line) [10]. Note that the existence 
of the AF surface (shown in Fig. 1 ) at least for 03 closed to the origin is math- 
ematically ensured (see also [11]), while the line for large 03 , Pendleton-Ross 
infrared IR line, can be an one-loop artifact which was pointed out by Professor 
Zimmermann. He showed explicitly in the two-loop approximation that this is 
indeed the case [ 12 ]. 




Fig. 2. Asymptotically free surface in the Q 3 — at /as space. 



worthwhile to mention that the branches above the Pendleton-Ross IR line (the 
lines left to it in Fig. 2) are used by Professor Bardeen and his collaborators 
[13] to interpret the Higgs particle as a bound state of the top and anti-top 
quarks. From Fig. 2 one can see that the higher the energy scale where the top 
Yukawa coupling diverges (the horizontal dotted line in Fig. 2 will be lowered), 
the similar is the prediction of the top mass in two methods. However, I would 
like to emphasize that how to include the corrections to this lowest order system 
(especially those due to the non-vanishing 5I/(2 )l and U{1)y gauge couplings) 
depends on the ideas behind, so that the actual predictions are different. We 
included these corrections within the one-loop approximation and calculated 
at /as and an /as in terms of 0:3 and the perturbating free couplings. Then we 
An asymptotically free renormalization group (RG) trajectory lies exactly on 
the surface. Fig. 2 shows trajectories projected on the as— at /as plane. It may be 
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used the formulae 

M^/Mz = 2cos^ 0-w(Xt/a2 , M^/M| = 2cos^ 6woch/oc2 , (2) 

to calculate the top quark and Higgs masses, M< and M^, from the known values 
of the parameters such as the Z boson mass Mz and the Weinberg mixing angle 
0-W- We obtained [8] 



Mt ~ 81 GeV , Mh ~ 61 GeV . (3) 

Later I included higher order corrections such as two-loop corrections and found 
that the earlier predictions (3) become Mt — 98.6±9.2 GeV and Mh = 64.5±1.5 
GeV, which should be compared with the present knowledge [14] 

Mt = 173.8 ± 5.2 GeV , Mh Z 77.5 GeV . (4) 

The failure of our prediction was disappointing in fact. However, this failure 
relieved Professor Zimmermann from a self-contradicting feeling. As we know 
he likes low-energy supersymmetry and also good wines. If our prediction would 
have been confirmed by an experiment, it would be very unlikely that low-energy 
supersymmetry is realized in nature, which would imply that he would loose 
again a lot of bottles of wines. So, the decision of nature was welcome at the 
same time. Fig. 3 summarizes. 



SUSY 




2 Why Is Supersymmetry as Ideal Place for Application? 

2.1 Naturalness and supersymmetry 

Let me now come to the application of reduction of parameters to supersym- 
metric theories. I do not know why Professor Zimmermann likes low energy 
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supersymmetry. But let me assume that he likes the usual argument for low 
energy supersymmetry, which is based on the naturalness notion of ’t Hooft [15]. 
I would like to spend few minutes for that. (Let me allow to do so, although for 
the superexperts in the audience it might be superboring.) ’t Hooft [15] said that 
there exist a natural scale in a given theory, and that the natural energy scale of 
spontaneously broken gauge theories which contain the SM is usually less than 
few TeV. The argument is the following. Suppose the scale at which the SM goes 
over to a more fundamental theory is A. That is, there are in the fundamental 
theory particles with masses of this order. Now consider the propagator A(p^) of 
a boson field with the physical mass me much smaller than A, and suppose that 
it is normalized at A so that the propagator assumes a simple form at 



lim Zl(p2) 
p2-+— 



iZ{A^) 



( 5 ) 



where Z is the normalization constant for the wave function. The physical mass 
squared m| can be expressed as 



mg = mg(yl^) + Suiq . 



( 6 ) 



Then we ask ourselves how accurate we have to tune the value of mg(yl^) to 
obtain a desired accuracy in the physical mass squared rUg. This depends on 
<5m| , of course, ’t Hooft said that for a theory to be natural the ratio rug (yl^ ) /mg 
should be of 0(1), which implies that ]dmg[ < mg. If quadratic divergences are 
involved in the theory, the correction 5m| will be proportional not only to the 
masses of the light fields, but also to the masses of the heavy fields, and so dmg 
can be of the order (a/drr)/!^, where a is some generic coupling. Since the Higgs 
mass should not exceed few hundred GeV in the SM, the natural scale of the 
fundamental theory, which contains the standard model Higgs and also involves 
quadratic divergences, is at best few TeV. So according ’t Hooft, ordinary Grand 
Unified Theories (GUTs), for instance, are unnatural [15]. 

Supersymmetry, thanks to its very renormalization property known as non- 
renormalization theorem [16,17], can save the situation. The cancellation of the 
quadratic divergences, which was first observed by Professors Wess and Zumino 
[16], is exact if the masses of the bosonic and fermionic superpartners are the 
same. However, supersymmetry is unfortunately broken in nature, so that the 
cancellation is not exact. The mass squared difference, mg— m|, characterizes the 
energy scale of supersymmetry breaking. To make compatible supersymmetry 
breaking with the naturalness notion of ’t Hooft, we must impose the constraint 
on the supersymmetry-breaking scale Msusy- A simple calculation yields that 
AfsusY should be less than few TeV. 



2.2 Soft supersymmetry-breaking parameters 

Since the pioneering works by Professor Iliopolos (who could not participate in 
this meeting) with P. Fayet [18] and the others in late 70’s, a lot of attempts 
to understand supersymmetry-breaking mechanism have been done. However, 
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unfortunately, we still do not know how supersymmetry is really broken in na- 
ture. It, therefore, may be reasonable at this moment to pick up the common 
feature of supersymmetry breaking which effect the SM. The so-called minimal 
supersymmetric standard model (MSSM) is “defined” along this line of thought. 
The MSSM contains the ordinary gauge bosons and fermions together with their 
superpartners, and two supermultiplets for the Higgs sector. (With one super- 
multiplet in the Higgs sector, it is not possible to give masses to all the fermions 
of the MSSM.) 

It is expected that the common effect of supersymmetry breaking is to add 
the so-called soft supersymmetry-hreaking terms (SSB) to the symmetry theory. 
The SSB terms are defined as those which do not change the infinity structure 
of the parameters of the symmetric theory. So they are additional terms in the 
Lagrangian that do not change the RG functions such as the /3- and 7-functions 
of the symmetric theory. (More precisely, there exists a renormalization scheme 
in which the RG functions are not altered by the SSB terms.) There exist four 
types of such terms [19]. 

1. Soft scalar mass terms : , 

2. i? — terms : + H.C , (7) 

3. Gaugino mass terms : MXX+ H.C , 

4. Trilinear scalar couplings : + H.C , 

where (f>j and A denote the scalar component in a chiral supermultiplet and the 
gaugino (the fermionic component) in a gauge supermultiplet, respectively. 

If one insists only renormalizability for the MSSM, the number of the SSB 
parameters amounts to about 100, which is about five times of that of the SM. 
The commonly made assumption to reduce this number is the assumption of 
universality of the SSB terms, which is often justified by saying that supersym- 
metry breaking occurs in a flavor blind sector [20]. That is, it is assumed that 
the soft scalar masses and the trilinear scalar couplings are universal or flavor 
blind at the scale where supersymmetry breaking takes place. The so-called con- 
strained MSSM contains thus only four independent massive parameters. But 
we could easily imagine that nature might not be so universal as one wants. In 
fact it possible to construct a lot of models with non-universal SSB terms [21] 
(even in models in which supersymmetry-breaking occurs in the so-called hidden 
sector which does not interact directly with the observable sector), and once we 
deviate from the universality, there will be chaotic varieties. 

The application of reduction of couplings in the SSB sector is based on the 
assumption that the SSB terms organize themselves into a most economic struc- 
ture that is consistent with renormalizability. I will come to discuss this later. I 
have spent a lot of time for low energy supersymmetry, because I wanted to argue 
that supersymmetric theories offer an ideal place where the reduction method, 
especially for massive parameters, can be applied and tested experimentally. It 
is worthwhile to mention that the current research program of Professor Zim- 
mermann is the reduction of massive parameters [22] . 
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3 Supersymmetric Gauge- Yukawa Unification 

Before I come to discuss the SSB sector, I would like to stay in the sector of 
the dimensionless couplings in realistic supersymmetric GUTs and tell about 
certain phenomenological successes of reduction of parameters in these theories. 
I would like to emphasize that in contrast to the SM, supersymmetric GUTs can 
be asymptotically free or even finite. 



3.1 Unification of the gauge and Yukawa couplings 
based on the principle of reduction of couplings 

Few year ago, Professor Zimmermann and I were trying to apply the reduction 
method in the dimensionless sector of the MSSM, but we had no success. The 
main reason was that the power series solution to the reduction equation seemed 
to diverge. So we stopped to continue. About the same time, George Zoupanos 
(who unfortunately could not come here today) visited the Max-Planck-Institute, 
and told me that he obtains a top quark mass of about 180 GeV in a finite 5C/(5) 
GUT [23]. Although the top quark was not found at that time (it was end of 1993, 
so just before we heard the rumor from Fermilab), 180 GeV for the top quark 
mass was a reasonable value. Finite theories have attracted many theorists. By 
a finite theory we mean a theory with the vanishing ,3-functions and anoma- 
lous dimensions. As we know, the V = 4 supersymmetric Yang-Mills theory is 
a well-known example [24]. And there were many attempts to construct N = 1 
supersymmetric finite theories [23,25,26]. Klaus Sibold and his collaborators [27] 
gave an elegant existence proof of finite N = 1 supersymmetric theories, where I 
would like to recall that their proof is strongly based on the Adler-Bardeen non- 
renormalization theorem of chiral anomaly [28] (about which Professor Bardeen 
talked yesterday)^. The reduction of Yukawa couplings in favor of the gauge 
coupling is one of the necessary condition for a theory to be finite in perturba- 
tion theory. So in a finite theory. Gauge- Yukawa unification is achieved. Since 
Gauge- Yukawa unification results from the reduction of Yukawa couplings in 
favor of the gauge coupling, it can be achieved not only in finite theories but 
also in non-finite theories, as Myriam Mondragon, George Zoupanos and myself 
explicitly showed [30] . Relations among the gauge and Yukawa couplings, which 
are missing in ordinary GUTs, could be a consequence of a further unification 
provided by a more fundamental theory. And so Gauge- Yukawa unification is a 
natural extension to the ordinary GUT idea. This idea of unification relies on 
a symmetry principle as well as on the principle of reduction of couplings. The 
latter principle requires the existence of RG invariant relations among couplings, 
which do not necessarily result from a symmetry, but nevertheless preserve per- 
turbative renormalizability or even finiteness as I mentioned. 

It is currently studied how to extend their theorem; for instance a non-perturbative 

extension has also been proposed in [29], 
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3.2 The double-role of tanj3 

Before I come to discuss Gauge- Yukawa unification more in details, I would like 
to talk about an important parameter, tan,S, in the MSSM. It is a very popular 
parameter among SUSY physicists, but let me allow to spend few minutes for this 
parameter, because it plays also an important role for Gauge- Yukawa unification. 
As I mentioned the MSSM contains two Higgs supermultiplets. The most general 
form of the Higgs potential which is consistent with renormalizability and with 
the softness of the SSB parameters can be written as 

V = HlHd + + ( BH^Hu + H.C. ) 

+ |(3a?/5 + al){H\Hd - hIHu f , (8) 

where hh is the only massive parameter in the supersymmetric limit, while 
, and B are the SSB parameters in this sector. ( are real while 

fiH and B may be complex parameters.) Here Hu,d denote the scalar components 
of the two Higgs supermultiplets. There are four independent massive parameters 
in this sector as we can see in (8). These parameters should give the only one 
independent mass parameter of the SM, for instance the mass of Z. Now instead 
of regarding these parameters as independent one can regard also the ratio of 
the vacuum expectation values [32] 

tan /3 = ^ - — (9) 

<Hd> 

as independent, (tan/3 can be assumed to be real.) Usually one regards \ij,h\ and 
B as dependent So the Higgs sector in the tree approximation is characterized 
by the parameters 

tan/3 , . (10) 

The crucial point for Gauge- Yukawa unification is that tan /3 plays a double-role. 
On one hand, it is a parameter in the Higgs potential as we have seen above, 
and on the other hand it it is a mixing parameter to define the standard model 
Higgs field out of the two Higgs fields of the MSSM. That is, tan/3 appears also 
in the dimensionless sector, and in fact it can be fixed through Gauge- Yukawa 
unification with the knowledge of the tau mass Mr, as I would like to explain it 
more in detail below. 



3.3 How to predict Mt from Gauge- Yukawa Unification 

The consequence of a Gauge- Yukawa unification in a GUT is that the gauge and 
Yukawa couplings are related above the GUT scale Mgut- In the following dis- 
cussions we consider only the Gauge-Yukawa unification in the third generation 



If tan j3 is real as we assume here, B can become complex starting in one-loop order 
[31]. 
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sector 



l + ) {i = l,2,Z,t,b,T) , (11) 

n=l 



where g denotes the unified gauge coupling, g, denote the gauge and Yukawa 
couplings of the MSSM. Note that the constants Ki’s can be explicitly calcu- 
lated from the principle of reduction of couplings. Once tan,d and the Yukawa 
couplings are known, the fermion masses can be calculated as one can easily see 
from the tree level mass formulae 

1 — iVf 2 t — ^^2 

Mt = V 2 sin 13 cos d\v 9t , Mir = V 2 cos /3 cos dw 9b t , (12) 

92 92 

where Mt, Mi and Mr are the masses of the top and bottom quarks and tau, 
respectively. Assume that we use the tau mass Mr as input and also that be- 
low Msusy (> Mt) the effective theory of the GUT is the SM. At Msusy the 
couplings of the SM and MSSM have to satisfy the matching conditions ® 

a™ = at sin^ /3 , = a;, cos^ P , = Qr cos^ P , 

a\ = i(^ai -f «2) cos^ 2,d (at - ^) , (13) 

4 0 47T 



where (i = t, b, t) are the SM Yukawa couplings and is the Higgs cou- 
pling. It is now easy to see that there is no longer freedom for tan ^ because with a 
given set of the input parameters, especially Mr = 1.777 GeV and Mz = 91.187 
GeV, the matching conditions (13) at Msusy and the Gauge- Yukawa unifica- 
tion boundary condition (11) at Mqut can be simultaneously satisfied only if 
we have a specific value of tan /3. In this way Gauge- Yukawa unification enables 
us to predict the top and bottom masses in supersymmetric GUTs. 

Table 1 shows the predictions in the case of a finite SU{5) GUT [26], in which 
the one-loop reduction solution is given by 




9b 



9l 




(14) 



The experimental value of Mt, Mi and a^{Mz) are [14] 



as(Mz) = 0.119 ± 0.002 , Mt = 173.8 ± 5.2 GeV , Mi = 5.2 ± 0.2 GeV(15) 



We see that the predictions of the model reasonably agree with the experimental 

values^^. This means among other things that the top-bottom hierarchy could 

® A naive extension to include other generations into this scheme fails phenomenolog- 
ically. 

® There are MSSM threshold corrections to the matching conditions [33,34], which are 
ignored here. 

^ The correction to Mi coming from the MSSM superpartners can be as large as 
50% for very large values of tanj3 [33,34]. In Table 1 we have not not included 
these corrections because they depend on the SSB parameters. The GUT threshold 
correction are ignored too. 
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Table 1. The predictions for different Msusy for the finite 517(5) model. 



M [GeV] 


Ct3{Mz) 


tan ,9 


Mgut [GeV] 


Mi [GeV] 


Mt [GeV] 


800 


0.118 


48.2 


1.3 X 10'“ 


5.4 


173 


10^ 


0.117 


48.1 


1.2 X lO^*" 


5.4 


173 


1.2 X 10^ 


0.117 


48.1 


1.1 X 10'“ 


5.4 


173 



be explained to a certain extent in this Gauge- Yukawa unified model, which 
should be compared with how the hierarchy of the gauge couplings of the SM 
can be explained if one assumes the existence of a unifying gauge symmetry at 
Mgut [35]. More details on the different gauge- Yukawa unified models and their 
predictions can be found in [7,36,37]. 

4 Reduction of Massive Parameters: Application 
to the Soft Supersymmetry-Breaking Sector 

To formulate reduction of massive parameters, one first has to formulate reduc- 
tion of dimensionless parameters in a massive theory, which was initiated by 
Klaus Sibold and his collaborator Piguet [38] , about ten years ago. To keep the 
generality of the formulation in the massive case is much more involved than in 
the massless case, because the RG functions now can depend on the ratios of 
mass parameters in a complicated way. In the massless case they are just power 
series in coupling constants (at least in perturbation theory). For phenomenolog- 
ical and also practical applications of the reduction method, it is therefore most 
convenient to work in a mass independent renormalization scheme, such as the di- 
mensional renormalization scheme. There exists a transformation of one scheme 
to another one, which was in fact proven first by Dieter Maison in the theory 
as far as I am informed, but not published. As I mentioned, the current research 
program of Professor Zimmermann is to include into the reduction program the 
massive parameters. He has already succeeded to carry out the program in the 
most general case and is able to show the renormalization scheme independence 
of the reduction method [22] . Consequently, there exist a transformation of a set 
of the reduction solutions in a mass-dependent renormalization scheme into a set 
of the reduction solutions in a mass-independent renormalization scheme, which 
generalizes the unpublished result of Dieter Maison. Thus, the naive treatment 
on the massive parameters (which was performed in phenomenological analyses 
[39,40]) can now be justified by his theorem ®. 



4.1 Application to the minimal model 

Now I would like to come to the SSB sector of a supersymmetric GUT. Recall 
that the Higgs potential (8) (in the tree approximation) is completely charac- 

® It is assumed in the theorem that the /9-functions in a mass-dependent renormaliza- 
tion scheme have a sufficiently smooth behavior in the massless limit [22] . 
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terized by the soft scalar masses rri\j^ and tan^, where tan/3 is fixed 

through Gauge- Yukawa unification as we have seen before. We [40] applied the 
the reduction methode of massive parameters to the SSB sector of the mi nim al 
supersymmetric SU (5) GUT with Gauge- Yukawa unification in the third gen- 
eration — (2533/2605)p^ , = (1491/2605)5^) [30], and obtained the 

reduction solution 



ht ■ 


= -gtM 


! 


= ~9bM 


f 




9 


569 , 


-0 


9 


460 , ,2 




mjj : 

u 


= M 

521 ^ 


= - 


521 ’ 




-- 


= m^,= 




436 


2 

5 




'^dR - 


= = 




= < = 






-■ 


= = 


^Ir 


= ^Ir = 


521 ’ 






= ml^ ^ 


^Ir 


= ^eR = 




= ml^=m 



2 




(16) 



(17) 



in the one-loop approximation, where hi’s are the trilinear scalar couplings, m^’s 
are the soft scalar masses, and M is the unified gaugino mass. We found moreover 
that we can consistently regard gn and B as free parameters. As we can see from 
(16) and (17) the unified gaugino mass parameter M plays a similar role as the 
gravitino mass 7712/3 in supergravity coupled to a GUT and characterizes the 
scale of the supersymmetry-breaking Note that the reduction solution for the 
soft scalar masses (17) is not of the universal form while those for the trilinear 
couplings (16) are universal in the one-loop approximation. 

Regarding the reduction solutions (16) and (17) as boundary conditions at 
Mgut in the minimal supersymmetric GUT with Gauge- Yukawa unification in 
the third generation, we can compute the spectrum of the superpartners of the 
MSSM, which is shown in Table 2, where we have used the unified gaugino mass 
M = 0.5 TeV. The mass values in Table 2 are the running masses at Msusy 
which is ~ 0.95 TeV for M = 0.5 TeV. The prediction above depends basically 
only on the unified gaugino mass M, and so the model has an extremely strong 
predictive power. Note also that , m]j^ and tan^ (see the Higgs potential 
(8) and the definition (9)) are now fixed outside of the Higgs sector, so that there 
is no guaranty that the Higgs potential (8) yields the desired symmetry breaking 
of 5U(2)l X {/(1)y gauge symmetry. Surprisingly, in the case at hand it does! (If 
the sign of in (17) were different, for instance, it would not do.) In Table 
3 I give the predictions from the dimensionless sector of the model. At last but 
not least we would like to emphasize that the reduction solutions (16) and (17) 
do not lead to the flavor changing neural current (FCNC) problem. This is not 

® See for instance [20], 

For the mass of the lightest Higgs, the RG improved corrections [41] are included. 

'' Msusy is no longer an independent parameter and we use M|usy = (nif^ + 7 ri?^)/ 2 , 

where ^ are the masses of the superpaitners of the top quark. 
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Table 2. The prediction of the superpartner spectrum for M = 0.5 TeV in the minimal 
gauge- Yukawa unified model. The mass unit is TeV . 





0.22 


= TTij, 


1.18 


771x2 


0.42 




1.30 


^X3 


0.90 


771-tj 


0.42 


771x4 


0.91 


m-f2 


0.59 


m ± 

Xi 


0.42 


771i>.,. 


0.54 


m ± 

Xq 


0.91 


771^1 = TTlei 


0.72 




0.87 


— ^^62 


0.80 




1.03 


mo^ = TTlp^ 


0.72 




0.87 


ruA 


0.33 




1.01 


rriH± 


0.34 


TTlci — 


1.26 


771/7 


0.33 




1.30 


ruh 


0.124 


Ms 


1.16 







Table 3. The predictions from the dimensionless sector of the minimal model. (M 
TeV) 



0.5 



cxsiMz) 


tan/3 


Mgut [GeV] 


Mi [GeV] 


Mt [GeV] 


0.119 


48.8 


1.47 X lO'” 


5.4 


177 



something put ad hoc by hand; it is a consequence of the principle of reduction 
of couplings. 

5 Sum Rules 

for the Soft Supersymmetry-Breaking Parameters 

5.1 Renormalization group invariant sum rules 

Now I would like to come the next topic. To proceed I recall the result of the 
reduction of the SSB parameters in favor of the unified gaugino mass M in the 
minimal SUSY SU{5) model which 1 have discussed just above. As we have seen, 
the reduction solutions for the trilinear couplings are universal while those for 
the soft scalar masses are not (see (16) and 17)). However, if one adds the soft 
scalar mass squared in an appropriate way, one finds something interesting [42]. 
For instance, 

-h mlf^ = ml^ + ml^ -h . (18) 

This is not an accidental coincidence. One can in fact show that the sum rules 
in this form are RG invariant at one-loop [42]. 

In last years there have been continues developments [43]-[47] in computing 
the RG functions in softly broken supersymmetric Yang-Mills theories, and the 
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well-known result on the QCD ^-function obtained by Professor Zakharov and 
his collaborators [48] has been generalized so as to include to the SSB sector 
[43]-[47], which is based on a clever spurion superfield technique along with 
power counting Using this result, it is possible to find a closed form of the 
sum rules that are RG invariant to all orders in perturbation theory [44]- [47], 
To be specific, we consider a softly broken supersymmetric theory described 
by the superpotential 

W = ^ yofc i , (19) 

along with the Lagrangian for the SSB terms, 

-^SB = ^ ^ ^ {rn^Yi 4- ^ M AA -I- H.c. , (20) 

where stands for a chiral superfield with its scalar component <pi, and A is the 
gaugino field. It has been found [45] that the expressions 

d\ng 
a In 5 

are RG invariant to all orders in perturbation theory in a certain class of renor- 
malization schemes, which are the higher order results for the one-loop reduction 
solutions (16) and (17). Similarly, the sum rule (18) in higher orders becomes 
[46] 



( 21 ) 

( 22 ) 



ml+ni]+ml = |Mp{ 



1 dlny'^* 

1 - 52C(G)/(87r2) d\ng 



^C{G)-%i^‘^lg-^ d\ng 



2 d{\ngY ^ 

(23) 



in the renormalization scheme which corresponds to that of [48]. Here C{G) is 
the quardratic Casimir in the adjoint representation, T{R) stands for the Dynkin 
index of the representation R, Yg is the ,d-function of the gauge coupling g, •ji 
is the anomalous dimension of These expressions look slightly complicated. 

Klaus Sibold pointed out that there is some correction to this ,3-function. See [27] 
for the argument. 

It is not clear at the moment in which class of renormalization schemes exactly the 
result is valid; a renormalization scheme independent investigation of this result is 
certainly desirable. 

The Yukawa couplings and are assumed to be functions of the gauge coupling 
9- 
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But if one uses the freedom of reparametrization [3] (as discussed in the previous 
talk of Professor Oehme), they can be transformed into a more simple form 
!d\ng) = 1): 






m}+m] + ml = \M\^ 



1 

l-5^f7(G)/(8tr2) 



^ ^ C(G) - STtVff' ’ 



(24) 

(25) 



It is exactly this form which coincides with the results obtained in certain orbifold 
models of superstrings [26] I believe that this coincidence is not accidental, 
and I also believe that target-space duality invariance [51], which is supposed to 
be an exact symmetry of compactified superstring theories , is most responsible 
for the coincidence. In fact there exist already some indications for that. I hope 
I can report on the true reason of this interesting coincidence in near future. 



5.2 Finiteness and sum rules 

At this stage it may be worthwhile to mention that the reduction solution (21) 
and the sum rules (23) ensure the finiteness of the SSB sector in a finite theory 
For the iV = 4 supersymmetric Yang Mills theory written in terms of Af = 1 
superfields, for instance, we have = (mf +Tn^ -t-m|)G(G) so that 

the all order sum rule (25) assumes the tree level form mf 4- m? -t- m| = |Mp. 
Applied to the finite SU (5) model [26] which I discussed in the previous section 
(Table 1 presents the prediction from the dimensionless sector), it means that 
the sum rules [26] 

+ 2m^o = ^ 

should be satisfied at and above Mqut for the two-loop finiteness of the SSB 
sector requires that, where 

mio - mtj, = mtL = rutR = = mbR = mr^ - rriv^ . (27) 

In his casewe have an additional free parameter, mio, in the SSB sector. It 
turned out that the mass of a superpartner of the tau (s-tau) tends to become 
very light in this model. Consequently, in order to obtain a neutral lightest 
superparticle (LSP) (because we assume that R- parity is intact), we have to 
have a large unified gravitino mass M 0.8 TeV. For M = 1 TeV, only the 
window 0.62 TeV < mio < 0.66 TeV is allowed. In Table 4 we give the 
prediction of the superpartner spectrum of the model for rriio = 0.62/0.66 TeV 
and M = 1 TeV. We have assumed the universal soft masses for the first two 
generations. But this assumption does not change practically our prediction of 
the spectrum expect for those that are directly of the first two generations. 

Tree-level sum rules (like (18) in string theories axe found in [42], [49]-[50] 

See [52], for instance, for target-space duality. 

There exists a fine difference in the opinions about this point. See, for instance, 
[44,45]. 
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Table 4. The predictions of the superpartner spectrum for the finite SU{b) model. 
M = 1 TeV and mio = 0.62/0.66 TeV. 



^X1 


0.45/0.45 


B2SB3H 


1.95/1.95 




0.84/0.84 


ESSIBSJ3I 


2.06/2.05 




1.29/1.32 




0.46/0.46 




1.29/1.32 




0.73/0.66 




0.84/0.84 




0.70/0.57 


■llW 


1.29/1.32 


= mg. 


0.70/0.71 


mt, 


1.50/1.51 


E2S!^3S9i 


0.89/0.89 




1.72/1.74 




0.89/0.88 


‘m-b. 


1.51/1.46 




0.63/0.77 




1.70/1.71 




0.63/0.77 


fSS^SSBi 


1.96/1.96 




0.63/0.77 




2.05/2.05 




0.127/0.127 


Ms 


2.21/2.21 







5.3 Sum rules in the superpartner spectrum 

The sum rules (18) or (25) can be translated into the sum rules of the superpart- 
ner spectrum of the MSSM [53] as I will show now. To be specific we assume an 
SU{5) type Gauge- Yukawa unification in the third generation of the form (11). 
For a given model, the constants k’s are fixed, but here we consider them as free 
parameters. As before we use the tau mass Mj- as an input parameter, and we go 
from the parameter space (/tt , kj) to another one {ki , tan/3), because in this 
analysis we use the physical top quark Mt, too, as an input parameter. Then 
the unification conditions of the gauge and Yukawa couplings of the MSSM (i.e., 
9 = 9i = S 2 = gs , 9b = 9t) fixes the allowed region (line) in the Kt - tan/3 
space for a given value of the unified gaugino mass M. The parameter space in 
the SSB sector at Mgut is constrained due to unification: 

ilF — All ~ A^2 ~ Af3 , 

= ml^ , (28) 

where Mi {i = 1,2,3) are the gaugino masses for U{l)y (bino), S'C/(2 )l (wino) 
and SU(3)c (gluino). And the one-loop sum rules at Mqut yield 

ht = -M , hb = hr = -M gb , = fn%(b) = > ( 29 ) 

where 

> ^%(b,r) = + rnl^,r^ + . (30) 

(The above equations are the same as (16) and (18), respectively.) I would like to 
emphasize that in the one-loop RG evolution of m|.’s in the MSSM only the same 
combinations of the sum of mf’s enter. Therefore, as far as we are interested in 
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the evolution of we have only one additional parameter Msusy- To derive 
the announced sum rules for the superpartner spectrum, we define 

{i = t,b,T) at Q = Msusy- (31) 

The parameters Si’s do not depend on the value of the unified gaugino mass M, 
but they do on tan ,5. This dependence is shown in Fig. 4. We then express the 




0 5 10 15 20 25 30 35 40 45 50 

tan p 

Fig. 4. Sb, St against tan ,3. 



masses of the superpartners in terms of the soft scalar masses and the masses of 
the ordinary particles to obtain the sum rules [53], 

- cos 2/9 m\ = (s(, - st)M| + 2{mf - ml) - 2{ml - ml) 

= (sr - st)M| + 2{ml - ml) - 2{ml - m^), (32) 

where m\ is the neutral pseudoscalar Higgs mass squared, and rfi? stands for 
the arithmetic mean of the two corresponding scalar superparticle mass squared. 
Since we have assumed an 5f/(5)-type supersymmetric GUT with a gauge- 
Yukawa unification in the third generation, the result (32) is not a direct con- 
sequence of a superstring model, although the form of the sum rules in both 
kinds of unification schemes might coincide with each other as I mentioned (see 
footnote 11). However, under the following circumstances (only rough), the sum 
rules (32) could be a consequence of a superstring model: (i) The Yukawa cou- 
pling of the third generation is field-independent in the corresponding effective 
N = 1 supergravity, (ii) Below the string scale an 5U(5)-type gauge- Yukawa 
unification is realized so that the sum rules are RG invariant below the string 
scale and are satisfied down to Mqut- (hi) Below Mqut the effective theory is 
the MSSM. 

The sum rules (32) could be experimentally tested if the superpartners are 
found in future experiments, e.g., at LHC. In any event, an experimental verifica- 
tion of the sum rules of the SSB parameters would give an interesting information 
on physics beyond the GUT scale. 
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6 Conclusion 

Now I will come to conclusion. Professor Zimmermann, obviously an interesting 
feature is coming. So please keep staying in physics and experience new devel- 
opments in physics with us. 
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Abstract. We show how the combination of analyticity properties derived from local 
field theory and the unitaxity condition (in particular positivity) leads to non-trivial 
physical results, including the proof of the “Froissart bound” from first principles and 
the existence of absolute bounds on the pion-pion scattering amplitude. 



I would like to begin by wishing a very happy birthday to Wolfhart Zim- 
mermann. I have chosen a topic which is close to the interests of Wolfhart and 
as you will see soon, in which Wolfhart has made a crucial contribution which 
makes all the work made in the “pre-quark” era still valid now. 

My task would have been much easier if the scheduled first speaker of this 
conference, Harry Lehmann, had been present. Unfortunately he was ill, and, at 
the time of writing this talk, we know that he left us. As we shall see all through 
what follows, the contributions of Harry Lehmann to that domain are many and 
all of them are fundamental. 

In 1954, Gell-Mann, Goldberger and Thirring [1] proved that dispersion rela- 
tion, previously developed in optics could be established for Compton Scattering: 
yP -4 yP, from the existence of local fields satisfying the causality property 

[A(a;), A(y)] = 0 for (a: - < 0 , 

i.e., spacelike. This made it possible to express the real part of the forward scat- 
tering amplitude as an integral over the imaginary part of the forward scattering 
amplitude, i.e., by the “optical theorem”, an integral over the total cross-section 
for Compton Scattering. At the same time a general formulation of quantum 
field theory incorporating causality giving in particular general expression for 
scattering amplitude was developed by Lehmann, Zimmermann and Symanzik 
(LSZ) in their pioneering paper (in german!) in Nuovo Cimento [2]. 

On this basis, dispersion relations were “proposed” for massive particles in 
the work of Goldberger on the pion-nucleon scattering amplitude [3]. Soon, his 
“heuristic proof” was turned into a real proof by various authors using the LSZ 
formalism [4]. One of these proofs is due again to Harry Lehmann! 

Before going on, I would like to explain that if these results, even after the 
discovery that protons and pions are not elementary but made of quarks, are 
still valid, it is thanks to a fundamental contribution of Wolfart Zimmermann 
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entitled “On the bound state problem in quantum field theory” [5], in which it is 
proved that to a bound state we can associate a local operator. This constitutes 
an excellent answer to sceptics like Volodia Gribov [6] or Klaus Hepp [7] (qui 
brule ce qu’il a adore!). 

Now I believe that it is necessary to give some technical details, even if most 
of you know about it. 

In 3+1 dimensions (3 space, 1 time) the scattering amplitude depends on 
two variables energy and angle. For a reaction A + B ^ A + B 

E^.ra. - + ^M|+F , (1) 

k being the centre-of-mass momentum. The angle is designated by d. There are 
alternative variables: 

s = {Ecm)‘^, t-2k‘^{cosd-l) (2) 

(Notice that physical t is NEGATIVE). 

We shall need later an auxiliary variable u, defined by 

s + t + u = 2M\ + 2M% ( 3 ) 

The Scattering amplitude (scalar case) can be written as a partial wave ex- 
pansion, the convergence of which will be justified in a moment: 

F{s,cosB) = + 

/f(s) is a partial wave amplitude. 

The Absorptive part, which coincides for cosO real (i.e., physical) with the 
imaginary part of E, is defined as 

As(s,cos0) = ^ ^(2£ + 1) Im fi{s) {cos 9) (5) 

The Unitarity condition, implies, with the normalization we have chosen 

Im ft{s) > \ft{s)\^ (6) 




( 7 ) 



( 8 ) 
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With these definitions, a dispersion relation can be written as: 



F{s,t,u 




Ag{s',t)ds' 
s' — s 



^ 1 A Au{u' ,t)du' 

7t J u' — u 



(9) 



with possible subractions, i.e., for instance the replacement of l/(s' — s) by 
j s'^ {s' — s) and the addition of a polynomial in s, with coefficients depending 
on t. 

The scattering amplitude in the s channel A + B A + B is the boundary 
value of F for s + ie, e > 0 -> 0, s > {M^ + Mb)'^ ■ In the same way the amplitude 
forA + 5 —¥ A + B, B being the antiparticle of B is given by the boundary 
value of F for w + ie, e ^ 0 u > {Ma + Mb)^- Here we understand the need 
for the auxiliary variable u. 

The dispersion relation implies that, for fixed t the scattering amplitude can 
be continued in the s complex plane with two cuts. The scattering amplitude 
possesses the reality property, i.e., for t real it is real between the cuts and takes 
complex conjugate values above and below the cuts. 

In the most favourable cases, dispersion relations have been established for 
—T < t <0 T > 0. A list of these cases have been given in 1958 by Goldberger 
[8] and has not been enlarged since then. It is given in the Table. 

In the general case, even if dispersion relations are not proved, the crossing 
property of Bros, Epstein and Glaser states that the scattering amplitude is 
analytic in a twice cut plane, minus a finite region, for any negative t [9]. So it is 
possible to continue the amplitude directly from A + B ^ A + B to the complex 
conjugate oi A-\- B A + B. By a more subtle argument, using a path with 
fixed u and fixed s it is possible to continue directly from A-\-B^A + B to 
A + B ^ A + B 

At this point, we see already that one cannot dissociate analyticity, i.e., dis- 
persion relations, and unitarity, since the discontinuity in the dispersion relations 
is given by the absorptive part. In the simple case of t = 0, the absorptive part 
is given by the total cross-section and the forward amplitude is given, as we 
said already for the case of Compton Scattering, by an integral over physical 
quantities. 

It was recognized very early that the combination of analyticity and unitarity 
might lead to very interesting consequences and might give some hope to fulfill 
at least partially the S matrix Heisenberg program. This was very clearly stated 
already in 1956 by Murray Gell-Mann [10] at the Rochester conference. Later 
this idea was taken over by many people, in particular by Geff Chew. To make 
this program as successful as possible it seemed necessary to have an analyticity 
domain as large as possible. Dispersion relations are fixed t analyticity properties, 
in the other variable s, or u as one likes. 

Another property derived from local field theory was the existence of the 
Lehmann ellipse [11], which states that for fixed s, physical, the scattering am- 
plitude is analytic in cos 9 in an ellipse with foci at cos 6 = ±1. cos 9 = 1 
corresponds to f = 0 the ellipse therefore contains a circle 



|t|<Ti(s) 



(10) 




130 



Andre Martin 



Table 1. Dispersion Relations 
a) Proved Relations 



Process 

k + p k' +p' 


Limitation in invariant 
momentum transfer 


Continuation of 
absorptive part into 
the unphysical region 
by convergent partied 
wave expansion 


Tf + N TV + N 


m 32m^ 2mp+mTr 

Ira&x — 3 2mp-m, 


0 < T < Tmax 


7T -1- 7T — > 7T -h 7T 




0 < T < Tmax 








7 + AT 7 -1- iV(*> 


1 max — ^ 4(mp+m^)2 

. 2mj,+mn 1 
mp / 


0 ^ T* < Tmax 


7 -I- IV — > 7T -f 


T„,ax = 4F(0)'**> ~ 12m^ 


Tth <T < Tmax 


e + N -A-e + 7r + 


r,„ax = ^**'(7); 

J^kl-k^ 

F{-9ml) ~ 6ml 


Tth = X (mx 7) 



b) Some unproved relations 





Mass restrictions appearing 
in proof based upon causality 
and spectrum; T = 0 


Perturbation theory 
(every finite order) 


iV + AT -+ JV -1- IV 


TTix > (^2 — l)mp 


proved for T < 


K + N ^ K + N 


complicated; not fulfilled by 
narrow margin 




TV + D TT + D 


e > mo = 2mp — e 





In the Lehmann derivation Ti(s) 0 for s — t {Ma + Mb)^ and s — )■ oo. 

The absorptive part is analytic in the larger ellipse, the “large” Lehmann 
ellipse, containing the circle 

\t\ < T2 {s) (11) 

with T2(s) ^ c> 0 for s -> {Ma + Ms)^, T 2 (s) ^ 0 for s ->• oo. 

It was thought by Mandelstam that these two analyticity properties, dis- 
persion relations and Lehmann ellipses, were insufficient to carry very far the 
analyticity-unitarity program, he proposed the Mandelstam representation [12] 
which can be written schematically as 
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1 f p{s' ,t')ds'dt' 

^ j {s' - s) (f - t) 

+circular permutations in s, t, u 

+one dimensional dispersion integrals 

+subtractions (12) 



This representation is nice. It gives back the ordinary dispersion relations 
and the Lehmann ellipse when one variable is fixed, but it was never proved 
nor disproved for all mass cases, even in perturbation theory. One contributor, 
Jean Lascoux, refused to co-sign a “proof” , which, in the end, turned out to be 
imperfect. 

One very impressive consequence of Mandelstam representation was the proof, 
by Marcel Froissart, that the total cross-section cannot increase faster than (log 
s)2, the so-called “Froissart Bound” [13]. 

My own way to obtain the Froissart bound [14] was to use the fact that the 
Mandelstam representation implies the existence of an ellipse of analyticity in 
COS0 qualitatively larger than the Lehmann ellipse, i.e., such that it contains a 
circle \t\ < R, R fixed, independent of the energy. This has a consequence that 
Tm ff{s) decreases with £ at a certain exponential rate because of the convergence 
of the Legendre polynomial expansion and of the polynomial boundedness, but 
on the other hand the Im /<(s)’s are bounded by unity because of unitarity [Eq. 
(7)]. taking the best bound for each t gives the Froissart bound. 

To prove the Froissart bound without using the Mandelstam representation 
one must find a way to enlarge the “small” and the “large” Lehmann ellipses. 
In the autumn of 1965, 1 had very stimulating discussions with Harry Lehmann 
at the “Institut des Hautes Etudes Scientifiques” about an attempt made in 
this direction by Nakanishi in which he combined in a not very consistent way 
positivity and some analyticity properties derived from perturbation theory. He 
was using a domain shrinking to zero when the energy became physical and this 
lead nowhere. Finally, in December 1965 [15], I found the way out. The positivity 
of Im fi implies, by using expansion (5), 




n 



As{s,t) 



< 

-ik^<t<0 



dt 



n 



As{s,t) 



t=o 



(13) 



To calculate 



F{s,t) = 



1 



/ 

J SC\ 



As{s't)ds' 
s' — s 



(forget the left-hand cut and subtractions!), for s real < sq one can expand F{s, t) 
around t = 0. From the property (13) one can prove that the successive deriva- 
tives can be obtained by differentiating under the integral . When one resums 
the series one discovers that this can be done not only for s real < sq, but for 
any s and that the expansion has a domain of convergence in t independent of s . 
This means that the large Lehmann ellipse must contain a circle \t\ < R. This is 
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exactly what is needed to get the Froissart bound. In fact, in favourable cases, 
R = 4ml, being the pion mass. A recipe to get a lower bound for R was 
found by Sommer [16] 

•R > sup^o<s<oo^’i(s) (14) 

It was already known that for |t| < 4m^ the number of subtractions in the 
dispersion relations was at most tro [17], and is lead to the more accurate 
bound [18] 

or < (logs)^ (15) 

ml 

Notice that this is only a bound , not an asymptotic estimate. 

In spite of many efforts the Froissart bound was never qualitatively improved, 
and it was shown by Kupsch [19] that if one uses only Im f( > \ft\^ and full 
crossing symmetry one cannot do better than Froissart. 

Before 1972, rising cross-sections were a pure curiosity. Almost everybody 
believed that the proton-proton cross-section was approaching 40 millibarns at 
infinite energy. Only Cheng and Wu [20] had a QED inspired model in which 
cross-sections were rising and behaving like (log s)^ at extremely high energy. 
Yet, Khuri and Kinoshita [21] took seriously very early the possibility that 
cross-sections rise and proved, in particular, that if the scattering amplitude 
is dominantly crossing even, and if at ~ (logs)^ then 

ReF 7T 
^ ImF logs 

where ReF and ImF are the real and imaginary part of the forward scattering 
amplitude. 

In 1972, it was discovered at the ISR, at CERN, that the p - p cross-section 
was rising by 3 millibarns from 30 GeV c.m. energy to 60 GeV c.m. energy [22]. I 
suggested to the experimentalists that they should measure p and test the Khuri- 
Kinoshita predictions. They did it [23] and this kind of combined measurements 
of ar and ReF are still going on. In ar we have now more than a 50 % increase 
with respect to low energy values. For an up to date review I refer to the article 
of Matthiae [24]. it is my strong conviction that this activity should be continued 
with the future LHC. A breakdown of dispersion relation might be a sign of new 
physics due to the presence of extra compact dimensions of space according to 
N.N. Khuri [25]. Future experiments, especially for p, will be difficult because of 
the necessity to go to very small angles, but not impossible [26]. 

Before leaving the domain of high-energy scattering I would like to indicate 
the new version of the Pomeranchuk theorem. When it was believed that cross- 
sections were approaching finite limits, the Pomeranchuk theorem [27] stated 
that, under a certain assumption on the real part 

axiAB) — axi^B) 0 

If cross-sections are rising to infinity, one can actually prove, according to 
Eden [28] and Kinoshita [29] that 

ax{A.B) / axi-^B) 1 . 
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Now I would like to turn to another aspect of analyticity-unitarity. A conse- 
quence of the enlargment of the Lehmann ellipse is that, in the special case of 
TTTT ^ TTTT scattering, one can, by using crossing symmetry, obtain a very large 
analyticity domain [30], but one can prove that the domain is smaller than the 
Mandelstam domain [31]. By playing with crossing symmetry and unitarity in 
a clever way (with years enormous progress has been made according to the 
Figure), one gets a bound on the scattering amplitude at the “symmetry point” 
which is [32] 

|F(s = t = u = 4m^/3| < 4 , 

where F is normalized in such a way that F{s = u, t = 0, u = 0) is the ttotto 



Upper bound 




Fig. 1. Bounds on the scattering amplitude at the symmetry point s = t = u = 
as a function of time. Normalization: F{s = 4m^,0,0) = scattering length. 



scattering length, aoo- One can also obtain a lower bound on the scattering 
length, the bound value being [33] 

aoo > -1.75 , 

a number which is off the model predictions only by a factor 10. 
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Though these latter results may seem “useless” , they are remarkable, since 
they prove that the combination of analyticity and unitarity have a dynamical 
content. 
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Abstract. The general method of the reduction in the number of coupling parame- 
ters is discussed. Using renormalization group invariance, theories with several inde- 
pendent couplings are related to a set of theories with a single coupling parameter. 
The reduced theories may have particular symmetries, or they may not be related to 
any known symmetry. The method is more general than the imposition of invariance 
properties. Usually, there are only a few reduced theories with an asymptotic power 
series expansion corresponding to a renormalizable Lagrangian. There also exist ‘gen- 
eral’ solutions containing non-integer powers and sometimes logarithmic factors. As an 
example for the use of the reduction method, the dual magnetic theories associated 
with certain supersymmetric gauge theories axe discussed. They have a superpoten- 
tial with a Yukawa coupling parameter. This parameter is expressed ais a function of 
the gauge coupling. Given some standard conditions, a unique, isolated power series 
solution of the reduction equations is obtained. After repaxametrization, the Yukawa 
coupling is pxoportional to the squaxe of the gauge coupling parameter. The coefficient 
is given explicitly in terms of the numbers of colors and flavors. ‘General’ solutions 
with non-integer powers are also discussed. A brief list is given of other applications of 
the reduction method. 



1 Introduction 

The method of reduction in the number of coupling parameters [1-5], [6-10], [11] 
has found many theoretical and phenomenological applications. It is a very gen- 
eral method, based essentially upon the requirement of renormalization group 
invariance of the original multi-parameter theory, as well as the related reduced 
theories with fewer couplings. Combining the renormalization group equations of 
original and reduced theories, we obtain a set of reduction equations. These are 
differential equations for the removed couplings considered as functions of the 
remaining parameters. They are necessary and sufficient for the independence of 
the reduced theories from the normalization mass. We consider massless theo- 
ries, or mass independent renormalization schemes, so that no mass parameters 
appear in the coefficient functions of the renormalization group equations. This 
can be arranged, provided the original coefficient functions have a well defined 
zero-mass limit [12]. 
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In this paper, we discuss only reductions to a single coupling, which covers 
most cases of interest. Usually, we can choose one of the original couplings as 
the remaining parameter. The multi- parameter theory is assumed to be renor- 
malizable with an asymptotic power series expansion in the weak coupling limit. 
However the reduced theories, as obtained from the reduction equations, may 
well not all have such expansions in the remaining coupling. Non- integer powers 
and logarithms can appear, often with undetermined coefficients. Such general 
solutions do not correspond to conventional renomalized power series expan- 
sions associated with a Lagrangian. But they are still well defined in view of 
their embedding in the renormalized multi-parameter theory. Nevertheless, it is 
the relatively small number of uniquely determined power series solutions of the 
reduction equations, which is of primary interest. Depending upon the character 
of the system considered, there may be additional requirements which further 
reduce the number of these solutions. Although we consider renormalizable the- 
ories, with appropriate assumptions, the reduction method can also be applied 
in cases where the original theory is non-renormalizable. 

Regular reparametrization is a very useful tool in connection with the re- 
duction method. For theories with two or more coupling parameters, it is not 
possible to reduce the /?-function expansions to polynomials. However, in the 
reductions to one coupling, we can usually remove all but the first term in the 
power series solutions of the reduction equation with determined coefficients. 
The /3-functions of the corresponding reduced theories remain however infinite 
series. As seen from many examples, these reparametrizations lead to frames 
which are very natural for the reduced theories. 

The imposition of a symmetry on the multi-parameter theory is a conven- 
tional way of relating the coupling parameters. If there appear no anomalies, 
we get a renormalizable theory with fewer parameters so as to implement the 
symmetry. These situations are all included in the reduction scheme, but our 
method is more general, leading also to unique power series solutions which ex- 
hibit no particular symmetry. This situation is illustrated by an example we have 
included. An SU{2) gauge theory with matter fields in the adjoint representa- 
tion. Besides the gauge coupling, there are three additional couplings. With only 
the gauge coupling remaining after the reduction, we get two acceptable power 
solutions. One of the reduced theories is an = 2 supersymmetric gauge theory, 
while the other solution leads to a theory with no particular symmetry. 

The main example presented in this article is connected with duality [13- 
16]. We consider N = I supersymmetric QCD (SQCD) and the corresponding 
dual theory, magnetic SQCD. The primary interest is in the phase structure of 
the physical system described by these theories. Essential aspects of this phase 
structure were first obtained on the basis of supercovergence relations and BRST 
methods [17-19], and more recently with the help of duality. [13,15]. We exhibit 
the quantitative agreement of both approaches [20,21]. While duality is formu- 
lated only in connection with supersymmetry, the supercovergence arguments 
can be used also for QCD and similar theories [18,19], [22]. Of particular in- 
terest is the transition point at Np = for SQCD [17,15], where Np and 
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Nc are the numbers of flavors and colors respectively. It is the lower end of the 
conformal window. For smaller values of Np, the quanta of free, electric SQCD 
are confined, the system is described by free magnetic excitations of the dual 
theory (for Nc > 4), and eventually by mesons and baryons. (The corresponding 
transition point for QCD is given by = ^Nc )■ 

As the original theory, SQCD has only the gauge coupling g^. The dual the- 
ory is constructed on the basis of the anomaly matching conditions [13,15]. It 
involves the two coupling parameters gm and Ai , where Ai is a Yukawa coupling 
associated with a superpotential. This potential is required by duality, mainly 
since theories, which are dual to each other, must have the same global symme- 
tries. 

At first, we apply the reduction method to the magnetic theory in the con- 
formal window \Nc < Np < SNc [21,23]. We And two power series solutions. 
After reparametrization, one solution is given by Ai(p^) = 9 mf{Nc,Np), with 
/ being a known function of the numbers of colors and flavors for SQCD. The 
other solution is Ai (p^) = 0. Since the latter removes the superpotential, it is 
excluded, and we are left with a unique single power solution. This solution im- 
plies a theory with a single gauge coupling g„x, and renormalized perturbation 
expansions which are power series in g"^. It is the appropriate dual of SQCD. 
There are ‘general’ solutions, but they all approach the excluded power solution 
Ai(g^) = 0. With one exception, they involve non-integer powers of The 
reduction can be extended to the ‘free electric region’ Np > 3Nc, and to the 
‘free magnetic region’ Nc + 2 < Np < |Wc, {Nc > 4). The results are similar, 
and discussed in detail in [23]. In the free magnetic case, we deal however with 
the approach to a trivial infrared fixed-point. 

Possible connections of the reduction results with features of brane dynamics 
remain to be considered. Internal fluctuations of branes may be of relevance for 
the field theory properties obtained here. 

2 Reduction Equations 

We consider renormalizable quantum held theories with several coupling param- 
eters. It is assumed that there is a mass-independent renormalization scheme, so 
that no mass parameters occur in the coefficient functions of the renormalization 
group equations. Let A, Ai , . . . , A„ be n -I- 1 dimensionless coupling parameters of 
the theory. One can reduce this system in various ways, but we want to consider 
the parameter A as the primary coupling, and express the remaining n couplings 
as functions of A: 



Xk — Afc(A), k — l,...,n. (1) 

It is assumed, that these functions A*, (A) are independent of the renormalization 
mass K, which can always be arranged. 

The Green’s functions G (fcj, A, Ai, . . . , A„) of the original multi-parame- 
ter version of the theory satisfy the usual renormalization group equations with 
the coefficient functions and the anomalous dimension ye, which depend 
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upon the n + 1 coupling parameters. The corresponding Green’s functions of the 
reduced theory are given by 

G{ki, k\\) = G {ki, A, Ai(A), . . . , A„(A)) . (2) 

Renormalization group invariance requires that they satisfy the equation 

where /9(A) and jgW are given by the corresponding original coefficients with 
the insertions Ajt = Afc(A), fc = 1, . . . ,n . Comparison of Eq.(3) with the original 
multi-parameter renormalization group equation implies then 

k = l,...,n (4) 

These are the Reduction Equations, which are necessary and sufficient for the 
validity of Eq.(3). 

It is of interest to briefly consider the relationship between the reduction 
method as described above, and the equations for the effective coupling functions 
X{u),Xk{u), where u is the dimensionless scaling parameter u = These 

functions satisfy the equations 

=^(A,Ai,...,A„) , 
du 

= Pk{X,Xi,. . . ,Xn) ■ ( 5 ) 

du 

With A(ti) being an analytic function, we can choose a point where {dX{u)/du) 
0 and introduce A(u) as a new variable Eqs.(5,6). The result is again the 
reduction equations (4). 

With effective couplings, we study the multi-parameter theory at different 
mass scales. In the reduction method, we consider the set of different field theo- 
ries with one coupling parameter (or a reduced number), which can be obtained 
from a given multi-parameter theory as solutions of the reduction equations. 
The elements of this set are labeled by the free parameters of the solution, and 
all are considered at the same fixed mass scale. With some natural assumptions 
the number of theories in this set is usually smaller than the number of original 
coupling parameters, and the different theories have characteristic physical and 
mathematical features. This is best seen in examples, some of which we discuss 
below. It must be remembered, that the origin of the coupling parameter space 
is a singular point, so that the Picard-Lindeloef theorem about the uniqueness 
of solutions at regular points does not apply. 

As described so far, the reduction scheme is very general, but in practice 
we usually know the ,9-functions only as asymptotic expansions in the small 
coupling limit. Within the framework of renormalized perturbation theory, we 
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restrict ourselves here to expansions of the form 

^(A, Ai , . . . , A„) = ^oA^ + ( + PikXkX^ + Pikk'XkXk'X ) 

CO n— 1 

+ E E Pn-2M...,k^Xk, ■ ■ ■ A,„ A"— . 

n=4 m=0 

^fc(A, Ai, . . . , A„) = (c^ ^ A^ + Afc< A + A*' Xk" ) , 

oo n 

+EE4:.';!E„a,,-..a,„a”-"*. (6) 

n=3 m=0 

In writing the expansions (6) , we have assumed that the primary coupling A is 
chosen such that ,8(0, Ai , . . . , A„) = 0. 

With the original ,8-functions given as asymptotic power series expansions, 
we will consider in the following solutions A* (A) of the reduction equations, which 
are also of the form of asymptotic expansions. Of special interest are solutions 
which are power series expansions. But in general, non-integer powers as well as 
logarithmic terms are possible. 

3 Power Series Solutions 

Let us first consider solutions of the reduction equations (4) which are asymptotic 
power series expansions. Then the Green’s functions G{ki,K^;X) of the reduced 
theory have power series expansions in A and are associated with a corresponding 
renormalizable Lagrangian. It is reasonable to write 

Afc(A) = A/*(A), fc = l,...,n, (7) 

where the functions fk{X) are bounded for A -> 0 so that A*(0) = 0. Ac- 
cording to the reduction equations, if we had Afc(O) 0, the vanishing of 
,8(0, Ai(0), . . . , A„(0)) would imply that also ,8fc(0, Ai(0), . . . , A„(0)) vanishes, 
which is too strong a restriction and not fulfilled by Eq.(6). In terms of the 
functions fk (A) the reduction equations are of the form 

<*> 

where we have introduced the 8-functions 

OO 

8(A) =8(A,A/i,...,A/„) = ^ 8n(/)A”+^ (9) 

oo 

Pk{X) = ^k{X,Xfi,-..,Xfn) = Yl /?i"^(/)A”+^ (10) 

n=0 

Here the argument / stands for /i(A), . . . , /„(A). The coefficients are easily ob- 
tained from Eqs.(6). For example, the one-loop terms are given by 

8o(/) = 8o, f^'kHf) = 4°^ + 4**'/*' + 414"/*'/*'' • 



( 11 ) 
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For the functions /fc(A), we write the expansions 

CO 

m=l 

and insert them, together with the series (9) and (10), into the reduction equa- 
tions. At the one-loop level, there result then the relations 

Mf) - fkM = 0 , (13) 

or in explicit form using Eq.(ll), 

4°’ + (4'i' - - 0 . (14) 

These are the fundamental formulae for the reduction. 

Given a solution of the quadratic equations (14), we obtain for the expan- 
sion coefficients the relations 

{Mkk'if) - mMkk') xir^ = {Pminfk - , (15) 

where m = 1, 2, . . . , A; = 1, . . . , n . The matrix M (/°) is given by 

Mkk' if) = . (16) 

The rest term depends only upon the coefficients 

upon the /3-function coefficients in (9) and (10), evaluated at fk = f^, for order 
m — 1 and lower. They vanish for = . . . = = 0. 

We see that the one-loop criteria 

det{Mkk'{f)-ml3oSkk')¥^0 for m=l,2, ... (17) 

are sufficient to insure that all coefficients x^"“^ in the expansion (12) are deter- 
mined. Then the reduced theory has a renormalized power series expansion in 
A. All possible solutions of this kind are determined by the one-loop equation 
(13) for 

With the coefficients x*"*^ fixed, we can use regular reparametrization trans- 
formations in order to remove all but the first term in the expansion (12) of the 
functions /a,(A). These reparametrization transformations are of the form 

A' = A'(A,Ai,...,A„) = A + a<2°)A2-foi“UfcA + --- , 

Afc = AJj,(A, Ai , . . . , A„) = Afc -f Afc' A/;” -l- A*,' A -l- ■ ■ ■ . (18) 

They leave invariant the one-loop quantities 

fk, Mf), Mkk'if) ■ (19) 

Given the condition (17), we then have a frame where 

A. (A) = A/° . 



( 20 ) 
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This result is valid to all orders of the asymptotic expansion and determined by 
one-loop information. With the expressions (20), the ,3-function expansions (9) 
and (10) of the reduced theory have constant coefficients /3*™^(/°), but 

they are generally not polynomials. They satisfy the relations 

- fMf) = 0 . ( 21 ) 

for all values of m. Only the relations for m — 0 are reparametrization invariant. 
They are the fundamental formulae (13). 

So far, we have implicitly assumed that 0. But it is straightforward to 
include the cases where = 0. They are of particular interest for supersym- 
metric theories. Suppose we have a solution of the reduction equations with the 
asymptotic expansion 



00 

fk{X)=xi^h^+ £ ( 22 ) 

m=N+l 



where TV > 1 and Xjt 7 ^ 1- Then coefficients appearing in this equation are 
again determined except for the first one, which is invariant. Hence, using regular 
reparametrization, there is a frame where 

A(A) = xf^A^. (23) 

We have considered here only expansions at the origin in the space of coupling 
parameters. However, one can use the method also in connection with any non- 
trivial fixed point of the theory. 

4 General Solutions 

At first, let us briefly consider the case where the determinant appearing in 
Eq.(17) vanishes. Suppose there is a positive eigenvalue of the matrix /3^^M{f°) 
for some m = TV<l, /3oy^0. Then the asymptotic power series must be 
supplemented by terms of the form X”^{lgX)P, with m < N and 1 < p < a{N). 
After reparametrization, we obtain then an expansion of the form 

fk{X) = + x^'^ A^ Ig A + xf ^A^ + . . . , (24) 

All parameters in Eq.(24) are determined except the vector xi^’, which contains 
as many free parameters as the degeneracy of the eigenvalue. Even though the 
theory considered here can have logarithmic terms in the asymptotic expansion, 
it is ‘renormalized’ in view of it’s embedding into the original, renormalized 
multi-parameter theory. In special cases it may happen that the coefficients of 
the logarithmic terms vanish, as in the example of the massless Wess-Zumino 
model. 

We now return to systems with non- vanishing determinant for all values of m. 
In addition to the power series solutions described before, there can be general 
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solutions of the reduction equations, which approach the latter asymptotically. 
In order to describe a characteristic case, we assume that /9 q 0 and that the 

matrix /3^^M(/°) has one positive eigenvalue rj which is non-integer, with all 
others being negative. Then the reduction equations (4) have solutions of the 
form 

fkW - /° + E + E (25) 

a,b TTi 

with 0=1,2,.,. , 6 = 0, 1, . . . , arj + b— non-integer. After reparametrization, 
powers with m <t] are removed, and we have 

A(A)=/fc°+xi”^A'' + .... (26) 

In this expansion all coefficients are determined except > which may contain 
up to r arbitrary parameters if the eigenvalue rj is r-fold degenerate: 

= C^^^k^ + ... + Cr^^:^ , (27) 

where the are the eigenvectors. 

The results described above can be generalized to situations with several 
positive, non-integer eigenvalues. In special cases, where the matrix also has a 
zero eigenvalue, logarithmic factors may appear. 

So far, we have assumed that Po ^ 0, and obtained general solutions which 
approach the power series solution (20) asymptotically with a power law as 
indicated in Eq.(26). The situation is quite different if Po = 0. Then th Matrix 
M is given by 



Mkk'if) 



dfk' 



(28) 



and we find that the general solutions and the power series solutions differ asymp- 
totically by terms which vanish exponentially. We refer to [2] for more details. 

Besides the general solutions, which approach the power series solutions 
asymptotically, there can be others which move away in the limit A -4 0. These 
are not calculable unless the /3-functions are known more explicitly. However, 
we can get information about the existence or non-existence of such solutions on 
the basis of the linear part of the reduction differential equations (4) . We find 
that the theorems of Lyapunov [24] , with generalizations by Malkin [25], are 
applicable here [26]. We refer to [5] for some more discussion, and to [27] for an 
application. Generally, it turns out that a power series solution (20) is asymp- 
totically stable if there are no negative eigenvalues of the matrix ^^^M(/°) (or 
the matrix /?)0^M(/°) in the case of the solution (23)). A solution is unstable if 
there is at least one negative eigenvalue. 
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5 Gauge Theory 

It should be most helpful to discuss briefly an example. We use a gauge theory 
with one Dirac field, one scalar and one pseudoscalar field, all in the adjoint rep- 
resentation of SU(2) [4], Besides the usual gauge couplings, the direct interaction 
part of the Lagrangian is given by 

Cdir.int. = iy/M 

- . (29) 

Writing \ = , where g is the gauge coupling, and A* = A/*,, with k=l,2,3 , the 

one-loop yd-function coefficients of this theory are given by 

(167t^)/350 = -4 

=8/f-12/i 

(167r2)y3° = 3fi - 12/3/2 + 14/1 + 8/1/2 - 8/f - I2/2 + 3 
(167r2)y90 =-9/1 + 12/3/2+8/3/1-12/3-3. (30) 

The algebraic reduction equations (14) have four real solutions, which are given 
by 



/? = 1, 
= 1, 



/2° = 1, 



/s° = i 



fO _ ^ yO _ 



7 

\/T05’ 



(31) 



and two others with reversed signs of /“ and f°, so that the classical potential 
approaches negative infinity with increasing magnitude of the scalar fields. These 
latter solutions will not be considered further. We note that the Yukawa coupling 
is required for the consistency of the reduction. 

The eigenvalues of the matrix /9 “q^M(/°) are respectively 

(-2,-3,+^ (32) 



and 



3 25 + 

4 VT05 



3 25 - V343 

4 



= (-2, -3.189..., -0.470...). (33) 



There are no positive integers appearing in the equations (32) or (33). Hence 
the coefficients of the power series solutions are determined and can be removed 
by reparametrization, except for the invariant first term. With A = as the 
primary coupling, g being the gauge coupling, these solutions are 



(a) Ai — A2 = A3 = , 



(34) 
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which corresponds to an iV = 2 extended SUSY Yang-Mills theory, and 



(b) 



Ao = 



VIM 



A3 



VTM 



(35) 



which is not associated with any known symmetry, at least in four dimensions. 
Both theories are ‘minimally’ coupled gauge theories with matter fields. The 
eigenvalues of the matrix given in Eqs.(32),(33), are all negative 

with the exception of the third one for the N=2 supersymmetric theory. In this 
case we have a general solution corresponding to Eq.(26) with t] = +^, and with 
the coefficient given by = (0, C,3C), where C is an arbitrary parameter. 
The theory with C ^ 0 corresponds to one with hard breaking of SUSY. It has 
an asymptotic power series in g and not in g^, as is the case for the invariant 
theory. 

As we see from Eqs.(32) and (33), both power series solutions have some 
negative eigenvalues of the matrix /3 “q^M(/“), and are therefore unstable. Not 
all nearby solutions approach them asymptotically. 

From the present example, and many others, we realize that the special frame, 
where the power series solutions of the reduction equations are of the simple 
form (20), is a natural frame as far as the reduced one-parameter theories are 
concerned. The /3- functions of the reduced theories are still power series and are 
not reduced to polynomials. 



6 Dual SQCD 

As the main application of the reduction method, we consider here the reduction 
of multi-parameter theories appearing in connection with duality. As a particular 
example, we discuss the dual magnetic theory associated with SQCD [13,16]. 
While SQCD, as the ‘electric’ theory, has the gauge coupling ge as the only 
coupling parameter, the dual ‘magnetic’ theory has two parameters: the magnetic 
gauge coupling gm and a Yukawa coupling Ai , which measures the strength of the 
interaction of color-singlet superfields with the magnetic quark superfields. It is 
our aim to discuss the reduced theories where the Yukawa coupling is expressed 
in terms of the gauge coupling. 

For SQCD the gauge group is SU{Nc) with N=1 supersymmetry. There 
are Np quark superfields Qi and their antifields Q*, f = 1,2, ...,iVf’ in the 
fundamental representation. For completeness and later reference, we give here 
the /?- function coefficients for the electric SQCD theory: 

Pe{9e) ~ ^eO gt + 0el qI + ’ ’ ' i (36) 



,8eo = (167 t^) ^(-3ATc + Np) 

/ — lA 

- (167r^)-M2Ac(-3Ac+AF) + \ . (37) 



with 
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The corresponding dual magnetic theory is constructed mainly on the basis 
of the anomaly matching conditions [13,15,28]. It involves the gauge group = 
SU{Nq) with Nq — Np — Nc- Here Np is the number of quark superfields 
qi, q\ i = l,2,...,Np in the fundamental representation of G‘^. Because both 
theories must have the same global symmetries, the number of flavors Np should 
be the same for SQCD and it’s dual. As we have mentioned, duality requires a 
non-vanishing Yukawa coupling in the form of a superpotential 



W = ^/MM]qiqK (38) 

The Np gauge singlet superfields Mj are independent and cannot be constructed 
from q and q. The superpotential not only provides for the coupling of the M 
superfleld, but also removes a global 17(1) symmetry acting on M, which would 
have no counterpart in the electric theory. 

In the following, we will be dealing essentially only with the magnetic theory. 
For convenience, we therefore write g in place of gm for the corresponding gauge 
coupling. We also omit the subscript m for the ^-function coefficients. Then the 
,5-function expansions of the magnetic theory are 



— Po 9^ + iPi 5® -I- pii g^Xi) + ■■■ 

^l(5^Al) = (39) 

The coefficients are given by [21,23,29], [30] 



Po 

Pi 

Pii 



{l6n^)-\dNc - 2Np) 

(167t2)-2 ^2(Wj. - Nc){3Nc - 2Np) + 4Np 
(IffTT^)-" (-2iV|) 

( 16 .^)- 

V 2(Np-Nc) 

(167t2)-i (SNp - Nc)) . 



{Np - Nc)^ - 1 
2{Np — Nc) 



(40) 



Already at the one-loop level, we see some important features from Eqs.(37), 
(40). In the interval 



-Nc < Np < 37Vc, 



(41) 



both theories are asymptotically free at large momenta, in particular the mag- 
netic theory for Np > |A^c- For Np > 3Nc, the electric theory is not asymptot- 
ically free in the UV but in the IR, where the magnetic version remains strongly 
coupled. Hence we expect that the original electric excitations are present in 
the ‘physical’ state space. The situation is reversed for Np < ^Nc, where the 
electric quanta are confined, and the elementary magnetic excitations describe 
the system, at least for Np> Nc + 2 where the dual theory exists which is the 
‘free magnetic region’. This is the duality picture as proposed by Seiberg, with 
both theories describing the same physical system. 
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In the conformal window given in Eq.(41), the electric as well as the magnetic 
theory are in an interacting non-Abelian Coulomb phase, and it is indicated 
that they both have non-trivial conformal fixed points at zeroes of the exact 
/3-functions. At these fixed points the theories are actually equivalent. Near an 
endpoint of the window, in the infrared limit, one theory may be in a weak 
coupling situation, and the other, dual theory in a strong coupling regime. Since 
both theories represent the same system, we can describe the strongly coupled 
field theory by the weakly coupled dual. The free excitations of the latter may 
be considered as composites of those of the former theory. 

Within the framework of this duality picture, the system undergoes an im- 
portant phase transition at the point Np = |3Vc- As has already been mentioned 
above, below this point the elementary electric quanta are confined in the sense 
that they are not elements of the physical state space. In the original electric 
theory, the transition at Np = |A^c is not apparent from the , 8 -function coeffi- 
cients, in contrast to the phase change at Np = 3Nc, where /3eo = 0. But in the 
duality picture, we have ,80 = 0 at /Vp- = for the magnetic theory, and this 
is the indication for the phase transition of the system. 

Many years ago, we have obtained the phase transition of SQCD at Np = 
^Nc by using a rather different method [17]. It involves analyticity and super- 
convergence of the gauge field propagator, as well as the BRST-cohomology in 
order to define the physical state space of the theory [18,21]. The supercon- 
vergence relations, where they exist, are exact. They connect long and short 
distance information, and are not valid in perturbation theory [31-33]. 

The asymptotic form of the gauge field propagator is governed by the ratio 
loo/ 00 , where 700 is the anomalous dimension of the gauge field (not the super- 
field) at the fixed point a = 0. Here a > 0 is the conventional gauge parameter. 
Because this parameter is effectively a function of the momentum scale, it tends 
to a fixed point asymptotically. For example, in general covariant gauges, the 
discontinuity of the structure function has the asymptotic form 

-k‘^p{k'^,K'^,g,a) ~ C{g^ ,a) ^-0o In^j , (42) 

which is independent of a with the possible exception of the coefficient. 

For the discussion of confinement using the BRST cohomology or the quark- 
antiquark potential, it is most convenient to work in the Landau gauge, where 
the superconvergence relation is of the form 

/ OO 

dk^p{k^,K^,g,0) = 0, (43) 

-0 

provided ioo/0o > 0. For general gauges a > 0, the relation is the same except 
that the right hand side is given by a/aoi were oq = with 70 (a) = 

700+0701 [33]. 

In contrast to the duality arguments, the superconvergence method is applica- 
ble to non-supersymmetric theories like QCD, where the interval corresponding 
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to the window (53) for SQCD is given by 

13 22 

—Nc < Nf < —Nc, (44) 

For Np < ^Nc for QCD and for Np < flVc for SQCD, our arguments show 
that the transverse gauge field excitations are not elements of the physical state 
space and hence confined. With some further arguments one can extend this 
result to quark fields. 

For SQCD and similar theories, the connection between duality and super- 
convergence results is quantitative. For electric and magnetic SQCD, we have 
the anomalous dimensions 

7eoo = (167r^)“^(-^A^c + iVf) 

7mO0 = (167r^)"^^(-3A^c + Np) , (45) 

and with the /3-function coefficients from Eqs.(37),(40), we obtain the relations 

[ 20 , 21 ] 



/3mo(3Vf) — —2jf,oo(Np) 

Peoi^p) = — 27mOo(3V/r) , (46) 

where the argument Np on both sides refers to matter fields with different quan- 
tum numbers corresponding to electric and magnetic gauge groups. We have re- 
stored the subscript m for these duality relations. We see that ‘^eOo{Np) changes 
sign at the same point Np = |A^c as ^mo{Np), and the ratio leOo{Np)l peoiNp) 
is positive below this point, indicating superconvergence and confinement as dis- 
cussed before. 

The exact relations (46) are an indication, that the anomalous dimension 
coefficients of the gauge fields at the fixed point a = 0 may have a more funda- 
mental significance, similar to the one-loop ^-function coefficients. 

Our discussion about the relation of superconvergence and duality results 
can be extended to similar supersymmetric gauge theories with other gauge 
groups [21,34,35]. The results are analogous. However, in the presence of matter 
superfields in the adjoint representation [36], the problem is more complicated. 
There the construction of dual theories requires a superpotential already for 
the original electric theory, and a corresponding reduction of couplings would be 
called for. Also the application of the superconvergence arguments is not straight 
forward. These cases deserve further study. 

Duality in general superconformal theories has been discussed in [37], and 
for softly broken SQCD in [38]. 

7 Reduced Dual SQCD 

The magnetic theory dual to SQCD contains two parameters, the gauge coupling 
g and the Yukawa coupling Ai. We now want to apply the reduction method 
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described in the previous sections and express the coupling parameter Ai as a 
function of g^. With Eq.(7) we write 

OO 

Ai(s^) = g^hig^) , with = f + ■ (47) 

i=i 



The essential one-loop reduction equation is then 



Hcf = (cff/“ + 4“’)/"- 


(48) 


There are two solutions: 




a 

= = and /° = /oo=0, 

^11 


(49) 


where /oi is a function of Nc and Np, and is given by 




Nc{Np-Nc- 2/Nc) 

foi [Nc , Np) _ jVc) ’ 


(50) 


using the explicit expressions (40) for the coefficients. Here and in the following, 
we do not consider possible additional terms which vanish exponentially or faster 
[5]. The criteria for the unique definition of the coefficients x^'^ in the expansion 
(47) are given by 


{M{f)-Wo) ^0 for 1 = 1,2,... 


(51) 


with 




M{f) = - 00 ■ 


(52) 



Upon substitution of the solutions (49) and the explicit form of the coefficients 
from Eqs.(40), wie find 

M{foi)-Wo = + 0 

M(/oo) - Wo = +/?o(e - 0 > (53) 



with ^0 from Eq.(40) and ^ as a function of Nc and Np given by 



^(Nc,Nf) 



Nc {Np — Nc ~ ^l^c) 
{Np-Nc){2Np-3Nc) ' 



(54) 



The equations for the coefficients are of the general form given in Eqs.(15). 
For / -I- 1 loops, they are simply 

{M{f) - Wo) (55) 

where I = 1,2,... , and where /° is to be replaced by the solutions /qi or 
/oo respectively. The /3-function coefficients are as in Eq.(ll) with appropriate 
substitutions. 
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In the following , we consider characteristic intervals in separately, and 
concentrate on the conformal window. 

We have already discussed the window < Np < 3Nc, where both 

SQCD and dual SQCD are asymptotically free at small distances. Considering 
first the solution foi{Nc,Np) as given in Eq.(50), we see that it is positive in 
the window, as is the function ^{Nc,Np). Since also < 0, the coefficients in 
Eq.(55) do not vanish. Consequently the expansion coefficients are uniquely 
determined and can be removed by a regular reparametrization transformation. 
We are left with the explicit solution 



'^ 1 ( 5 ^) — 9^ foi(Nc, Np) , ( 56 ) 

with /oi given by Eq.(50). The /d-functions of the reduced theory, as defined by 
the solution (56), are now simply given by Eqs.(9) and (10)) with the argument / 
of the coefficient functions replaced by foi(NcNp) , so that they are constants: 

CO 

0(9^) = 0(9^9^ foi) = ]^A(/oi)(p")'+^ , 0i{9^) = foi0{9'^) . (57) 

1=0 



The second relation follows from the reduction equation (4) with Eq.(56). The 
coefficient ^0 is as given in Eq.(40), and for 0i(foi) we obtain explicitly [21,23] 



(167r^)^j3i(foi) = 2(Np - Nc)(3Nc - 2Np) + 

2(Np - Nc) 
NcjNp - Nc - 2/Nc) 

^ ^iNp — Nc){3Np — Nc) 



(58) 



These relations are used later in connection with the infrared fixed point of 
dual SQCD in the conformal window near Np = |Wo. We must note here, 
that for the expansion (57), in addition to /?q, the two-loop coefficient 0i(foi) is 
reparametrization invariant. This result follows because /qi satisfies the reduc- 
tion equation (48). 

It remains to consider the second solution presented in Eq.(49), with = 
foo = 0. In this case the second expression in Eq.(53) is relevant for the de- 
termination of the higher coefficients in the expansion of fi(g^). There could 
be a zero if ^(iVc, A'^^) is a positive integer in the window. Generally however, 
this is not the case (at least for Nc < 16), with the characteristic exception of 
Nc — 3,Np = 5, where ^(3,5) = 2 and the magnetic gauge group is SU{2). 
Ignoring this case, we have again the situation that all coefficients x*^^ are de- 
termined and can be removed by regular reparametrization. Then the second 
power series solution of the reduction equations is given by 



= 0 , (59) 

and leads to a theory without superpotential. As we have discussed earlier, this 
situation is not acceptable for the dual magnetic theory. 
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Returning to the exceptional case with the magnetic gauge group SU{2), we 
find that, after reparametrization, it leads to a solution of the form 

Ai( 5 ^)= V + X^V+-- - , ( 60 ) 

where the coefficient A is undetermined, and the higher ones are fixed once A is 
given. They vanish if .A = 0. We do not discuss this case here any further. 

Finally, we briefly consider possible ‘general’ solutions of the reduction equa- 
tions. It turns out that for dual SQCD there are no such solutions which asymp- 
totically approach the relevant polynomial solution A 1(5^) = 5^/01 given in 
Eq.(56). The only general solution we obtain is associated with the excluded 
polynomial solution Ai(g^) = 0. It is given by 

+ (61) 



where A is again an undetermined parameter with properties analogous to those 
discussed above for Eq.(60). As we have pointed out, the exponent as given in 
Eq.(54), is positive and generally non-integer in the limit. The only exception is 
for Nc = Z,Nf = 5, in which case we are back to the exceptional solution (60) 
discussed above. 

We see that, within the set of solutions of the reduction equations for mag- 
netic SQCD, the power series Ai(g2) = is the unique choice for duality. 

Ignoring the isolated SU{2) case, the second power series solution Ai(£f^) = 0 is 
excluded. The general solution (61), which is associated with it, leads to asymp- 
totic expansions of Green’s functions involving non- integer powers. This is not 
consistent with a conventional, renormalizable Lagrangian formulation. Since 
there are no general solutions approaching the power solution Ai(p^) = 5^/01, 
the latter is isolated or unstable. 

From the one- and two-loop expressions for the /3-functions of the electric and 
the reduced magnetic theories given in Eqs.(37) and (40), we can obtain some 
information about non-trivial infrared fixed points in the conformal window 
[39,40]. These expansions are useful as long as the fixed points occur for values 
of Nc, Np near the appropriate endpoint of the window. We find [23] 



and 



= 0 for 



= 0 for 



_£!!. _ 1 

167T^ 3 _ 1 

gf ^ 3Nc - Nf 
167t 2 6(iV2 - 1) 






+ ■ ■ • 1 



(62) 



(63) 



for sufficiently small and positive values of 3Nc~Nf and Nf-^Nc respectively. 
Larger values of Nq niay be needed in order to have a useful approximation. 
Higher order terms have been calculated and may be found in [29]. 

With the reduced dual theory depending only upon the magnetic gauge cou- 
pling, it is straightforward to obtain the critical exponent 7m(A^Ci ^f) near the 
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lower end of the window at Np = \Nc [29]. This exponent is relevant for de- 
scribing the rate at which a given charge approaches the infrared fixed point. 
With Eqs.(40), (58) and (62), the lowest order term is given by 



( dpm{g'^) \ ^ U {Nf - |jVc)" 

\ dg^ J g2=g>2 3 ^-1 



(64) 



where we have written g in place of gm as before. For the electric theory in the 
window near Np = the corresponding expression is 



_ 1 (SNc-Np)^ 

V dg^, 6 Nl~l 



(65) 



In both cases we refer to [29] for the next order. 

In this report we consider mainly the reduction of dual magnetic SQCD in 
the conformal window. A detailed discussion of the situation in the free magnetic 
phase Nc + 2 < Np < may be found in [23]. This interval is non-empty 
for Np > 4. The electric theory is UV-free and the magnetic theory IR-free. At 
low energies, it is the latter which describes the spectrum. Because of the lack of 
UV-asymptotic freedom, one may be concerned that the magnetic theory may 
not exist as a strictly local field theory. However, it can be considered as a long 
distance limit of an appropriate brane construction in superstring theory, which 
can also confirm duality [41]. Except for special cases involving again 517(2) as 
the magnetic gauge group, the unique power series solution (56) remains the 
appropriate choice also for this phase. It correspond here to the approach to 
the trivial infrared fixed point. Below Np = Nc + 2 there is no dual magnetic 
gauge theory, and the spectrum should contain massless baryons and mesons 
associated with gauge invariant fields. 

In the free electric phase for Np > 3Nc, the magnetic theory remains UV- 
free, and the results of the reduction method are the same as in the conformal 
window. 



8 Conclusions 

In the application to Duality, we see that the reduction method is most helpful 
in bringing out characteristic features of theories with superpotentials. In the 
case of the dual of SQCD, we get an essentially unique solution of the reduction 
equations, which corresponds to a renormalizable Lagrangian theory with an 
asymptotic power series expansion in the remaining gauge coupling. This dual 
magnetic theory is asymptotically free. It is UV-free in the conformal window 
and above, and IR-free in the free magnetic region below the window. In this 
latter region, it describes the low energy excitations. These can be considered as 
composites of the free quanta of the electric theory, which is strongly coupled 
there. 

As we have mentioned before, dual theories can be obtained as appropriate 
limits of brane systems [41]. In these brane constructions, duality corresponds 
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essentially to a reparametrization of the quantum moduli space of vacua of a 
given brane structure. It is of interest to find out how the reduction solutions 
are related to special features of these constructions, in particular as far as the 
unique power solution (56) is concerned. 

Besides the use of the reduction method in connection with duality, which 
we have described in this article, there are many other theoretical as well as phe- 
nomenological applications. Examples of applications in more phenomenological 
situations are discussed in this volume by J. Kubo [42]. 

Without detailed discussions, we mention here only a few applications: 

• Construction of gauge theories with “minimal” coupling of Yang-Mills and 
matter fields [4]. 

• Proof of conformal invariance (finiteness) for W = 1 SUSY gauge theories 
with vanishing lowest order y3-function on the basis of one-loop information 
[43,44]. 

• Reduction of the infinite number of coupling parameters appearing in the 
light-cone quantization method [45] . 

• Reduction in an effective field theory formulation of quantum gravity and in 
effective scalar field theory [46]. 

We see that the reduction method can be used also within the framework 
of non-renormalizable theories, where the number of couplings is infinite a 
priori. 

• Applications of reduction to the standard model (non-SUSY) give values for 
the top-quark mass which are too small, indicating the need for more matter 
fields [47]. 

• Gauge- Yukawa unifications within the framework of SUSY GUT’s. Success- 
ful calculations of top-quark and bottom-quark masses within the framework 
of finite and non-finite theories [9,48,42]. 

• Reduction and soft symmetry breaking parameters. In softly broken N = 1 
SUSY theories with gauge- Yukawa reduction, one finds all order renormal- 
ization group invariant sum rules for soft scalar masses [49,50,42]. There are 
interesting agreements with results from superstring based models. 

There are other problems where the reduction scheme is a helpful and often an 
important tool [51]. 
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Abstract. This text follows the line of a talk on Ringberg symposium dedicated to 
Wolfhart Zimmermann 70th birthday. The historical overview (Part 1) partially over- 
laps with corresponding text of my previous commemorative paper - see Ref. [61] in 
the list. At the same time second part includes some recent results in QFT (Sect. 2.1) 
and summarize (Sect. 2.4) an impressive progress of the “QFT renormalization group” 
application in mathematical physics. 



1 Early History of the RG in the QFT 

1.1 The birth of Bogoliubov’s renormalization group 

In the spring of 1955 a small conference on “Quantum Electrodynamics and El- 
ementary Particle Theory” was organized in Moscow. It took place at the Lebe- 
dev Institute in the first half of April. Among the participants there were several 
foreigners, including Hu Ning and Gunnar Kallen. Landau’s survey lecture “Fun- 
damental Problems in QFT” , in which the issue of ultraviolet (UV) behaviour 
in the QFT was discussed, constituted the central event of the conference. Not 
long before, the problem of short-distance behaviour in QED was advanced sub- 
stantially in a series of articles [1] by Landau, Abrikosov, and Khalatnikov. They 
succeeded in constructing a closed approximation of the Schwinger-Dyson equa- 
tions, which admitted an explicit solution in the massless limit and, in modern 
language, it resulted in the summation of the leading UV logarithms. 

The most remarkable fact was that this solution turned out to be self- 
contradictory from the physical point of view because it contained a “ghost 
pole” in the renormalized amplitude of the photon propagator or, in terms of 
bare notions, the difficulty of “zero physical charge” . 

At that time our meetings with Nicolai Nicolaevich Bogoliubov (N.N. in what 
follows) were regular and intensive because we were tightly involved in the writ- 
ing of final text^ of our big book. N.N. was very interested in the results of 
Landau’s group and proposed me to consider the general problem of evaluating 
their reliability by constructing, e.g., the second approximation (including next- 
to-leading UV logs) to the Schwinger-Dyson equations, to verify the stability of 
the UV asymptotics and the very existence of a ghost pole. 

^ Just at that time the first draft of a central part of the book has been published [2] 
in the form of two extensive papers. 

P. Breitenlohner and D. Maison (Eds.): Proceedings 1998, LNP 558, pp. 157-176, 2000. 
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Shortly after the meeting at the Lebedev Institute, Alesha Abrikosov told 
me about Gell-Mann and Low’s article[3] which had just appeared. The same 
physical problem was treated in this paper, but, as he put it, it was hard to 
understand and to combine it with the results obtained by the Landau group. 

I looked through the article and presented N.N. with a brief report on the 
methods and results, which included some general assertions on the scaling prop- 
erties of the electron charge distribution at short distances and rather cumber- 
some functional equations - see, below. Section 1.3. 

N.N. immediate comment was that Gell-Mann and Low’s approach is very 
important: it is closely related to the la groupe de normalisation discovered a 
couple of years earlier by Stueckelberg and Petermann [4] in the course of dis- 
cussing the structure of the finite arbitrariness in the scattering matrix elements 
arising upon removal of the divergences. This group is an example of the contin- 
uous groups studied by Sophus Lie. This implied that functional group equations 
similar to those of paper [3] should take place not only in the UV limit but also 
in the general case as well. 

Within the next few days I succeeded in recasting Dyson’s finite transfor- 
mations and obtaining the desired functional equations for the QED propagator 
amplitudes, which have group properties, as well as the group differential equa- 
tions, that is, the Sophus Lie equations of the renormalization group (RG). Each 
of these resulting equations — see, below Eqs.(3 — contained a specific object, 
the product of the squared electron charge a = and the transverse photon 
propagator amplitude d(Q^). We named this product, e^{Q^) = e^d(Q^), the 
invariant charge. From the physical point of view this function is an analogue of 
the so-called effective charge of an electron, first discussed by Dirac in 1933 [5], 
which describes the effect of the electron charge screening due to quantum vac- 
uum polarization. Also, the term “renormalization group” was first introduced 
in our Doklady Akademii Nauk SSSR publication [6] in 1955 (and in the English 
language paper [7]). 

At the above-mentioned Lebedev meeting Gunnar Kallen presented a paper 
written with Pauli on the so-called “Lee model” , the exact solution of which 
contained a ghost pole (which, in contrast to the physical one corresponding to 
a bound state, had negative residue) in the nucleon propagator. Kallen-Pauli’s 
analysis led to the conclusion that the Lee model is physically void. 

In view of the argument on the presence of a similar pole in the QED photon 
propagator (which follows from the abovementioned solution of Landau’s group 
as well as from an independent analysis by Pradkin [8]) obtained in Moscow, 
Kallen’s report resulted in a heated discussion on the possible inconsistency of 
QED. In the discussion Kallen argued that no rigorous conclusion about the 
properties of sum of an infinite nonconvergent series can be drawn from the 
analysis of a finite number of terms. 

Nevertheless, before long a publication by Landau and Pomeranchuk (see, 
e.g., the review paper[9]) appeared arguing that not only QED but also local 
QFT were self-contradictory. 
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Without going into details, remind that our analysis of this problem carried 
out [10] with the aid of the RG formalism just appeared led to the conclusion 
that such a claim cannot have the status of a rigorous result, independent of 
perturbation theory. 



1.2 Renormalization and renormalization invariance 

As is known, the regular formalism for eliminating ultraviolet divergences in 
quantum field, theory (QFT) was developed on the basis of covariant pertur- 
bation theory in the late 40s. This breakthrough is connected with the names 
of Tomonaga, Feynman, Schwinger and some others. In particular, Dyson and 
Abdus Salam carried out the general analysis of the structure of divergences in 
arbitrarily high orders of perturbation theory. Nevertheless, a number of subtle 
questions concerning so-called overlapping divergences remained unclear. 

An important contribution in this direction based on a thorough analysis of 
the mathematical nature of UV divergences was made by Bogoliubov. This was 
achieved on the basis of a branch of mathematics which was new at that time, 
namely, the Sobolev-Schwartz theory of distributions. The point is that propa- 
gators in local QFT are distributions (similar to the Dirac delta-function) and 
their products appearing in the coefficients of the scattering matrix expansion 
require supplementary definition in the case when their arguments coincide and 
lie on the light cone. In view of this the UV divergences reflect the ambiguity in 
the definition of these products. 

In the mid 50ies on the basis of this approach Bogoliubov and his disciples 
developed a technique of supplementing the definition of the products of singular 
Stueckelberg-Feynman propagators [2] and proved a theorem [11] on the finite- 
ness and uniqueness (for renormalizable theories) of the scattering matrix in 
any order of perturbation theory. The prescription part of this theorem, namely, 
Bogoliubov’s R-operation, still remains a practical means of obtaining finite and 
unique results in perturbative calculations in QFT. 

The Bogoliubov algorithm works, essentially, as follows: 

• To remove the UV divergences of one-loop diagrams, instead of introduc- 
ing some regularization, for example, the momentum cutoff, and handling 
(quasi) infinite counterterms, it suffices to complete the definition of di- 
vergent Feynman integral by subtracting from it certain polynomial in the 
external momenta which in the simplest case is reduced to the first few terms 
of the Taylor series of the integral. 

• For multi-loop diagrams (including ones with overlapping divergencies) one 
should first subtract all divergent subdiagrams in a hierarchical order regu- 
lated by the R-operator. 

The uniqueness of computational results is ensured by special conditions im- 
posed on them. These conditions contain specific degrees of freedom (related to 
different renormalization schemes and momentum scales) that can be used to es- 
tablish the relationships between the Lagrangian parameters (masses, coupling 
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constants) and the corresponding physical quantities. The fact that physical pre- 
dictions are independent of the arbitrariness in the renormalization conditions, 
that is, they are renorm-invariant, constitutes the conceptual foundation of the 
renormalization group. 

An attractive feature of this approach is that it is free from any auxiliary 
nonphysical attributes such as bare masses, bare coupling constants, and regular- 
ization parameters which turn out to be unnecessary in computations employing 
Bogoliubov’s approach. As a whole, this method can be regarded as renormal- 
ization without regularization and counterterms. 



1.3 The discovery of the renormalization group 

The renormalization group was discovered by Stueckelberg and Petermann [4] in 
1952-1953 as a group of infinitesimal transformations related to a finite arbitrari- 
ness arising in the elements of the scattering S'-matrix upon elimination of the 
UV divergences. This arbitrariness can be fixed by means of certain parameters 
c,: 



“. . . we must expect that a group of infinitesimal operators 
Pj = {d/dci)c=o, exists, satisfying 



Pj5 = hi{m,e)dS{m,e, . . -)/de , 



admitting thus a renormalization of e.” 

These authors introduced the normalization group generated (as a Lie group) 
by the infinitesimal operators Pj connected with renormalization of the coupling 
constant e. 

In the following year, on the basis of Dyson’s transformations written in the 
regularized form, Gell-Mann and Low [3] derived functional equations for QED 
propagators in the UV limit. For example, for the renormalized transverse part 
d of the photon propagator they obtained an equation of the form 






el = e\dc{\^ Irn^ ,e\) , 



( 1 ) 



where A is the cutoff momentum and 63 is the physical electron charge. The 
appendix to this article contains the general solution (obtained by T.D.Lee) 
of this functional equation for the photon amplitude d{x,e^) written in two 
equivalent forms: 



e^d 

e^d{x,e‘^)=F{xF-^{e'^)) , \nx = j ^ , 



( 2 ) 



, _ dje^d) 
’ d\n 



with 



at a; = 1 . 
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A qualitative analysis of the behaviour of the electromagnetic interaction at 
small distances was carried out with the aid of (2). Two possibilities, namely, 
infinite and finite charge renormalizations were pointed out: 

Our conclusion is that the shape of the charge distribution surround- 
ing a test charge in the vacuum does not, at small distances, depend on 
the coupling constant except through the scale factor. The behavior of 
the propagator functions for large momenta is related to the magnitude 
of the renormalization constants in the theory. Thus it is shown that 
the unrenormalized coupling constant CqIAzUc, which appears in pertur- 
bation theory as a power series in the renormalized coupling constant 
ef/iTrhc with divergent coefficients, many behave either in two ways; 

It may really be infinite as perturbation theory indicates; 

It may be a finite number independent of e^/iTrhc. 

Note, that the latter possibility corresponds to the case when ip vanishes 
at a finite point: V’(ctoo) = 0- Here, aoo is known now as a fixed point of the 
renormalization group transformations. 

The paper [3] paid no attention to the group character of the analysis and the 
results obtained there. The authors failed to establish a connection between their 
results and the standard perturbation theory and did not discuss the possibility 
that a ghost pole might exist. 

The final step was taken by Bogoliubov and Shirkov [6,12] - see also the 
survey [7] published in English in 1956. Using the group properties of finite 
Dyson transformations for the coupling constant and the fields, these authors 
derived functional group equations for the propagators and vertices in QED 
in the general case (that is, with the electron mass taken into account). For 
example, the equation for the transverse amplitude of the photon propagator 
and electron propagator amplitude were obtained in the form 

d{x,y;e'^) = d{t,y;e‘^)d(j,^;e‘^d{t,y;e^)) , 

/■f jf \ 3) 

s(x, y; e^) = s{t, y; e^)s e^d(t, y; e^) j , 

in which the dependence not only on momentum transfer x = /p^ (where p 

is a certain normalizing scale factor), but also on the mass variable y = m? / p^ 
is taken into account. 

As can be seen, the product e^d of electron charge squared and photon prop- 
agator amplitude enters in both functional equations. This product is invariant 
with respect to Dyson transformation. We called this function - invariant charge. 

In the modern notation, the first equation (which in the massless case y = 0 
is equivalent to (1)) is an equation for the invariant charge (now widely known 
as an effective or running coupling) d = ad{x,y\ a = e^): 

d{x,y;a) = d{x!t,y/t;d{t,y;a)) . (4) 

Let us emphasize that, unlike in the Ref. [3] approach, in our case there are 
no simplifications due to the massless nature of the UV asymptotics. Here the 
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homogeneity of the transfer momentum scale is violated explicitly by the mass 
m. Nevertheless, the symmetry (even though a bit more complex one) underlying 
the renormalization group, as before, can be stated as an exact symmetry of the 
solutions of the quantum field problem - see eq. (11) below. This is what we 
mean when using the term Bogoliubov’s renormalization group or renorm-group 
for short. 

The differential group equations (DGEs) for a and for the electron propaga- 
tor; 






with 



n, ^ da{^,y;a) , ds{^,y;a) ^ i 

. 7(2/, a) = H7 at 4 - 1 . 









( 5 ) 

( 6 ) 



were first derived in [6] by diflFerentiating the functional equations. In this way an 
explicit realization of the DGEs mentioned in the citation from [4] was obtained. 
These results established a conceptual link with the Stueckelberg-Petermann 
and Gell-Mann - Low approaches. 



1.4 Creation of the RG method 

Another important achievement of paper [6] consisted in formulating a simple 
algorithm for improving an approximate perturbative solution by combining it 
with the Lie differential equations (modern notation is used in this quotation 
from [6]): 

Formulae (5) show that to obtain expressions for a and s valid for all 
values of their arguments one has only to define d(^, y, a) and s(^, y, a) 
in the vicinity of ^ = 1. This can be done by means of the usual pertur- 
bation theory. 



In our adjacent publication [12] this algorithm was effectively used to analyse 
the UV and infrared (IR) asymptotic behaviour in QED. The one-loop and two- 
loop UV asymptotics 

a) = a^R^ix, 0, a) = - (7) 



i_^ina:+Mln(l-^lnx) 
of the photon propagator as well as the IR asymptotics 

s{x,y,a) « [x/y - l)-W2- = {p^m^ - 1)-^“/^ 



( 8 ) 



of the electron propagator in transverse gauge were obtained. At that time these 
expressions had already been known only at the one-loop level. It should be 
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noted that in the mid 50s the problem of the UV behaviour in local QFT was 
quite urgent. As it has been mentioned already a substantial progress in the 
analysis of QED at small distances was made by Landau and his collaborators [1]. 
However, Landau’s approach did not provide a prescription for constructing 
subsequent approximations. 

An answer to this question was found only within the new renorm-group 
method. The simplest UV asymptotics of QED propagators obtained in our pa- 
per [12], for example, expression (7), agreed precisely with the results of Landau’s 
group. 

Within the RG approach these results can be obtained in just a few lines of 
argumentation. To this end, the massless one-loop approximation 

/ \ /I 

a) = a -I- — £ -I- . . . , i = \n.x 

OTT 

of perturbation theory should be substituted into the right-hand side of the first 
equation in (6) to compute the generator ,3(0, a) = ip{a) = a^/Sir, followed by 
an elementary integration of the first of Eqs.(5). 

Moreover, starting from the two-loop expression dpy^(a;, ; a) containing the 
a^£/47T^ term we arrive at the second renormalization group approximation (8) 
performing summation of the next-to-leading UV logs. Comparing solution (8) 
with (7) one can conclude that two-loop correction is extremely essential just in 
the vicinity of the ghost pole singularity at xi = exp (Stt/o). This demonstrates 
that the RG method is a regular procedure, within which it is quite easy to 
estimate the range of applicability of the results. 

The second order renorm-group solution (8) for the invariant coupling first 
obtained in [12] contains the nontrivial log-of-log dependence which is now 
widely known of the two-loop approximation for the running coupling in quan- 
tum chromodynamics (QCD). 

Quite soon [13] this approach was formulated for the case of QFT with two 
coupling constants g and h, namely, for a model of pion-nucleon interactions with 
self-interaction of pions. To the system of functional equations for two invariant 
couplings 



5^ j,g‘^(t,y;g‘^,h),h{t,y,g^,h)'j , 

h {x,y,g^,h) = h (t,y,g^,h) ,h {t,y;g^,h)'j 

there corresponds a coupled system of nonlinear differential equations. It was 
analysed [14] in one-loop appriximation to carry out the UV analysis of the 
renormalizable model of pion-nucleon interaction. 

In Refs. [6,12,13] and [14] the RG was thus directly connected with practical 
computations of the UV and IR asymptotics. Since then this technique, known 
as the renormalization group method (RGM), has become the sole means of 
asymptotic analysis in local QFT. 




164 Dmitrij V. Shirkov 

1.5 Other early RG applications 

Another important general theoretical application of the RG method was made 
in the summer of 1955 in connection with the (then topical) so-called ghost pole 
problem. This effect, first discovered in quantum electrodynamics [8,15], was at 
first thought [15] to indicate a possible difficulty in QED, and then [9,16] as a 
proof of the inconsistency of the whole local QFT. 

However, the RG analysis of the problem carried out in [10] on the basis 
of massless solution (2) demonstrated that no conclusion obtained with the aid 
of finite-order computations within perturbation theory can be regarded as a 
complete proof. This corresponds precisely to the impression, one can get when 
comparing (7) and (8). In the mid 50s this result was very significant, for it 
restored the reputation of local QFT. Nevertheless, in the course of the following 
decade the applicability of QFT in elementary particle physics remained doubtful 
in the eyes of many theoreticians. 

In the general case of arbitrary covariant gauge the renormalization group 
analysis in QED was carried out in [17]. Here, the point was that the charge 
renormalization is connected only with the transverse part of the photon propa- 
gator. Therefore, under nontransverse (for example, Feynman) gauge the Dyson 
transformation has a more complex form. This issue has been resolved by con- 
sidering the treating the gauge parameter as another coupling constant. 

Ovsyannikov [18] found the general solution to the functional RG equations 
taking mass into account: 

^y,a) = ${ylx,a{x,y;a)) 

in terms of an arbitrary function # of two arguments, reversible in its second 
argument. To solve the equations, he used the differential group equations repre- 
sented as linear partial differential equations of the form (which are now widely 
known as the Callan — Symanzik equations): 

The results of this “period of pioneers” were collected in the chapter “Renor- 
malization group” in the monograph [19], the first edition of which appeared 
in 1957 (shortly after that translated into English and French [20]) and very 
quickly acquired the status of the “QFT folklore” . 

2 Further Bogoliubov’s RG Development 

2.1 Quantum field theory 

The next decade and a half brought a calm period, during which there was 
practically no substantial progress in the renorm-group method. 

1. New possibilities for applying the RG method were discovered when the 
technique of operator expansion at small distances (on the light cone) appeared 
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[21], The idea of this approach stems from the fact that the RG transform, 
regarded as a Dyson transformation of the renormalized vertex function, involves 
the simultaneous scaling of all its invariant arguments (normally, the squares 
of the momenta) of this function. The expansion on the light cone, so to say, 
“separates the arguments” , as a result of which it becomes possible to study the 
physical UV asymptotic behaviour by means of the expansion coefficients (when 
some momenta are fixed on the mass shell). As an important example we can 
mention the evolution eqnations for moments of QCD structure functions [22]. 

2. In the early 70ies S. Weinberg [23] proposed the notion of the running 
mass of a fermion. If considered from the viewpoint of [17], this idea can be 
formulated as follows: 

any parameter of the Lagrangian can be treated as a (generalized) coupling 
constant, and its effective counterpart should be included into the renorm-group 
formalism. 

However, the results obtained in the framework of this approach turned out 
to be, practically, the same as before. For example, the most familiar expression 
for the fermion running mass 

m(x,a) = ) , 



in which the leading UV logarithms are summed, was known for the electron 
mass in QED (with n = 9/4) since the mid 50s (see [1], [12]). 

3. The end of the calm period can be marked well enough by the year 1971, 
when the renormalization group method was applied in the quantum theory of 
non- Abelian gauge fields, in which the famous effect of asymptotic freedom has 
been discovered [24]. 

The one-loop renorm-group expression 



a^(a;;as) 



as 

1 -I- asPi In a: ’ 



for the QCD effective coupling exhibits a remarkable UV asymptotic be- 
havionr thanks to /?i being positive. This expression implies, in contrast to 
Eq.(7), that the effective QCD coupling decreases as x increases and tends to 
zero in the UV limit. This discovery, which has become technically possible only 
becanse of the RG method use, is the most important physical result obtained 
with the aid of the renorm-group approach in particle physics. 

4. One more interesting application of the RG method in the multicoupling 
case, ascending back in 50ies [14], refers to special solutions, so called separatrices 
in a phase space of several invariant couplings. These solutions relate effective 
couplings and represent a scale invariant trajectories, like, e.g., gi = 9i{gi) in 
the phase space which are straight lines at the one-loop case. 

Some of them, that are “attractive” (or stable) in the UV limit, are related 
to symmetries that reveal themselves in the high-energy domain. It has been 
conjectured that these trajectories may be connected to hidden symmetries of a 
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Lagrangian and even could serve as a tool to find them. On this basis the method 
has been developed [25] for finding out these symmetries. It was shown that in 
the phase space of the invariant charges the internal symmetry corresponds to a 
singular solution that remain straight-line when taking into account the higher 
order corrections. Such solutions corresponding to supersymmetry have been 
found for some combinations of Yukawa and quartic interactions. 

Generally, these singular solutions obey the relations 

dgi dg\ ^ In 3; 

dt dgi dt ’ 

which are known since Zimmermann’s paper [26] as the reduction equations. In 
the SOies they have been used [27] (see also review paper [28] and references 
therein) in the UV analyzis of asymptotically free models. Just for these cases 
the one-loop reduction relations are adequate to physics. 

Quite recently some other application of this technique has been found in a 
supersymmetrical generalizations of Grand Unification scenario in the Standard 
Model. It has been shown [29-31] that it is possible to achieve complete UV 
finiteness of a theory if Yukawa couplings are related to the gauge ones in a way 
corresponding to these special solutions, that is to reduction relations. 

5. A general method of approximate solution of the massive RG equations 
has been developed [32]. Analytic expressions of high level of accuracy for an 
effective coupling and one-argument function have been obtained up to four- 
and three-loop order [33]. For example, the two-loop massive expression for the 
invariant coupling 

as((5^m^)rg,2 = 

as In (l -I- Q:sAl((5^m^)) | 

at small a* values corresponds to adequate perturbation expansion 

ds(Q )pert,2 = flfli 

as{l-asAi{Q^,m'^)+a‘lAl{Q^,m'^)-alA2{Q^,m'^) + ...} . 

At the same time, it smoothly interpolates between two massless limits (with 
A( ~ pt In -t- C() at and described by equation analogous 

to Eq.(8). In the latter case it can be represented in the form usual for the QCD 
practice: 



a, ^ (Q V^^)rg,2 -)■ ^1 |ln ^ -k 61 In ^In | = ^ ■ 

The solution (9) demonstrate, in particular, that the threshold crossing gen- 
erally changes the subtraction scheme [34]. 

Our investigation [32,33,35] was prompted by the problem of explicitly taking 
into account heavy quark masses in QCD. However, the results obtained are 
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important from a more general point of view for a discussion of the scheme 
dependence problem in QFT. The method used could also be of interest for 
RG applications in other fields within the situation with disturbed homogeneity, 
such as, e.g., intermediate asymptotics in hydrodynamics, finite-size scaling in 
critical phenomena and the excluded volume problem in polymer theory. 

In the paper [35] this method was used for the effective couplings evolution 
in Standard Model (SM). Here, new analytic solution of a coupled system of 
three mass-dependent two-loop RG evolution equations for three SM invariant 
gauge couplings has been obtained. 

6. One more recent QFT development relevant to renorm-group is the Ana- 
lytic approach to perturbative QCD (pQCD). It is based upon the procedure of 
Invariant Analytization [36] ascending to the end of 50ies. 

The approach consists in a combining of two ideas: the RG summation of 
leading UV logs with analyticity in the variable, imposed by spectral rep- 
resentation of the Kallen-Lehmann type which implements general properties 
of local QFT including the Bogoliubov condition of microscopic causality. This 
combination was first devised [38] to get rid of the ghost pole in QED about 
forty years ago. 

Here, the pQCD invariant coupling ds(Q^) is transformed into an “analytic 
coupling” aan(<5^/7l^) = A{x), which, by constuction, is free of ghost singulari- 
ties due to incorporating some nonperturbative structures. 

This analytic coupling >t(a;) has no unphysical singularities in the complex 
<5^-plane; its conventional perturbative expansion precisely coincides with the 
usual perturbation one for ; it has no extra parameters; it obeys an uni- 

versal IR limiting value ^(0) = 47r//3o that is independent of the scale parameter 
A; it turns out to be remarkably stable with respect to higher loop corrections 
and, in turn, to scheme dependence. 

Meanwhile, the “analytized” perturbation expansion [39] for an observable 
F, in contrast with the usual case, may contain specific functions An{x), in- 
stead of powers {A{x))”' . In other words, the pertubation series for F{x), due 
to analyticity imperative, may change its form [40] turning into an asymptotic 
expansion a la Erdelyi over a nonpower set {-4n(a;)} . 



2.2 Ways of the RG expanding 

As is known, in the early 70ies Wilson [41] succeeded in transplanting the RG 
philosophy from relativistic QFT to a quite another branch of modern theoretical 
physics, namely, the theory of phase transitions in spin lattice systems. This new 
version of the RG was based on Kadanoff ’s idea[42] of joninig in “blocks” of few 
neighbouring spins with appropriate change (renormalization) of the coupling 
constant. 

To realize this idea, it is necessary to average spins in each block. This opera- 
tion reducing the number of degrees of freedom and simplifying the system under 
consideration, preserves all its long-range properties under a suitable renormal- 
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ization of the coupling constant. Along with this, the above procedure gives rise 
to a new theoretical model of the original physical system. 

In order that the system obtained by averaging be similar to the original one, 
one must also discard those terms of a new effective Hamiltonian which turns 
out to be irrelevant in the description of infrared properties. As a result of this 
Kadanoff-Wilson decimation, we arrive at a new model system characterized 
by new values of the elementary scale (spacing between blocks) and coupling 
constant (of blocks interaction). By iterating this operation, one can construct 
a discrete ordered set of models. Prom the physical point of view the passage 
from one model to some other one is an irreversible approximate procedure. Two 
passages of that sort applied in sequence should be equivalent to one, which gives 
rise to a group structure in the set of transitions between models. However, in 
this case the RG is an approximative and is realized as a semigroup. 

This construction, obviously in no way connected with UV properties, was 
much clearer from the general physical point of view and could therefore be 
readily understood by many theoreticians. Because of this, in the seventies the 
RG concept and its algorithmic structure were successfully carried over to di- 
verse branches of theoretical physics such as polymer physics [43], the theory of 
noncoherent transfer [44], and so on. 

Apart from constructions analogous to that of Kadanoff-Wilson, in a number 
of cases the connection with the original quantum field renorm-group was estab- 
lished. This has been done with help of the functional integral representation. 
For example, the classic Kolmogorov-type turbulence problem was connected 
with the RG approach by the following steps [45]: 

1. Define the generating functional for correlation functions. 

2. Write for this functional the path integral representation. 

3. By a change of functional integration variable establish an equivalence of the 
given classical statistical system with some QFT model. 

4. Construct the Schwinger-Dyson equations for this equivalent QFT. 

5. Use the Feynman diagram technique and perform a finite renormalization. 

6. Write down the standard RG equations and use them to find fixed point and 
scaling behavior. 

The physics of renormalization transformation in the turbulence problem is re- 
lated to a change of UV cutoff in the wave-number variable. 

Hence, in different branches of physics the RG evolved in two directions: 

• The construction of a set of models for the physical problem at hand by 
direct analogy with the Kadanoff-Wilson approach (by averaging over cer- 
tain degrees of freedom) — in polymer physics, noncoherent transfer theory, 
percolation theory, and others; 

• The search for an exact RG symmetry directly or by proving its equivalence 
to some QFT: for example, in turbulence theory [45,46] and turbulence in 
plasma [48]. 

What is the nature of the symmetry underlying the renormalization group? 
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a) In QFT the renorm-group symmetry is an exact symmetry of a solution 
described in terms of the notions of the equation (s) and some boundary 
condition(s). 

b) In turbulence and some other branches of physics it is a symmetry of a 
solution of an equivalent QFT model. 

c) In spin lattice theory, polymer theory, noncoherent transfer theory, perco- 
lation theory, and so on (in which the Kadanoff-Wilson blocking concept 
is used) the RG transformation involves transitions inside a set of auxiliary 
models (constucted especially for this purpose). To formulate RG, one should 
define an ordered set M of models M*. The RG transformation connecting 
various models has the form R{n)Mi = M„j . Here, the symmetry can be 
formulated only in the terms of whole set M . 

There is also a purely mathematical difference between the aforesaid RG 
realizations. In QFT the RG is a continuous symmetry group. On the contrary, in 
the theory of critical phenomena, polymers, and other cases (when an averaging 
operation is necessary) we have an approximate discrete semigroup. It must be 
pointed out that in dynamical chaos theory, in which RG ideas and terminology 
can sometimes be applied too, functional iterations do not constitute a group 
at all, in general. An entirely different terminology is sometimes adopted in 
the above-mentioned domains of theoretical physics. Terms like “the real-space 
RG”, “the Wilson RG”, “the Monte-Carlo RG”, or “the chaos RG” are in use. 

Nevertheless, the affirmative answer to the question “Are there distinct renor- 
malization groups?” implies no more than what has just been said about the 
differences between cases a) and b) on the one hand and c) on the other. 

For this reason, we shall use notation of the "Bogoliubov Renormalization 
Group” for the exact Lie group, as it emerged from the QFT original papers 
[4,6,7] (see also chapter “Renormalization Group” in the monograph [19,20]) of 
mid-fifties. This is to make clear distinction between exact group and the Wilson 
construction for which the term “Renormalization Group” is widely used in the 
current literature. 



2.3 Functional self-similarity 

An attempt to analyse the relationship between these formulations on a simple 
common basis was undertaken about fifteen years ago [49]. In this paper (see 
also our surveys [50-52]) it was demonstrated that all the above-mentioned 
realizations of the RG could be considered in a unified manner by using only 
some common notions of mathematical physics. 

In the general case it proves convenient to discuss the symmetry underlying 
the renorm— group with the aid of a continuous one— parameter transformation 
of two variables x and g 

Rt : {x x' - xjt, g ^ g' = g{t,g)} . (11) 

Here, x is the basic variable subject to a scaling transformation, while p is a 
physical quantity undergoing a more complicated functional transformation. To 
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form a group, the transform Rt must satisfy the composition law 

RtRr — RtT 1 

which yields the functional equation for g: 

9{x,9) = g{xlt,g{t,g)) . (12) 

This equation has the same form as the functional equation (4) for the effective 
coupling in QFT in the massless case, that is, at ?/ = 0. It is therefore clear that 
the contents of RG equation can be reduced to the group composition law. 

In physical problems the second argument g of the transformation usually is 
related to the boundary value of a solution of the problem under investigation. 
This means that the symmetry underlying the RG approach is a symmetry of 
a solution (not of equation) describing the physical system at hand, involving a 
transformation of the parameters entering the boundary conditions. 

Therefore, in the simplest case the renorm-group can be defined as a continu- 
ous one-parameter group of transformations of a solution of a problem fixed by a 
boundary condition. The RG transformation affects the parameters of a bound- 
ary condition and corresponds to changing the way in which this condition is 
introduced for one and the same solution. 

Special cases of such transformations have been known for a long time. If we 
assume that F = g is a factored function of its arguments, then from Eq.(12) 
it follows that F{z, f) = with k being a number. In this particular case the 
group transform takes the form 

Ft :{ z ^ z' = z/t , / ^ } , 

which is known in mathematical physics long since as a power self- similarity 
transformation. More general case Rt with functional transformation law (11) 
can be characterized [49] as a functional self-similarity (FSS) transformation. 



2.4 Recent application in mathematical physics 

We can now answer the question concerning the physical meaning of the symme- 
try that underlies FSS and the Bogoliubov renorm-group. As we have already 
mentioned, it is not a symmetry of the physical system or the equations of the 
problem at hand, but a symmetry of a solution considered as a function of the 
essential physical variables and suitable boundary conditions. A symmetry like 
that can be related, in particular, to the invariance of a physical quantity de- 
scribed by this solution with respect to the way in which the boundary conditions 
are imposed. The changing of this way constitutes a group operation in the sense 
that the group property can be considered as the transitivity property of such 
changes. 

Homogeneity is an important feature of the physical systems under consid- 
eration. However, homogeneity can be violated in a discrete manner. Imagine 
that such a discrete inhomogeneity is connected with a certain value of x , say. 
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X = y. In this case the RG transformation with canonical parameter t will have 
the form: 

Rt : {x' = x/t, y' = y/t, g' = g{t,y,g) } . (13) 

The group composition law yields precisely the functional equation (4). 

The symmetry connected with FSS is a very simple and frequently encoun- 
tered property of physical phenomena. It can easily be “discovered” in various 
problems of theoretical physics: in classical mechanics, transfer theory, classical 
hydrodynamics, and so on [51-54]. 

Recently, some interesting attempts have been made to use the RG con- 
cept in classical mathematical physics, in particular, to study strong nonlinear 
regimes and to investigate asymptotic behavior of physical systems described by 
nonlinear partial differential equations (DEs). 

About a decade ago the RG ideas were applied by late Veniamin Pustovalov 
with co-authors [56] to analyze a problem of generating of higher harmonics 
in plasma. This problem, after some simplification, was reduced to a couple of 
partial DEs with the boundary parameter - solution “characteristic” - explic- 
itly included. It was proved that these DEs admit an exact symmetry group, 
that takes into account transformations of this boundary parameter, which is 
related to the amplitude of the magnetic field at a critical density point. The so- 
lution symmetry obtained was then used to evaluate the efficiency of harmonics 
generation in cold and hot plasma. The advantageous use of the RG-approach 
in solving the above particular problem gave promise that it may work in other 
cases and this was illustrated in [57] by a series of examples for various boundary 
value problems. 

Moreover, in Refs. [51,57] the possibility of devising a regular method for 
finding a special class of symmetries of the equations in mathematical physics, 
namely, RG-type symmetries, was discussed. The latter are defined as solution 
symmetries with respect to transformations involving parameters that enter into 
the solutions through the equations as well as through the boundary conditions 
in addition to (or even rather than) the natural variables of the problem present 
in the equations. 

As it is well known, the aim of modern group analysis [58,59], which goes 
back to works of Sophus Lie [60], is to find symmetries of DEs. This approach 
does not include a similar problem of studying the symmetries of solutions of 
these equations. Beside the main direction of both the classical and modern 
analysis, there also remains the study of solution symmetries with respect to 
transformations involving not only the variables present in the equations, but 
also parameters entering into the solutions from boundary conditions. 

From the aforesaid it is clear that the symmetries which attracted attention in 
the 50s in connection with the discovery of the RG in QFT were those involving 
the parameters of the system in the group transformations. It is natural to refer 
to these symmetries related to FSS as the RG-type symmetries. 

It should be noted that the procedure of revealing the RG symmetry (RGS), 
or some group feature, similar to RG regularity, in any partial case (QFT, spin 
lattice, polymers, turbulence and so on) up to now is not a regular one. In 
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practice, it needs some imagination and atypical manipulation “invented” for 
every particular case — see discussion in [61]. By this reason, the possibility to 
find a regular approach to constructing RGS is of principal interest. 

Recently a possible scheme of this kind was presented in application to math- 
ematical model of physical system that is described by DEs. The leading idea 
[54,57,62] in this case is based on the fact that solution symmetry for such sys- 
tem can be found in a regular manner by using the well-developed methods 
of modern group analysis. The scheme that describes devising of RGS is then 
formulated [63] as follows. 

Firstly, a specific RG-manifold should be constructed. Secondly, some auxil- 
iary symmetry, i.e., the most general symmetry group admitted by this manifold 
is to be found. Thirdly, this symmetry should be restricted on a particular solu- 
tion to get the RGS. Fourthly, the RGS allows one to improve an approximate 
solution or, in some cases, to get an exact solution. 

Depending on both a mathematical model and boundary conditions, the first 
step of this procedure can be realized in different ways. In some cases, the desired 
RG-manifold is obtained by including parameters, entering into a solution via 
equation(s) and boundary condition, in the list of independent variables. The 
extension of the space of variables involved in group transformations, e.g., by 
taking into account the dependence of coordinates of renorm-group operator 
upon differential and/or non-local variables (which leads to the Lie-Backlund 
and non-local transformation groups [59]) can also be used for constructing the 
RG-manifold. The use of the Ambartsumian’s invariant embedding method [64] 
and of differential constraints sometimes allows reformulations of a boundary 
condition in a form of additional DE(s) and enables one to construct the RG- 
manifold as a combination of original equations and embedding equations (or 
differential constraints) which are compatible with these equations. At last, of 
particular interest is the perturbation method of constructing the RG-manifold 
which is based on the presence of a small parameter. 

The second step, the calculating of a most general group Q admitted by 
the RG-manifold, is a standard procedure in the group analysis and has been 
described in detail in many texts and monographs - see, for example, [58,65,66]. 

The symmetry group Q thus constructed can not as yet be referred to as 
a renorm-group. In order to obtain this, the next, third step should be done 
which consists in restricting 5 on a solution of a boundary value problem. This 
procedure utilizes the invariance condition and mathematically appears as a 
“combining” of different coordinates of group generators admitted by the RG- 
manifold. 

The final step, i.e., constructing analytic expression for solution of boundary 
value problem on the basis of the RGS, usually presents no specific problems. A 
review of results, that were obtained on the basis of the formulated scheme can 
be found, for example, in [63,67,68]. 

Up to now the described regular method is feasible for systems that can 
be described by DEs and is based on the formalism of modern group analysis. 
However, it seems also possible to extend our approach on physical systems 
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that are not described just by differential equations. A chance of such extension 
is based on recent advances in group analysis of systems of integro-differential 
equations [69,70] that allow transformations of both dynamical variables and 
functionals of a solution to be formulated [71]. More intriguing is the issue of 
a possibility of constructing a regular approach for more complicated systems, 
in particular to that ones having an infinite number of degrees of freedom. The 
formers can be represented in a compact form by functional (or path) integrals. 
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Abstract. It is reviewed how supersymmetry and BRS invariance can be established 
to all orders of perturbation theory without involving a specific subtraction scheme. 
The same algebraic technique can also be applied to the electroweak standard model 
and brings to light which postulates uniquely determine its structure. 



1 Introduction 

The year 1975 represents a landmark in renormalization theory. In that year the 
normal product algorithm originally developped by Zimmermann [1] for mas- 
sive theories had been generalized by him and Lowenstein to include massless 
fields [2,3]. This opened the way to treat non-abelian gauge theories in a rigorous 
fashion, in fact independent of a specific renormalization scheme once the math- 
ematical existence of Green functions was ensured. This had been demonstrated 
by Becchi, Rouet and Stora in the same year [4]. Using the idea of Piguet that 
a symmetry, more precisely a Ward identity, should characterize a model and 
not a Lagrangian^ [5], they based their reasoning on the action principle [6] and 
consistency conditions which had been formulated before by Wess and Zumino 
in the context of effective theories [7] . So within one year an extremely powerful 
machinery was built up and called for its application. And the subject for appli- 
cation also waited around the corner: supersymmetry had just been discovered 
[8], a few papers on its renormalization had been written, but it became clear 
very soon that for supersymmetric Yang-Mills-theory an invariant regularization 
did not exist hence the recourse to the algebraic technique of BRS was unavoid- 
able and the existence of normal products also in massless theories established 
at the right moment. 

In the present note I would like to describe the program of renormalizing 
supersymmetric theories in this spirit and then go on to the electroweak standard 
model, where the same technique can be applied so fruitfully. My point of view 
will be purely subjective: I shall tell the story how I witnessed it. 

2 Elements of supersymmetry 

Central in supersymmetry is the algebra of its generators 

{Qa,<5d} (1) 

^ “A Lagrangian is an opinion.” (Becchi); or: "... a letter of intent.” (Seiler) 
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{QcnQff} — 0 — {QaiQp} ■ ( 2 ) 

Here Qa is a spinorial charge, hence transforms under Lorentz-transformations 
according to 

ixv 1 Q a] — ~ 2^ Q P ■ (3) 

Q ■= (QV is its conjugate and we work in Weyl basis, i.e. the range of the indices 
a, d, ... is 1 and 2. 



^ (7^ = {11, -or*} 

^ (o’fiCTi, — cr^cr^) cr' : Pauli matrices i ’ 

Pfi is the generator of translations. Linear representations of supersymmetry 
on fields, superfields, are to be obtained from the group action. If G{a,^,^) = 
gj(o''P„+? Q„+€,v (3 ) jg g]-oyp element it operates on a second one according to 



0 G{x, 6, 0) = G(x + a + i^a6 - iOa^, 6 + ^,9 + ^) 
and thus gives rise to an infinitesimal motion described by 

d 



S„ = 



d6<^ 






It furnishes a linear representation via 



( 5 ) 

( 6 ) 



i\Qcc,^{x,e,9)] = 

Covariant derivatives are defined by 



Da 



90“ ““ dxf^ ’ 



( 7 ) 

( 8 ) 



meaning that are superfields if <P is a superfield. They permit to 

impose covariant constraints 



DaA = 0 A chiral 

Da A = 0 A antichiral 

DD€> = 0 ^ linear 

DD<P = 0 linear 
$ = d? ^ real 



A. = ^/6_ + 6%Ij_ + e^F 
A^^^ + ei> + 6‘^F 



^ = C +_0y + 9x +j9^M 
+ y'^M + 9a>^9v^, + ^P9X 
+ \9‘^e\ + \9'^9'^D 



( 9 ) 



Invariant actions can be formed out of the highest 0-components of superfields 
because they transform as total derivatives. I.e. /d^a: ( )f^d is invariant. One 
can covariantly project onto them by: 




d^a: DD chiral measure 

d^a: DD antichiral measure 

d^a: DDDD vector measure 



(10) 
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One goes on building invariant actions by observing that sums and products 
of one type of superfield are superfields of the same type. The most notable 
examples are: 

Chiral model (Wess-Zumino model) 

= is/ dV A(x, 0)) 9 )) 

-i/dS {^A^{x,6) + -^A^{x,6))+c.c. 

f - _ 

= / + ^'ipiadip + FF) 

+ / d^i + C.C.) 

Supersymmetric QED (SQED) 



Te, = j^/dV (^DDDD - ^{DD, DD} + 8M^) ^ 

+ ^ /dV (A+e9^A+ + A_e-2*i_) - f /dS A+ A_ + c.c. 

= jd^x - d^d^) - u " ( 12 ) 

+ J d“^x + 'ip±ilf) i>± + m...4+F_ - ^tp+tp^ 

+ + c.c.) 

Supersymmetric Yang-Mills (SYM) 

Fei = - dS DD (e"^D“e'^) FF (e-^F^e^^) + c.c. 

+ i /dVAe^“^'‘A + JdSXijkAiAjAk+c.c. 

= -^Tr jd^xF^''F^, + ... (13) 

4- / d"^! +... 

+ J (— -I- . . .) 

with s F“^r“ and Fg®*-uge covariant derivatives. 



3 Renormalization 

The aim of renormalization is to construct finite Green functions to all orders of 
perturbation theory such that relevant symmetries are maintained and axioms 
can be proved. If the S-matrix exists it should be Lorentz invariant, unitary and 
causal. 
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3.1 Supersymmetry 



Green functions are constructed with the help of the Gell-Mann-Low formula, 
amended by a subtraction scheme, rendering the diagrams finite. Since - as we 
shall indicate below - for massless vector superfields there arises an infrared 
problem already off-shell, we assume for the time being all fields to be massive. 
As subtraction scheme one may think of Zimmermann normal products suit- 
ably generalized to superspace [9]. Our reasoning will not depend essentially on 
this ingredient. On the classical level supersymmetry can be expressed by Ward 
identities (WI). 

hL„rci=0, Wjrci=0, (14) 

with 

Wa = -i 1^ dzSa^— , Wa = -if dzSa^-^ (15) 



and Tci being the classical action. It is important that Sa<j> is linear in the fields, 
(dz denotes the appropriate measure.) The Ward identity operators satisfy an 
algebra: 



{W^,W0}= 0 = {Wa,W^} 



(16) 



i.e. take over to the level of functionals the role of the charges Qa- Perturbation 
theory consists in the loopwise expansion 



r = Pel -b -b ^ 



(17) 



of the generating functional F of one-particle-irreducible Green functions whose 
zeroth approximation can be identified with the classical action. F is translation 
invariant 

W^F = 0, (18) 

whereas for supersymmetry we only know from the action principle [6] that 



W^F = A^-F, W^F = A^F (19) 

with Aa, Aa being local insertions. The algebra (16) now leads to consistency 
conditions for these insertions. They have to satisfy 



WUA^-F) + W^,{A^-F)=0 

W^{A0-F) + W0iA^-F)=O ( 20 ) 

W^iA^-F) + W^{A^.F) = 0. 

Eqns. (19) and (20) should actually hold even outside of perturbation theory, 
but within perturbation theory we can make use of the fact that for every local 
insertion 



A- F = A + o{hA) 



(21) 
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where the first term on the right hand side denotes the trivial contribution in 
terras of diagrams whereas the second stands for all contributions having at least 
one loop. The consistency conditions reduce in lowest oder to 

- 0 

+ WgAc, = 0 ( 22 ) 

W^Ag + W^A^ = 0, 

i.e. an algebraic problem for classical integrated field monomials! Its solution is 
given by a 

Theorem: 

= = (23) 

i.e. algebraically there is no anomaly for iV = 1 supersymmetry [10]. 

Remarks: 

1. As fields <f> are admitted: chiral, antichiral, vector. 

2. The off-shell IR problem has been avoided by assuming masses for vector 
fields. 

3. Spontaneous breaking of susy (i.e. shifts in W^) are permitted. 

The theorem implies that susy can be restored if A can be absorbed in T as a 
counterterm. This is always possible as far as UV power counting is concerned; 
it may be forbidden if its IR dimension is too low. An example is provided by 
the O’Raifeartaigh model: 

Ai = Ain + + ^AiA2 + j^AdAX) + c.c.^ (24) 

A, m, g are real; the model being defined by parity, I : Aq ^ Aq, ^ 1,2 -t -^i, 2 i 
R-symmetry: SrA = i(n + 6dg)A, n{Ao) = n{A 2 ) = —2, n[A\) = 0. 

Susy turns out to be spontaneously broken: the multiplet Aq is massless, it 
contains the Goldstone spinor; in multiplet Ai the spinor has mass m, the scalar 
resp. pseudoscalar components have mass^: mf ± \\g. 



Aq Aq 




In higher orders [4] 

Wc,r = [ d*x.Aio.yiQ + o(hu ) , 



( 25 ) 
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i.e. algebraically there is no obstruction, the breaking is the variation of a mass 
term but this term cannot be absorbed as counterterm because it could cause 
IR divergencies (see Fig. 1): IR anomaly. 



E + - X X X + 

Fig. 2. Sum over insertions 



There is a (somewhat formal) solution to this problem [12]: just perform 
the infinite sum over all such insertions to a given ^.4o..-4o-line (see Fig. 2). 
This should yield a nonzero, computable mass for the field The appropriate 
general setting has been formulated in [13] for purely scalar field models: admit 
a perturbation series as 



r= ^ \/F(ln/i)'‘(")r(”’*) . (26) 

n,fc(n) 

For the O’Raifeartaigh model it turned out that the expansion 

r= Y, (27) 

n,k{n) 

is realizable. Susy can then be strictly established: 

w^r = o Wc,r = o, ( 28 ) 

the propagator of the field has a pole (with computable position), this pole 
is invariant under the renormalization group [14], 



3.2 Abelian gauge symmetry 
The abelian gauge transformations read 



5^ = i{A - A) 



5A± = ^^igAA± 
5A± = ±.igAA± 



The classical action (12) is the solution of the local WI 



(29) 



^ + ( 30 ) 

and its conjugate, some normalization conditions having been imposed. The 
main problem for establishing higher order Green functions originates from the 
propagator: 



8i ef^ 
- M2 l6 



e-eiT02P £i2.p2 j 

*^(p2 -M2)(p2 _^M2) 



(T^^) = - 



(31) 
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(^12 = = (^1 - 62 ?{h - h?) 

For vanishing M, ^ 7^ 1 the propagator is no longer locally integrable at p = 0. In 
the abelian theory this problem can be circumvented. One constucts the massless 
theory at ^ = 1 which is stable and studies gauge parameter dependence in the 
massive version. For all quantities of physical interest the massless limit turns 
out to be controllable. The local WI (30) can be established to all orders. Like 
in ordinary QED it ensures unitarity (M 7^ 0) since it says that the longitudinal 
parts DD<P, DD$ of the vector field # are free. In the massless case the same is 
true, unitarity, of course, being only formal [15]. 



3.3 Non-abelian gauge symmetry 

The non-abelian gauge transformations of a vector multiplet transform 

e^ ^ e-‘^e^e*^' , 



(32) 



^ = ^“r“, A = yl“T“, A = 

r“ generates the fundamental representation of the simple gauge group G. The 
infinitesimal form of (32) reads 

60 = i(A- A) + ^ [0, A + A] + ^[0,[0,A-A]] + ... (33) 



and permits the transition to the BRS transformations 

= c+ - c+ -I- l[0,c+ -H c+] -h ^{0, [0,c+ - c+]] + ... 

= Qsm 



(34) 



(s for special). 

An important observation is that the requirement of nilpotency of the trans- 
formation law 

s'^0 = 0 (35) 

admits in s0 an arbitrary parameter 02, 

s0 = Qs{0)+a2{0,c+ -c+}' - ^[0,[0,c+ - c+]] 4- . . . . (36) 

The prime at the anticommutator indicates that trace terms are to be omitted. 
A closer analysis in fact reveals that at every order in the field 0 new parameters 
may appear. The reason simply is that every new vector field 

0 -7 ^{0) = 0 + a20^ + a^0^ + ... (37) 

is as good a dynamical variable as the old one. In 0 = C + 6x + ■ ■ ■ the com- 
ponent C has canonical dimension zero hence we have to expect generalized 
field amplitude renormalizations of the type (37) with 02, 03, . . . as parameters. 
What saves the theory and prevents a disaster is the fact that these infinitely 
many parameters are gauge parameters. (The components C, y, x, M, M are 
longitudinal components of the gauge vector superfield 0.) 
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Constructing Green functions proceeds in two steps: in step one vector fields 
are assumed to be massive, all desired WI’s are established modulo soft breaking 
terms; in step two the off-shell infrared problem is solved by singling out which 
quantities of physical interest really exist. 

For step one we impose the rigid WI, the gauge condition and the Slavnov- 
Taylor identity (ST) 



= 0 

sr , - - 

= ^DDB + \DDDD^ 



si- (F) ~ 0 . 

Here si- (F) is a F-bilinear functional 

which arises because one organizes the renormalization properties of non-linear 
field transformations in general by coupling them to external fields 



(38) 

(39) 

(40) 

(41) 



sr 



SC- = B 
oa 

In order to find consistency conditions one linearizes: 

5 sr S 



SC+ = -C+C+ — ^ — 

Sp 



(42) 



= Tr f(—— —— (— 

J y ^ ^ ^(7 



Sc+ Sc+Sa ^^Sc- 



+ matterj 

and finds the crucial relations 

^ r^{r) = 0 

si- r<i- r =0 



VF 

for F with ^ (F) = 0 . 



(43) 



(44) 

(45) 



They can be used to constrain the deviation from BRS invariance in higher 
orders 



=1- (F) = A- r = A + o{hA) (46) 

ti' rti- (F) = P- pA -|- o(^hA) 

0 (47) 

I.e. the local insertion A which in (46) was only restricted by power counting 
has to satisfy (47). Since furthermore 



Fi = 0 , 



(48) 
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one can utilize tl- to solve (47). Due to the vanishing dimension of ^ this is a 
fairly involved problem but it has been solved with the solution 



A + (49) 

^ = Tr jdS c+DDD^DDD0 ~ ^ c+DDD0DDD^ 

+o(4) . (50) 

The coefficient r is independent from all gauge parameters 

da^r = 0 (51) 



and has the value 



r = 



^ijk 



3-2127t 2 tf2 



rjY rjTirpjrJtk 



where T* generates the representation of the matter fields 



sA = -c\T^A 
sA = AT% . 



(52) 



(53) 



is a totally symmetric tensor of the group G (e.g. SU{n)) [16], One can in 
fact prove a 

Non- Renormalization Theorem [17]: 
r ^ 0 => r = 

I.e. if r is non-vanishing it starts with one loop. 

Crucial for step two, the solution of the off-shell IR problem, is the obser- 
vation that the redefinition (37) does not violate BRS invariance but rather 
redefines it. If we then perform the redefinition 

^ (1 -f (54) 



we shall also not violate BRS, but - of course - supersymmetry. In Tbu this field 
transformation means 

^{D + 2i?C -t UCf (55) 

and leads to the new propagator 



{TCC) = 



-i 

^ — (P -\-ie 



(56) 



which is IR regulated! Hence the parameter breaks supersymmetry softly, 
regulates IR-wise and is a gauge parameter like 02 , 0 , 3 , — The dependence of 
the theory on p? can be followed by letting it vary under BRS 



sp 



(57) 



like 



, 



( 58 ) 
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and Xk being Grassmann parameters. They contribute to the ST identity. 
Establishing the enlarged ST identity then means that Green functions of BRS 
invariant operators exist IR-wise because they are gauge parameter independent. 
On these quantities supersymmetry is linearly realized [18]. 

These results had been derived prior to 1985. They are complemented by a 
study of the currents of the theory which form an interesting structure under 
superconformal transformations. For a review see [19]. 

In order to facilitate the transition to non-supersymmetric theories Piguet 
and collaborators reformulated renormalized supersymmetry in the Wess-Zumino 
gauge. The technical complication arises from the fact that susy is non-linearly 
realized [20]. Similarly the work on the supercurrent is being pushed forward on 
the level of multiple insertions of it [21]. 

4 The electroweak standard model 

Since experimentally supersymmetry has not yet been found one could regard 
the algebraic method as an academic game within an academic field. That - 
to the contrary - it is an eminently practical and useful tool will follow by 
considering the most relevant model for physical applications: the electroweak 
standard model (SM). 

4.1 The problems 

If one attempts to renormalize the electroweak standard model to all orders of 
perturbation theory one is faced with the observation that no obvious invariant 
regularization is known. Dimensional regularization has to cope with the 75- 
problem, whereas BPHZ or analytic regularization spoil BRS invariance. Hence 
an all order treatment can only be based on the algebraic method which we 
exemplified above in the context of supersymmetric models. It has to deal with 
the following peculiarities specific to the SM: 

1. The gauge group SU{2) x ?7(1) is not semisimple and the position of the 
unbroken 1/(1) subgroup has to be determined and fixed in the course of 
renormalization. 

2. The photon has to be kept massless. Its mixing with has to be controlled 
such that a particle interpretation is possible. Off-shell IR problems have to 
be avoided. 

3. W^, are unstable: the definition of their mass is non-trivial and gauge 
parameter dependence is a crucial issue. 

In order to solve problem 1) one needs 

• the Slavnov-Taylor identity, 

• (deformed) rigid Ward identities, 

• an abelian local Ward identity. 

The solution of problem 2) requires 
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• careful IR power counting, 

• suitable normalization conditions. 

For problem 3) a complete solution to all orders is not yet known, but the ST 
identity and reasonable normalization conditions guarantee unitarity and permit 
the LSZ asymptotic limit at least in a formal sense. 

Under the simplifying assumption that CP is maintained and families are not 
mixed problems 1) and 2) have been solved by E. Kraus [22]. The remarks that 
follow are based on this paper. 



4.2 The abelian subgroup 

It turns out that fixing the abelian subgroup is equivalent to finding equations 
whose solutions together with normalization conditions characterize uniquely 
the model. In order not to miss parameters or representations one sharpens the 
algebraic method: one does not give the Wl-operators beforehand but prescribes 
only type (scalar, vector, spinor) and number of fields and the algebra of the 
Wl-operators. For the rigid transformations one requires 

[W„,Wg] = (59) 

for consistency with the ST identity 

Wa,-s{r)-^rWc,r = o vr. (eo) 



^olP'y 



f 4-3 = i 
\ 4-4 = 0 



is totally antisymmetric. 



( 0 1 0 0 \ 

0 0 0 0 I correlates +,— of the electric charge. 

0 0 0 0 / 

We present a sample for the respective ansatz (contribution of some vector fields) 



7^ + 



SVjf 



(61) 



sr 

<5p3 






— sin 6. 



V 



sr 

SA„ 



+ 



(62) 



(Here the first two lines stand for linearly transforming vector pieces in ST, the 
third line for non-linearly transforming ones. P 3 is an external field coupled to 
a part of the BRS transformations of Af^.) 
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The parameters aX,, 6^, 0^4, z^, Zg are to be chosen such that (59) and 
(60) is satisfied. In order to make this ansatz conceivable we give their tree 
approximation values in the conventional parametrizations. 



ar 




(63) 




/lO 0 0 \ 






_ [ 0 1 0 0 \ 
loo cos 6-u, — sin 9^ 1 


(64) 




V 0 0 sin cos 9w / 




n 


II 

II 

II 




24 


— Zg — 1 


(65) 



It is to be noted that electric charge and Faddeev-Popov-charge neutrality is 
naively maintained by the ansatz. Similarly one chooses the parameter values 
such that 

W; = IF_ W± ^ . (66) 

4 4 

This work has to be performed for all sectors (vectors, scalars, fermions, ghosts); 
then the eqns. (59), (60) have to be solved and the solutions have to be parame- 
trized such that the free parameters can either be fixed naively or via normal- 
ization conditions. It is most remarkable that a non- diagonal transformation 

SCa = dab^b (6'^) 

is compatible with the algebra. If one has succeeded with this first step, namely 
solving the algebra, one can go on and find now in a second step the most general 
classical solution of the rigid WI 



WaPcl = 0 



(68) 



and the ST identity 

^ (Tci) = 0 . (69) 

As experience tells one and as one confirms in the present case too, this yields 
all possible renormalizations in the form of possible redefinitions of fields and 
parameters. With the help of the action principle and the consistency conditions 
as inferred from (59), (60) one performs in an analogous manner the search for 
the solutions of the WI’s (68), (69) to all orders. Here contact is made with the 
work of BBBC [23] because it turns out that this analysis can equivalently be 
performed in terms of physical fields (W^, A^, . . .). The absence of unitarity 

ruining anomalies follows from the structure of the standard multiplets. 

In a third and last step one can now indeed proceed to the identitification of 
the abelian subgroup. First of all one has to note that the naive electromagnetic 
WI operator 

Wen, = J =ijd^X J2QT<l>a-^ 



(70) 
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is not abelian. In particular 



— 1^-Bera "b Qem ' ^ 



(71) 



with Qem ^ non-trivial insertion. On the non-integrated level it is not the elec- 
tromagnetic direction which is abelian in the sense of having a trivial right hand 
side (which could then naively be constructed to all orders). It rather turns out 
:= Wem — u >3 is a. good starting point leading eventually to 

W 4 = - -V y . (72) 

This operator is singled out by 

[w^W^] =0 (73) 

^rwfr-w^4-{r) = o vr. (74) 



It satisfies a local WI 



w9r = 



sinff'^ „ cos^'^ „ 
— —OBz H y — ^Ba 



(75) 



which can be postulated and established to all orders of perturbation theory 
because the right hand side is linear in propagating fields. This WI, which can 
only be required - due to its characterization by (73) and (74) - after the rigid 
WI and the ST identity have been established, fixes eventually the instabilities 
of the abelian subgroup. 

The parameter 

51 = — ^ + o(h) (76) 

cos 

is in QED-like normalization conditions fixed on this local WI. The parameters 
6^ , A determined in W±. 

As far as interpretation is concerned one has to note that algebraically no dis- 
tinction is possible between gauging the electromagnetic current or lepton- and 
quark number currents; hence this local WI is needed as additional requirement. 



4.3 Photon/Z mixing 

In order to keep the photon massless and also control the mixing one imposes 
as normalization conditions 



BAAiP^ = 0) =0 


(77) 


rL(p^ = o) =0 


(78) 


RerJ^(p2 = M|) =0. 


(79) 



Eqns. (77) and (78) are automatic if one uses the BPHZL scheme [1-3], The 
crucial point is now to check that one has indeed enough parameters at ones 
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disposal to satisfy these normalization conditions after having arranged all WFs. 
Since IR dangerous terms like f CjiCg are to be avoided as counterterms this task 
is non-trivial. It turns out that one can avoid off-shell IR danger by using the 
freedom left in the transformation law (67) of the antighost fields. This introduces 
a ghost angle 9 g as an important paramter into the theory. 

All other masses are similarly introduced via two-point-functions in order to 
ensure poles. This in turn requires to have non-trivial parameter dependence in 
the rigid WI operators: they become deformed in higher orders. Likewise follows 
the antighost eqn. as a consequence of local WI and ST. Had one fixed and a 
priori prescribed WI operators and the antighost eqn. as a postulate one could 
not have fixed all masses as physical ones - as poles of propagators. 

As a overall consistency check one derives the Callan-Symanzik equation 
because it controls the motion of all parameters of the theory under renormal- 
ization. The outcome is as follows: 



= soft • r 



(80) 



• exists IR-wise, 

• contains /3-functions for mass ratios, 

• shows that 9^ and 9g are independently renormalized. 

This yields a consistent picture. 

We collect the result: 

• the algebra of WI operators (59), (60) 

• rigid WI -f- ST -I- local WI 

• on-shell normalization conditions 

determine F uniquely to all orders. The rigid WI operators are deformed; as 
a new parameter enters the angle 9a in the ghost sector. It goes along with 
non-diagonal transformations (67) of the antighost in higher orders. 

The examples of this review demonstrate that normal products, combined 
with the action principle and used algebraically realize perturbation theory in 
its most powerful fashion. 
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It is a pleasure to greet Wolfhart on his seventieth birthday. Not because 70 is 
a magic number -many of us are still surprised by the beauties of numbers-, but 
because we owe him a lot as far as our understanding of something is concerned. 
I am certainly one of those who benefited most. I believe we first met (in 1964) 
in New York when he and Kurt Symanzik were at New York University, as I was 
returning from a Symposium in Boulder about the Lorentz and the Poincare 
group, a subject I was introduced to by Hans Joos in Princeton, in 1961-62. The 
contribution I presented there, in collaboration with P. Moussa, and about which 
I gave a seminar in New York was so close to E.P Wigner’s famous 1939-article 
on the representations of the Poincare 

group that it took no less than V. Bargmann to explain E.P. Wigner what 
I was talking about! We met again in the Paris area -Wolfhart was visiting 
IHES, and I was back in Saclay- on which occasion we found we had comple- 
mentary knowledges about the renormalization of massive QED. Wolfhart then 
proposed that we should write a small paper together, also with C. de Calan 
with whom I had discussed these matters in CERN for very practical reasons. 
Indeed Wolfhart did write this short paper (Lettere Nuovo Cimento 1 (1969) 
877) signed by the three of us . . . I must say that cosigning a paper with one of 
the authors of L.S.Z. was an honour for young people as we were at the time. 
In that same year, I had long discussions with Wolfhart about his efforts to un- 
derstand how to renormalize gauge theories. Somehow, the times were not ripe, 
and the Faddeev Popov guess quite hard to recover using standard field theory 
methods not appealing to ill defined functional integrals, a standing problem, 
as it seems! Later, in 1973-74, when Carlo Becchi, Alain Rouet and I tried to 
understand the renormalization of gauge theories performed by G.’t Hooft and 
M. Veltman thanks to the dimensional regularization -renormalization scheme in 
terms of standard field theory techniques, we were lucky to have at our disposal 
the artillery prepared by Wolfhart, John Lowenstein, Peter Lam and already 
successfully applied to massive QED by John Lowenstein and Bert Schroer, and 
to symmetry breaking by John Lowenstein, Wolfhart and two early thirds of 
the future Marseille team. The rest of that story has been described in Carlo 
Becchi’s talk. In these times, it has been an immense pleasure -it always is- to 
visit MPI, and later to meet again in Schloss Ringberg. 

So much for good memories and down to present reality even though it may 
not be as pleasing as the old days. 

In the remaining of this talk I want to mention two topics concerning gauge 
theories which I have been looking at reasonably closely. 
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The first one, developed in Tobias Hurth’s contribution concerns an approach 
to the renormalization of gauge theories which is not completed yet, but there 
is sufficient experimental evidence that it eventually will. It is grounded on the 
consequences of locality as an essential ingredient in the renormalization pro- 
gram as described by N.N. Bogoliubov and D.V. Shirkov and streamlined by H. 
Epstein, V. Glaser. It aims at defining renormalized gauge theories as solutions 
of an operator deformation problem of abelian gauge fixed gauge theories, the 
deformation being parametrized by local interactions. This is a quantum version 
of the so called iterated Noether method (c.f., for instance S. Deser, Gen. Rel. 
and Grav. I, 1 (1970) 9). It is conceptually more economical than the usual 
construction which provides a formal power series in h, starting from a classical 
gauge fixed gauge theory. Here, the deformation parameter is a set of gauge cou- 
pling constants associated with a gauge Lie algebra. The Lie algebra structure 
stems from locality and an innocent looking Ward identity 

where Q is the Kugo Ojima asymptotic -abelian- operator which implements the 
asymptotic Slavnov symmetry, £, the local interaction Lagrangian, and some 
local “current”. Suitably generalized to time ordered products of the £’s, this 
has so far reproduced much of the gauge theories, in all examples which have 
been looked at. This program has all chances to reproduce gauge theories as we 
know them perturbatively. It is actively pursued in Zurich in G. Scharf’s group, 
and outside, since former students are now experts. 

The second topic concerns the celebrated Faddeev Popov gauge fixing proce- 
dure which proceeds through the factorization of the volume of the gauge group 
from the assumed gauge invariant formal functional integral and leads to a sound 
perturbative expansion. Even if one keeps in mind that formal manipulations on 
functional integrals need to be subjected to checks of some mathematical rigour, 
even at the formal level, some of the assumptions made in the Faddeev Popov 
argument are known to be a priori violated. As soon as one puts the theory inside 
a thermodynamic box (i.e.one does it on a compact riemannian space time), one 
knows (Singer 1978) that there does not exist an everywhere defined gauge func- 
tion: this is a geometrical version of the celebrated Gribov problem. Therefore 
the construction is at best suitable for perturbation theory (since gauge choices 
always exist locally in field space). Besides, factoring out the gloriously infinite 
volume of the gauge group creates a certain psychological discomfort. Conse- 
quently, the Slavnov symmetry which characterizes the classical action used as 
a starting point to define the perturbative expansion might well be limited to 
the perturbative regime. We are going to see that the situation is slightly bet- 
ter. Putting together an argument in J. Zinn Justin’s book which produces the 
Faddeev Popov gauge fixed action without factoring the volume of the gauge 
group, and the notion of vertical (i.e. along the gauge group) differentiation 
described for instance in C. Becchi’s Zurich notes, one can recast the Faddeev 
Popov construction into the following form. 

Let A be the space of gauge fields, Q the gauge group. Let us assume for the 
sake of definiteness that A, Q and AjQ are finite dimensional smooth, but that 
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Q is non compact. Let fUnv be a ^ invariant differential form of maximal degree 
(dim A= 1^1) on >1. Let Oinv be a ^ invariant function on A. The question is 
whether one can define 



< ( 1 ) 

Minv 

Let e„ be a basis of Lie ^ ( of dimension dim Q = \Q\) and Xa the corresponding 
vertical vector fields on A and let /\ be a ^-invariant volume on Lie Q. 

Define 

/^RS — f\^i{X(x)lJ'inv (2) 

Of 

R. S. stands for Ruelle Sullivan (D. Ruelle and D. Sullivan, Topology 14 (1975) 
319). 

Obviously 

f(-^u)A*Rs ~ 0 (3) 

for any vertical vector field (a linear combination of the X„’s): /Zrs is horizontal. 
If Q is unimodular (the left invariant Haar measure equals the right invariant 
Haar measure), then /.tug is closed: 

^.4 A^rs — 0 (4) 

where is the exterior differential on A. It is therefore invariant: 



f(X)/iRg — [i(X),<5^]^ /iRg — 0 (5) 

where X represents Lie Q for the right action of Q on A. 

fiRs is thus basic and defines a differential form /ing of maximal degree (dim 

A/g = \Aig\) on A/g. 

Then a tentative definition for < Oinv > is 

JA/a f^nsOinv 

< Oinv >= ( 6 ) 

J A*rs 

where Oinv is the function on ,4/^ defined by Oinv This definition is independent 
of the definition of the volume form on Lie g, up to scaling. 

Now, cover A/g by open sets Ui and use a partition of unity 6i subordinated 
to it (X6i = 1). Choose local sections Oi over Ui, with local defining equations 
= 0 and use the Faddeev Popov identity 

[ S{gi)ASAgi = l (7) 

J fiber 



where the first 6 denotes the Dirac function and “fiber” is the copy of g over 
d e Ui- 
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So insert into both integrals in Eq. 6 

'^6i{a) [ S{gi{a)) A6gi{a) = 1. ( 8 ) 

~ Js{a) 

Now, introduce a G connection w on ^ 

6A9,{a)=^£6a = l^-^{H;-DaU>) (9) 

where _ 

Ip = 5a + DaU! (10) 

is the horizontal part of 6a : 

= 0 ( 11 ) 

Since /Trs is basic of maximal degree the term involving ip in Eq. 9 will drop 
out upon insertion into Eq. 6 and only the Faddeev Popov contribution to Eq. 
9 involving 

mi = ^ Da ( 12 ) 

da 

will remain. Introducing a Faddeev Popov field u> to reconstruct fiinv from ^rs 
yields 

< Oinv — 

where 

X(a,w) = ^0i(d)J(sii) Ami w (14) 

i 

is a gauge fixing form and 

x{a,u}) = '^di{a)6{gi) Anii u} (15) 

i 

is the representative of x(<i)W) in the quotient Q*{A)/T^ where is the dif- 
ferential ideal (for 6a, acting on Q* A, the differential forms on .4) generated by 
horizontal forms of strictly positive degrees. Prom the structure equations 

6^a = ip - Da ui 

6a ip = Da D + [cD, ip] 

6a^ = D - ^[Cj, tD] 

6AO = -[0j,n] (16) 

the differential s induced by 5^ on n*{A)/X^ is given by 

sa = —DaOJ 
sw = -^[w,w] 



LDufHnvXiO',^^) 



(13) 



( 17 ) 
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namely, the geometrical part of the Slavnov symmetry, which, as suspected, is a 
robust geometrical ingredient. 

The non geometrical part 



sui = —ib 

sb ^0 (18) 

on the other hand is connected with the Fourier integral representation of S(gi)- 
Artii u! and disappears from the global treatment. 

Note the defining property of 

f x{a,oj) = l (19) 

J fiber 

x(a, w)|/ti>er has compact support. 

Assuming that Q is connected, it follows that two gauge forms differ by a 
coboundary : 

Xi(a,w) - X2(a,w) = s xi2(a,u;) (20) 

As expected, the choice of a connection ui has disappeared from the final answer 
(by the argument that the difference of two connections is horizontal and fj,Rs is 
horizontal of maximal degree). 

Finally, the above construction shows that the space of gauge fixing forms is 
non empty and convex. 

These remarks conclude our rewriting of the Faddeev Popov argument, which 
although not computable as it stands is rid of the Gribov problem. 

Even though gauge fixing can be rightly considered as one of the nightmares 
of gauge theories, its necessity is required by the present formulation which uses 
locality in field space for which so far no equivalent has been found which could 
be formulated directly on orbit space. 

At this point, it is in order to apologize for the remoteness of the level of 
rigour adopted here from that of BPHZ. 
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On the Bound State Problem in Quantum Field Theory (*). 

W. ZlMAlKHMANN (') 

Inulitule for Ailniiircit Shidi/ - l‘riiicrliin, N. ,/. 

I’lii/xit's Di'imyliiinil, I'liircniih/ oj (Uililiiruiii ■ JU'fkvlrij, (Uil. 

(fi(a‘.\’\ito il 1® Agoslo 1!)SS) 



Summary. — A canNiil uikI iuvnriimt Kcaliir (iiilil involviiifi; a slalile Iiiumil 
slate is invcsiigalcd. A ronnula for I lit! .‘'-inal rix is dci ived and if is 
shown dial I lie hound stale can Ik! dt'serihe.d hy a loeal and invariant 
lield operator. For siinplii'ily only the ease of S)tin zero ])arlieles tind 
hoimd stall's is e.onsidered ; liowever, llie extension to other eases is 
possiltle. 



Introduction. 

Kof if reliftirisl.ic qiiifiilnitt nieeliitnical system xvitli iiit energy inoineiitnm 
(qternfor the one pitrtiele slalt's itre tltdiiietl as (‘igt'ii stiites of -- I’] witli 
it iliserele iioii-viiiii.sliii|o' ri'st mass (''^). In general, there niify he several kinds 
of parlieles, eaeli chariielerizeil hy a eerliiin Viilne of rest mass, s|iin,ehitrge, tde. 
Usually it tlixision is niiidt' hetweim elementiiry iiml eomposile itarlieles. lint, 
ft senns to he hiird to define this distinction in a eonvineing miinnt'r. In the 
eoiivt'iitioiiiil J'ormnliit ion of tinitntinm field tlienry eaeli of Ilit' elnnnil.ary 



(*) Tills researeh was supported in part hy the United States .\ir Voree niider 
eoniraet no. .AF 4!)(l):iS)-;t27 monitored by the .VF-ttlliee of ISeientilie Keseareh of Iho 
.\ir Resciireh and l)evelo]>munt I'oininand. 

( ) t)n leave of idisenee from the .Miix-Flanek Institnt fiir I’hysik, tiiittingen, 
(terman V. 

(') For a disenssion of tlie part iete aspeel in t|iianlum lield Ihemv eompare It. IIa.xo: 
Dim, Mill. I'l/i, .Mi'ilil,, 29, 12 (19.1a), espeeially eliit]). I, no. I. 

(-) W'e exeinde the ease of |iarlieles with zero rest mass. 
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piirticlc's is hy a. l)iisi(^ (ii0<l Avli(“i'(‘as Uic n)iii]msil(‘ piu'ticl(‘.s 

(like 1li(> (U-ul(‘i'(iii ill (lu^ prmiml .sinlc, (•(r.) iqipcar as llic slalilc laimul slalcs 
of (lie syslcin. I{ii(, t.liis (leliiiition of a coinpoHifc' paificic ilepciids, of couvst', 
oil ttu- formalism, O’lio same particle wliicli is regarded as an elerneidary par- 
ticle in one formalism may lie a. composite iiarticle in anotlier 

In this paper we want to investigate wlietlier tlie principle of microscoiiic 
(auisality slieds any m^w liglilr on (Ids (inestion. lie. consider a imxlel of a 
causal and in varianl. scalar field .l(.r) descrildng jiisl, I wo kinds of ]>ar(icles, 
all eleiiumlary particle of mass m and a com]iosil(^ Iiarticle of mass M, bolli 
of spin zero. It will he shown that il is jiossihle lo deliiie a. (ield operalor li{,r) 
for (he csiniposite partich' (explii'Hly expressed in (enns of (he original held 
. I (.»')) which is in some respect analogous lo the held operalor of an elemenlary 
Iiarticle. 'I’lie invariant o]u>ralor /f(.r) salisiies (he naniireineiit of microscopic 
causality, furthermore the (V-mals ix can he expi-essed hy (he vacuum T-fiiiic- 
tious (“) of the (ield operator A(,r) aiul 7t(,r) exaidly in Uk“ same way as in 
the case of elenumtary particles only. Therefore (he iirinciiih^ of microscopii- 
causalit.v oilers no possibility of distinguishing lietweeii elementary and com- 
posite particles. ith respect, to tlu' (S'-matrix the, elenumlaiy particles as 
well as the composite particles of the model are descrilied hy invariant (iel<l 
operal.ors which satisfy the nupiiremeid of microsco]iic causalil.y 

'I’he formalism developed in this paper is closely related (o otlier recimt. 
investigations. Starting from similar reipiirements one can derive the same 
resiiKs hy applying the method of strong operator convergimce in tlu> form 
developed hy llAati (“•”). An eipiivalent, formalism was also obtained from 
tlie recursion formulae for retarded functions I'ecently ]iroposed hy Nisfiijima 
as an axiomatic formulation of (pmntuiu hold theory 



(■') ('oinpare. K. Knn.Ml and ('. N. V.vno; I’Iiijx. 76, 172!) (till!)), la lliis paper 

the. liypolhesis that. TT-inesona aiay I'C coinposile pari iclcs is disiaisscd. 

(’) III this cnmieclinii an inlercsi.ing exainplc is tJiirscy’s model <d' a (lieory of 

eleniealary particles (K. (liinsKV; to lie pnldislii'il). Tla'ie, I'niloning a sngg<-.sl ion of 
ileisenlierg, all particles appear as coinposile and no eleniiaitary |iarlicies correspond 
lo (lie hasie lields. 

('■) Tlie vacniiin T-fnnetions are detined as llie eacnniu ex)>eclalion ^•alnes of iiiid- 
t.iple, l.iine ordered, operator |irodncls. 

(“) This possibility was lirst. ineni ioned by N . lionoi-.iiiiiov ; an pn I dished led are notes. 

(’) The iS'-Tiiatrix of tlie model considered is causal according to I ho delinil ion given 
in If. hl-aiMANN, K. Sv.MANZiK aiul \V. ZiM.MKii.MANN ; Niioro ('iiiieiilo, 6, HI!) (10.77). 

(*) 11. llAAii: I'roc. of Uw hillc (Uiujemivr on Miillicvuiliool pmhlcmx of lUi qiunihim 

Ihinirii of fii'lilx (li).')7), in prinl. 

(") It. IIaaii; preprint, to be pablisheil. 

("') K. N isiii.i liM A 1 rroi/r, V'/icer. I'Iiijk., 17, 705 (I!iri7). 

(") lx. Nisiii.iima: preprint, to be puldished. 
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[599] ON 'rllE BOUNiJ state PUOBEEM in quantum FIELP TIIEOUY 9 

1. - General conditions. 



Wo (;<)ii»idoT the itiudol of a iioiitral scalar Mold desci'ibiul by a lionniUaii 
operlitOT A{x) assumed to be invariant under the inhomogeneous lioventz gronj). 
We assume that the principle of microscopic causality 

(1) ■ [^l(a'), ^(2/)] = 0 for (x — 1/)* > 0 

holds and that no negative eigenvalues appear in the energy and rest mass 
spectrum. The operators yl(.r) will he supposed to foiin an irreducible ope- 
rator ring. For simplicity we assume that there are just two non-vanishing 
discrete oigenvalncs rn* ami M* of -- - /*“ and that 

(jQ, A(x)0) ^0 if — J'^/P = 
but 

(D, A(xyp) = 0 
(n,A(x)A(ij)0)^O 

In addition we suppose that the states </> and have spin ztu’o. 

This situation may occur for examphs in the case of jl^-(a)iipling if there 
is an elementary particle of mass m and a stable two particle bound state 
of tlie mass M. 

In order to describe the bound stales wo introduce the operator (■“) 



if = 



( 3 ) 



B(x, f) = TA(x + ^)A(x — i) 



and define (“) incoming fields, according to Wightman (’■'), by 






-4, „(•-»') = A{x) a; — ,V);(.r')d.-r', 

f) = f) +J tv — iv')j(x', f) (W, 



('“) I may be laten as spacolilio or tiaielilic 4-vcc,t.or, hut it is BU])i)o.sed that .J- ^0. 
('“) The integral expressions in eq. (3) are i() he understood in the sense of weak 
operator convergence which means that 

(0, AtAxyB) ((/., A(x)'l') + a; -.r')(</>, dP , 

between any normalizable state vectors 0 and 'P. 

C'*) 'Pile following delinition of the asyiiqjtotic fields /l,„(.r), .l„,,t(.r) was lirsi sug- 
gested by WiGUTMAN: private corninunication. 
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[fiOO] 



with the current operators 



(3') 



j(x) = , 

j(x, S) = (□* — M‘) n{.v, I) , 







'J'he outgoing liehls ^4„, „(»■), lire correspondingly defined wiili (,lie 

lielp of the advanced functions /I (w, ir) and Zl j,,, ( M, ,r). 'rin; general coti- 
ditions under wliiidi the so defined operators exist have Ixam gix'cni and 

investigated in details by fiKKKNnKur, and can easily he I'xlended to the <'ase 
of the operators 7io,it(ss (‘‘ ‘*). 

in 

finally we demand that the ineoining licld operators /l,„(.r), f) to- 

geiher form an irrediicihle operator ring and (ori'cspondingly the outgoing 
liehls vl„„^(.r). 

So far we have listed the geiU'ral reejni remen ts which we maal in llie work 
which lollows. We conclude this secli(m hy deriving some sim])l(^ properties 
of the operators /t;;a(,r, ^). As a conscfimaua^ of delinition (3) they are 

solutions of the Klcin-Gordon equations for the masses m and 3f, respectively: 



(□,: — m‘) A.m (x) = 0 , 

f) = 0. 

' 111 



We have the in variance propertiies 

(h - I" = — , 

dx„ 

A,,, (La:) = U(L)A....,(a:)U(L)-\ 



d'H.„a(!V, f) 

III 



ftiiii (a.') ij)] , 



1{...„(Lx, U) = U(L)ll,.i(x, S)U(L)-\ 



for an arbitrary Ijorentz ti-aiisfornnition L. {U(L) denotes the unitary operator 
transforming j'lia') into A(Lx).) These invariance properties are easy to pro\'e 
if (3) is writt(m in momentum space. 

As a consequence of ( I), (h) the vacuum expectalion values of t he incoming 
liehls vanish: 



(d) (Q, A Q) :: 0 , {.Q, (,r, ^ ) Q) 0 . 

P’or example, 

M^(Q, Itjx, i)n) = I ^ (Q, |)/ 3 ) = 0 , 

because = 0. 



C‘) U, W. (iaiaoNiiKUO and A. S. WioiitmaX; iirepriiit, to tie iinl)li8licd. 

(‘■) In Sect. 2 wo will ii«e soinewliat more rostriolivo ooiidil ions tlian (irooiilieif;, 
for dofiiils 806 referonoo (®"). 
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[ 001 ] ON THE HOUND STATE rilOHT.EM IN QUANTUM ITKU) TIlEOItV 

Furthermore ^«“‘(*) and satisfy the asymptotic eonditions 

lim {0,A,(t)W) {(f), A-mt,'/') , 

ro 

lim (0, BAt, m = (</>, , 



(7) 

with 



(7') 



t->±oo 



BAi, ^)=-i }«(^, f ) - 7'’* (^') 4-^ B{w, f) j , 

= - i|d3»{«..;A(.r, f) A ],)*{x) - F*{x) A 7U(.,,, f) 



(eorrespondi[ij>ly the definition of A/ and ylv;;‘/) for any normalizable solution 
f(x), Jf'(x) of the Klein-Oordon equation 



(□ — m“) / («) = 0 , 
(□ - AP) F(a:) = 0 . 



15q. (7) can be proved by forminj? the intef^ral expression (7') for both sides 
of (3) and taking the limit f-i-d;oo. 



2. - Commutation relations for the asymptotic fields. 



2M. Elementary particles. - Our first aim is to derive eommutalion I'o- 
lations for tlui incoming (or outgoing) fields defined in Hiait. 1. We begin rvith 
the ease of elementary particles and provei tbe relation (”) 



(H) 



(■»'), -1, „(//)] = I>l.,„i0-'), -l,,,,. {;'/)] -- i «■■-?/) 



if yl(a) is normalized in the following manner. Let 0* be a. one-particle state, 
with energy momentum ingenvalne k',, 



P„0, = k/h , 

(0„0,.) = 2fcS‘<5,(fc-&'), 



— k], — m^, ifc7 = I Vfc* + r/P I . 



(O) This was already shown liy (iitEENannii, refenan^e. (o>) under (he assnni|il ion 
that t he c<|iial t ime eoniinutalor f.'l (.r)/! (y) is a r;-iiiimhc,r. Here we, use a. dilTerent. 
inoUiod wliieti ean he extended to ihe eiise of hound states. 
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Tlicii it follows from transliitioii inviiriaiicc that 



with tho constant 



{Q, A{x)0„) = 0 



exp [ikx\ 



c = (2n)^{D, A ({))<!>,) . 



Now ^l(a;) shall be normalized by the condition e — 1. 

It is easy to determine the matrix elements ot between the vacuum 

state and an arbitrary state vector. From the definition (3) it follows that 



= {n,A{x)fP^) 



exp [ifea;] 
(2;r)l ’ 



for the one-particle sf.ate 0*. On the oUier hand if *P is an eigenstate of 
— witli a rest mass # nP we have 



( 13 , A,M)<P) = 0 

because 

(m* — x^)(I3, 7l,„(a;)<P) 0 



follows from (1) and (5). 

With this result we can calculate the vacuum expectation value of the 
commutator (8). We see that 

{Q, ^l,„(*)A,„(y)f3) = J 2 (f3, A,M)0,){<P„ A^f,y)D) = i AHm, x-y). 
Hence, 

(9) (13, [ Aoui {x) (y)] 13) =- i zl (m, a? — y) . 

Now w(‘- turn to the opei'ator form (8) and using the e.ojiditions of Hce,t. 1 
Ave shall show that 

(i) the commutators of the iiuioming and the outgoing fields coincide: 

(10) [zl, „„(■*), A.AV)] [4l„,(i»), ^, „(;'/)! 

and that 

(ii) the commutators of the incoming field is a c-number: 



( 11 ) 



[zl, „(«:), .l,„(y)] - (Q, [^l,„(u:), AMD) . 
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Relation (8) is, of course, a conscqiicHce of tho statements (i), (ii) and Eq. (9). 

In order to prove (i) and (ii) it is convenient to expand the field operators 
-with respect to a complete orthonormal system {/„(fc)} of the positive frequency 
solutions of (□ — OT^) /(.r) = 0: 

M^) = 2 + 2 /*(-^)^;(*«) . 

A'M (x) = 2 /,(•'»■) + 2 ■ 

For the proof of statement (i) we start with the identity ('“) 



(12) da' d,v/t(.r) /„(//) AT h-n’.l(.<0^^(,V) - dy (la/:(,a')/^(,V)/i''‘A':ryl(a)yl(;V) , 






3“ 

dxi 



TO* 



This reliition is not self evident iHa^anse there are simple exainph^s of patlio- 
lo{,dcal fields which do not satisfy eq. (12). Rut using the fact that as a con- 
sequence of causidity and spectrum conditions the vacuum expectation Aailnes 

[Q, A{x , ) ■ • .1 (.a„) T(A (x), A (?/)) A{y,) ■ ■ A {y„)Q) 

arc houndaiy values of Wiglitman’s analytical functions ('") a more detailed 
invesl.igaUon (*") justifies the int.iu'changing of the x- and .(/-iiiti^gration in 

faxidy f*(x)f/i{y)K^K^{D, A{x,) ... A{x„)T(A{x), A{y))A{y^) ... A(y,„)Q) . 



Then relation (12) holds for every matrix element of TA{x)A{y) heeause, ac- 
cording to the irredneihility of the operators A{x), any state vector eari he 
written as a linear superposition of vectors A{x„) ... A{x^)D. 

Rearranging tlie integral on llu' lefli liand side with the lielp of (ireen’s 
theorem we get 

• > 

-- i j <l.y /,.(.'/) A': TA {x)A (y) ^ - ij (by., ^ j (!,;(/ TA (w)A (y) A /„ (>,) 







dg(x) 

dx„ 






9/(») 

0a;„ 



— ./t (il-) d ,1,.. A(.x), 



('*) In I, lie Kcnso of wc.ak operatoi' rim vcigciiec, (r.(mi|mie foolimlo ('*)). r.on'cspoiiil- 
ingly for all Following operator expres.sions eontaining lime inlegial ion. 

('*) .\. S. WliillTMAN: t'/ii/M. If<w.. 101, HfiO (1l)r>»). 

(■■“’) W. ZiMMEitMANN: Orilvr of iiilrf/i-dliiiiiH in rc.il lift ion jonnnlm', nnpnlilihlie.il 
mnniiHinipl . 
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Carrying out tlie integration over le in the same "way, we oi>tain 

j (la! j dyf* (y)K"‘ iC“ TA{x)A (?/) = A ^ A7„,i . 

For the integral on the right liancl side of (12) we have, ((orrespondiugly 

Inserting tliese expressions into (12), we get 

With tlie corresponding relations between yb'ni. and ylv's,, or A-m and 

^ ^ In ' 111 l> ill ■> 111 P 

statement (i) follows: 

A,.(y)l -■= [-4.o„,(*), • 

The second statement (ii) may be derived from the identity 

(v») jdxjdyrA»>)fiAy)K‘K‘TA{x^ = 

= j dy Jdxn (3’)/(( (//) K TA (a!) .1 (y) A (z) , 

which can again be rearranged with the help of Green’s theorem. The final 
result is 



Using statement (i), we get 

= 0 , 

and this shows tliat is a c-mimber because we have assumed tluit 

the jl(a;) form an irreducible operator ring. With the com^sponding results 
for ^l,y, we have proved the statement (ii). 

2*2. Hound siaten. - In the next step we rvaiit to derive eommulathm 
re.laUous for the held operators /i;;y(.r, S). We begin with (he pro<d of the fol- 
lowing statements: 
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(i) The commutators of the iticomiiij; and outgoing fields coincide: 

(i-J ) ULt (»■. f ) >Li (:v. v)'] = f (?/, ■ 

(ii) Tile commutator of the incoming field is a c-numl)er; 

(If)) r 71, „ {w, f ) 77, „ ii/, 1,)] = {f>, [77, „ {X, f ) 77, „ (x, ,y)] Q) . 



We expand the oiierators Ii and 77™! with respect to a complete orthonormal 
system {7'’^(ic)} of tlie positive frequency solutions of (□— il7^) ./'’(») — 0: 

H(x, i) FJx) 77,,' (,r„ , f ) + 2; K (•■'') If. (■'■.. . I) . 

77™. (X, S) 2 K ('«) if^is -I- 1 K (^) • 



Tlie eoeflicients are determined by C“’) 

i) = TiJd,x [77(a), i) ^ J’j (®) - F;[(^) ^ 77(a-, f)j , 

FUx) = FJx), F.;(x) = FU^), 



(and similarly for 77™., (f)). 

As a consequeuee of causality and speeti nm conditions we have tlie identity 



( 16 ) 



JdxjdijF*,mWFfFi'2'Alx + i)A(x - i)A(ij + ,y)A{;(/ - »y) = 

= JdyJda'J?'*(®)7''),(i/)7f"7i'"rA(a; + f)A(« — f)A(y +ty)A(?/ — »y) 
After inlA'gration ov«>r a'„ and this relation yields 



[/<:.. (f), /C,.,(»y)l -fKJih 

and similarly for [77,[„„(^), 77j,;,^,()y)|. So we have proved that 

[B™.(*. Sh iKAy, »?)] = f), liuAy, »?)] • 



())*) If I is spaceliko we have 



'riiis relation is no longer true if { is a tinielike veclor. 
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Statement (ii) may be derived from 
(17) jdxjdyF*(3!)FiA?j)IC^KTA(ai + ^)A(x - ^)A{y + rt)A(y - n)A\z) - 

=^dy^dxFl(x)I\(y)K^ k: TA( x + ^)A{,x-^)A(y + ,^)A(y - t])A(z) , 
wliicli yields 

or 

Therefore the eommiitatcn' [/{,„(;r, ty)] is a e-miml»er (statement ii). 

Now \v(i can de((a'miiie tlie eommiil.ator (15) l)y ealeiilatin]' Ihe, vae.iiiim 
expeetat-ion value, h'or this piirposi^ we delermim^ lirst tlie matrix ehanents 
of ^) between the va(!mim stale and an arbitrary stale vector. 

If 0* is an eigenstate of ij, belonging to the eigenvalue 7ij, and tlie rest 
mass — = Jlf“ wo liave 

(13, TA(x + i)A{x - f)0,) =. ^ , 

with 

( 1 8) F, (i) = (27t)« (fJ, TA {i) A (- ,t)0,) 

and 

(□,+ M^)(Q, TA(x + OA(.v-~S)(fi,) == 0 . 

From this and the definition (3) of 31, „ {x, f ) it follows that 

(19) {Q, «„,(a^ f)0.) = (33, Ti{x, f)0,) = ^ ?'V(f) • 

On the other hand it </> is an eigensl.ale belonging to the eigenvalue with 
the ]*cst mass /- ]\P we get from (5): 

{kl + il/^)(f3, /l,„(.r, ^)0) = - (a - i)/^)(i3, 3>'„(.r, f)r3>) = 9 

hence 

(D, n,jx, i)0) 0 . 

Therefore wo have 

(33,3A„(», f)B,u(2f, »l)3?) =| 2fcr "" 

== 2 *» exp mx - j/)l , 
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whore wo havo used the invarianee iindw' space time reflection for 

( 20 ) TA{7j)A(-,^)D ) = (L\ TA(i/)A(-r/)0,} = . 

Introducing the Fourier transform we have 

An (a;, I) = [i1cx]d(k‘ + f) , 

and deliiiing creation and annihilation operators 

7t,:; ( k, f ) == JL{k, I) , for = -H + Jlf « I , 

liuXk, f ) = /t„(- k, f) , for = -\Vk^ -1- 1 , 

we get from (19) and (16) the final commutation j'clationa 

(21) [U,t (fc, 1)71- ip , ,,)] = FAi)J''AnY^k:d,(k -p) , 

(22) [K^,(Af)«*(7«,»i)] =--«• 

Finally we only mmition tlia.t the sanu; methods used in this Hi'clion to 
prove the commutation I'clations (8) and (21) may he applied in order to derive 

(23) K„(.^),A„(?/,>?)] = 0. 



3. - Derivation of an 5-matrix formuia. 



'I'lu! oiiei'ators /tnii(.c, |) depend on the I'elalive, co-ordinate f of Mu! hound 
statsi. h’or the *S'-matrix w<( are only interested in the cenler of mass inolion 
of the hound states and want to carry out the limit f -> 0. Thcr«>fore we 
define operators l>y 



(24) 



Unlit (iTj ^) 



P,({) _ (2n)l(0, , 



where is tlie hound state at rest. 

In order to prove the existence of the limits f 0 in (21) wo, divide (21) 
hy and get 



BUk, f) 

nd) ’ 



lYXV, V) 



= K(t])^iik — p) . 
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T>ilT(Tcnfciiiti«n willi |•(^apl!cL lit yields 



JjHh f) 
0|„ 'fM ' 



v) 



= 0 , 



and correspondingly from (22), (2d) 



_3_ f) 
-/'UD 

./'V(f) 



KAp, v) 




0 . 



[ 608 ] 



Tims (?/<)^„)(/*V„ (A:, !)/(/'’* (^)) commulcs with all operators d,„ (a;) and /)■,„(//, i/). 
Since we have assumed that the operators d, „(;«), B^All, v) together form an 
irreducible operator ring (0/0^,,)(f{,j, (A, ^^)/Z<',.(f)) is a c-number; 

Jl,t(A, S) {O, (A, ^)Q) ^ 

dS, FAi) FAS) 



because of ((>). Therefore the expression 



is independent of f and 
(25) 

does exist becanst' 



-/C(A, f) 

ms) 



= /<il.(A) , 



7i,„(A) 



lim 

4 “♦■0 



An (A, S) 

Km 



} 



F,m _ nim 
m) m P) ’ 



is in the limit |->0 independent of k: 



f >“i'’o(f) 



From (21), (22), (23) we get: 

UKAk), JKAp)'\ - ^A.;'d,(fc - p ) , 

A,Ay)\ --== 0 . 
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llenco 
( 20 ) 

(27) 

Furtlier wc have 
and 

if is llie hound s(ale with four inoimuiliiin lc„, is aiven in (.ernis 

of J(a') by 

(28) JM*) == lim rJ^rAl'Aix + ^)A(x — S) +[dx'AA,y(M, w - x')J{x', f)| , 

J(x, f) = (a - M^)TA(x + ^)A(x - f) . 

Accoi'diii};’ (o (25) is a multiple of From this fael. we. eou- 

clude that the opeialors ./l„.(a), together already foini an irreducible 

operator ring. Therefore the whole TTilbert space ^ can be built up by (he 
creation operators 

^',‘“'(^0) 7^™^(/^) 

of incoming or outgoing elementary particles or bound states of momentum k. 
The state vectors 

(ft.) /V„(ft. , .)••• liMii 

= ^i,;„t(ft.)-^':,.(ft.)/CA(ft.n)- 

{k‘ = — in’* for i <l , = - Jl/** for i > 1) 

form a complete orthonormal system of The ^'-matrix is defmed as tlui 
operator transforming the incoming into the outgoing states: 

(31) *^1' '“) ■ 



( 2 !)) 

as well as 
(30) 



[fl|.ui(a'), «[■,;■.(;./)] = iA(M, x — y) , 

[JJout (,-»), dj-ut(y)] = 0 . 

(□ — If”) 71™.(a-) =-- 0 



(fi, /fyiii (.r)0i) — 



(^xp [iA;,rl 

(2jt)« ’ 



k'i + Jl/2 0, 



Since both systems (29) and (30) I'oitu a complc.t(! bivsis of tlui Hilbert space 
the *S-matrix is unitary. 
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It is possible to express the *S'-inati-ix by tlio viicimm exptaitiitioii values 
of Z'-prodiiets only. To show tins we deiivc from (7) the following reduction 
formula (“) 



(32) 

(33) 
with 



[8T(x , ... X,), ^,1] = ±ijdzf^{z}KTST{x , ... x,z ) , 
[.5T(a;, ... x,), = ± iJdzFf (z)KfST(x , ... x„z~C, 



+ 0 , 



T(x,...x„) - TA(x,)...yi(x„), 



rM- 



If we now insert plane waves instead of the wave packets /,(») we get 

(34) [ST{x, ... X,), A*{k)} = - - *.«) , 

(35) [ST(*, ...*,), ii*(fc)] = 

"" ~ {2n)iF,iO I — + 



Binee the state vectors (29) form a complete basis S can be expanded witli 
respect to the incoming fields: 



(3(i) 8^ f f (ifc, ... dZ. ... dl„o(h ... ; Zi ... Z„) • 

„,m„o m '. n ! j 



IT -k w‘) IT ‘W + - ^in(A;„,)«i„(z») ... fz,..(z„) : 

1-1 j-1 



where the eoellleieiits are 



... fCmi ... ^ii) — 

= £(fc.) ... £(fc„)e(Z,) ... e(Z„)(I3, [... [»9, J,T.(A:,)] ... ^,t(A:,„)]IJ,r,(;i)]... K(/M = 

- "■ **■ *■” + ^ '*’1 • 

■ Jf“ ... If™ Jf " ...If" (13, T(?a ... 2/„, ,«, + f. C„ , - C, - Cn)l3) . 



(““) All reiliKiUoii I'oriimliio in II. I.chmann, K. Svmanzik iirid \V. Zimmuhm.xnn : 
Niiomi Vimiinto, i, 425 (lOuri), Scnl. 2 luo contained in the single I'oniiidii. (:!2) which 
was given by K. Svman/.ik; nnnublishcd. 
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Tlie last line of (37) follows by iterating (31), (35) and taking the vainiini 
expectation value. Transforming (37) into co-ordinate space we get (®“) 



(38) 



8^2 

m.fi.o 

■{0,T{y, 



T^T WO" ■ 

2/jh) “1“ Ct •••} "1" Cl Cj C}^} • 

. -^lii(yi) -^iD (^m) ^lu (^l) ■ 



'I'he fiiiH'.Mon I'\(C) which miters in the expansions (37) and (38) can easily 
be expressed by vaennm T-I'unctions {i.o., vacuum expectation values of 
T-produets) if we take tlie vacuum expectation value of reduction formula (35) 
for 4: = 2, a;, = »3 = — f: 

(39) F^(^)Fi (ri) = — ijdy exp [iky]K“ (D, TA(i)A(-- {)A(y 4- t))A(y — t])Q) . 
Putting ^ = )] wo get 

(40) i/'di)* = - ^f ‘1* (f3, TA(i)A(- i)A(a, A f)d(.r - f)L>) . 

Inserting (40) in (37) or (38) the iS'-matrix is completely given by the vacuum 
T-functions. 



4. - Local field operators for bound states. 

In this section we want to take the linut i -> 0 of the operator 
7<(a;;f) =. 'l'A(a!A^)A{u,-^) 
itself. We assume the existence of 

TA(x + |)d(ic-g)-(I3, 2'd(^)d(- 1)13) 



(41) 



B(cb) = lim 
{-»<• 



(2ar)t(l3, TA(i)A(- f)«>«) 



One gets corresponding expansioUH of the 7'-produot replacing S' by ST{x^ ... ;rj.) 

lui d 



h,V 



T(x, 



'I'iVl ••• ?/.». ^1+ ^H+ 

'^kt Vl Vm> *1 T Cl 4 Cni Cl 



- C„) . 



in the expansions (37) and (38). 
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wliicli ill 11 foi'inal sansi! ciiii bo writ, Ian na (“) 

(42) B(x) = 

witli Mio two (probably divergent-) renormalization ('onstanta a and h 
a = — i exp [— Tjl(0)M(.'r)“i3) d,T„ , 

(aceordin;,^ to (-10)) 

/> - (L>, A(OyO) . 

'I'lie oiieralor /i(.c) ia, ol' coiiiHe, invariaiil. iiiider llie inlioinoj'cneoiiH l/oicntz 
ffroiip and eominntes Avitli and A(i/) if (•« — ;(/)“> 0. Kiii tliermore \v<‘ 

get from (7) or (28) tlie aaymptotie conditions 



(44) lim (0, Ji^iDW) ^ (0, 1U./1') 

<-•>1.03 

with 

BAt) =~ij(l,xl}{x)~.F*(x), 

(Vu • I 

for any norinalizable solid, ion of (D ^ — - 

Therefore the field oxierators A(w) and />'(.r) together satisfy the three ]nin- 
eiples of invariance, causality and aayni])totic conditions exactly in t.he same 
formnlation which was given in an earlier paper for elementary inirlicles 
only (®‘). Prom these principles we get in the usual way an expansion of the 
(S-matrix ; 



(4r.) 



«0 { I* 

1 . , , ... - K„.K - K ■ 

w tt’^V ffl I • I 

■{Q, .7’yl(?/,) ... A{!/,AB(«i) - »(s«)f^) : -4.i„(?/,) ... 4,„(?/„,)7},„(«i) ... , 



which may also lie obtained directly from (.48) tahing the limit C <1. 

We remark that there remains al. least one formal dill'erence lietwcen the 
case of two independent elemeidiary particles and the caise of one elementary 
and one composite particle. If ]}{x) belongs to a bound state composed of 
elementary particles described by a field A(x), it is possible to represent B(x) 



(“•) Per the case of j.P-coii])ling at least in iioi tiirbatioii tlieory the niatrix elements 
of J{{x) eaii he made tiiiito to any order of the eon|iling innmtant if a and h me deter- 
mined hy (4;i). 

(*“) II. btaiMANN, K. SvMANZIK mill W. '/iMMCltMANN 1 N Horn (’imriilo, 1, 125 (11155). 
Although there only the ease of one sealar field was eoiiHidered I he generali/.al ion to 
several fields is obvious. 
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— rouiflily spoaldng — ns n polyiioniinl in vl(.r) (in our model I'hi. (12)). We 
may impose this relationship as an additional eondition beyond tlu^ iirineiples 
of invariance, causality and the asymptotic condition in order to exclude (lie 
<‘ase of two elementary particles. 



5. - Examples. 



Til tills Seclion we shall nl'c simple examples I'oi' the expansions of the 
*S'-niatrix wliich we have derived in the last sections. Instead of the model 
of one scalar held we consider tin; more interest inj;’ case of a charp-ed scalar 
« mieleon )> held y (ui) interaetiiif; with a iieut.ral seahir « meson » Meld d(a:). 
We assume that there are just three non-vanishinf? discrete eif>ein'alues m'-‘, 
and M‘ of — belonfjs to the one nmdeon states, to the one meson 
states and JIf® to a stable bound state IF of charge two and spin zero (« den- 
tcron D state). As a conserpience of charge conserAuition 



(T3, y>{x)'F) 0 

vanishes ideiilb ally for a deni.eroii sl.al e 'F. I ruder the com sponding assump- 
tions, as formulated in .Sect. 1 for the case of one scalar held, avc can apply 
the methods developed in the last sections. As an exanpde for the .S-matrix 
expansions (30), (38) and (15) we consider the special scattering process with 
one deuteron and one meson of momentum i-esp /c^, in the initial stale and 
two outgoing nucleons with momentum and in the final state: 



(30') (2jr) 



'F (t) i ■ 

• l<:\ IQ K Kl' {O, 7'r(,r,)vi(agd (?/)^(s + C)f(^ - C)/}) 



(38') 



(45') 



■ Ty>(x,)y,(xM{ym^ + C)y(«- C)13) , 

= Jdx, d.r :2 dp d« exp [i(qz + /cp — p^x^ — PiX^)^ ■ 

. IQlQ/(:iQ(n, Tf(x,)f(x,)J(i/)7nz)n) , 

= V\~~ • 



The function F,(C) is given by 

F.(a = (27 t)»(A Ty>(C)y>(~ OfI\) =-- Ty,{Oy>{- 0^) 
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and satisfies 



(C)“ = — d« exp A'f (i?, Tf(C)f(— Owi^ + • 

'file deiiterou field operator Jl{£) is defined l»y 



]!(x) = liin 



Ty>{z + C)V’(- 

K(-) 



0 



where helon^j's to the deiiteron stale !/■'„ at rest. In a formal sense JHz) 
may be written as 

B(z) — c“* 



with the renormalization constant 



c = (27r)»(f3, 



'.f 



exp [— iMx„]{Q, Ty>{0)‘y){x)^Q) Ax . 



I''iiially we I'eiiiaik tliaf. e.xpressiotis (.'{()'), (.'!«') and (15') hold also if llie 
model contains additional stable bound states, la this ease the incoming 
nucleon, meson and denteron fields are, of course, not irreducible in the whole 
Flilbert space, and the (S-matrix expansions contain in addition the incoming 
fields belonging to the higher bound states. But if the state vectors 
and ‘Pr.lt contain only nucleon, meson and deutcron states, expressions for 
the »S’-matrix elcimuits (0"‘; 0^1^^") can be derived from the, asymptotic 

properties of and in a similar way as in Sect. 3. 

♦ ♦ + 
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the Institute foi- Advanced tStudy, and 1 am grateful to Ibe TnI.ernational 
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Ill A.ssn N'f’o (•) 



Si cMiiiiiinu im eiini[><> H('alin'c (aiutwlo e invarimile tailiivof^^ciitc mio Hlatii Hlal>ilc 
legato. Si doriva una formula per la matrice S e yi dimostra elio lo ylalo legato si piio 
descrivere per mezzo di un operators di cam])o locale e iiivariante. Per sein])lieitil si 
considera solo il caso di particelle di spin nullo e di stati legati; I’estensione ad altri 
east 6 tuttavia possikile. 



(*) Trf^diizione a cura dellu iieduzione. 
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Abstract. Bogoliubov’s method of renormalization is formulated in momentum space. 
The convergence of the renormalized Feynman integrand is proved by an application of 
the power counting theorem. 



I. Introduction 

A general theory of renormalization has been developed by Bogoliubov 
for arbitrary local and invariant interactions. It was shown by Hepp 
that the renormalized Feynman integrals constructed according to 
Bogoliubov’s rules converge to well defined distributions when the 
regularization is removed [1-4], 

In a recent paper [5] a difierent formulation of Bogoliubov’s method 
was used which works in momentum space and does not refer to a 
regularization. The starting point of this approach is the integrand Ip 
of the unrenormalized Feynman integral 

JriPi ■ ■ ■ Pr) = idk^ ■ dk„ Pi • ■ ■ Pr) (1-1) 

in momentum space. The integrand Rp of the finite part of (1.1) 

friPi • ” Pr) = 1 ■ d/c„ Rp{ki ■ • • p, • • ■ p,) (1.2) 

is defined as a rational function of the internal and external momenta 
by substracting appropriate counter terms from Ip. The method is thus 
an extension of the original work of Dyson and Salam [6-8] '. For 
handling the overlapping divergencies Bogoliubov’s combinatorial 
technique is used which applies to renormalizable as well as non-re- 
normalizable theories. 

' For some references of other methods of renormalization see [9—12]. 



* On leave of absence from Courant Institute of Mathematical Sciences, New York 
University, New York. 

P. Breitenlohner and D. Maison (Eds.): Proceedings 1998, LNP 558, pp. 217-243, 2000. 
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In this paper the convergence of the renormalized integral (1.2) is 
proved by a simple application of the power counting theorem [13-15]. 
The main problem will be to verify the hypothesis of the power counting 
theorem, i.e. to check that the dimension of (1.2) and any sub-integral 
along an arbitrary hyperplane in k-space has negative dimension. The 
power counting theorem for Minkowski metric then implies that the 
integrals are absolutely convergent for e > 0 and yield co-variant distri- 
butions in the limit E-^0 [15]. 

In Section 2 the definition of the finite part (1.2) is discussed. An 
explicit formula for is derived in Section 3. Section 4 contains the 
proof that the renormalized Feynman integral meets the requirements 
of the power counting theorem. 

2. The Finite Part of an Arbitrary Feyman Integral 

We consider a Feynman diagram F with N vertices Fi, ...,F)y.The 
lines connecting the vertices V„, will be denoted by L(F„, or 
= 1, .... v(ah)). Fj are called endpoints of Lines connecting 
a vertex with itself are excluded, (a = b). Each vertex is supposed to be 
endpoint of at least one line. No restriction is placed on the number 
of lines joining at a vertex. 

if(r) denotes the set of lines, tF'(F) the set of vertices. 

Er > Or 

abc aba 

denote sum or product resp. over all lines L„,,„ of the diagram F. 

Er, Or 

a a 

denote sum or product resp. over all vertices F^ of the diagram F. 

To each line we assign an internal momentum 

Lba~~haa- ( 2 . 1 ) 

To each vertex F„ a momentum is assigned. In general the q„ will 
be linear combinations of external momenta p,, ...,p. 



(la = Qa(Pl - Pr)- (2-2) 

The internal and external momenta are subject to the relation of momen- 
tum con.scrvalioii at each vertex 

lru. = <ia a=l,...,N. (2.3) 

ba 

Here Y} denotes the sum over all lines of the diagram F having 

ba 

F„ as one of its endpoints. As consequence of (2.1), (2.3) the external mo- 
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menta must satisfy momentum conservation 

= ^ (2-4) 

U 

with r,, denoting the connected components of F. 

To each line we assign a propagator 

+ ' ‘■dL. + FahnT ' - ^ > 0 (2.5) 

where denotes a polynomial in the components of To each 
vertex V„ we assign a polynomial 

f a ^ lid tib I 1 > • • • » (a^T v(afrcl^ (2-h) 

in the components of the vectors ... Here V /,^, ..., denote the 
vertices which are connected to by an internal line. With these insertion 
rules the corresponding unrenormalized integral becomes 

J(p„...,p,)= lim Jd/c, -dfc^nr^mr^a- (2-7) 

+ 0 aha a 

The internal momenta in Ay’", R„(liq. (2.5 2.6)) are of the form 

^uha ^aha T Qaha ‘ (2.H) 

The q^f,„ are linear combinations 

(iaha=<iabadh <1n) (2-9) 

of ch, and form a particular solution of 

Z? ^a(,a = 9a. ^lubo + ‘lhaa = ^ ■ (2-10) 

fur 

The are called btisic internal momenta. The arc linear combina- 
tions 

^uha ~ (^afta((^l> ■■ ■' (2-1 0 

of the integration variables fc,, ...,/c,„ and represent the general solution 
of the homogeneous equations 

Zr^a = 0, Kba+kbaa=0. (2.12) 

ba 

m of the forms are chosen as independent four vectors /c,, 

We introduce the following abbreviations 

A— (A|, ...,/(„,), </-(</ </n), /)-(/) />,.). (2.I.T) 

K denotes the set 

^ — {kaha}l.„baeS’IO ! 



( 2 . 14 ) 
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of four vectors satisfying (2.12). Equations (2.2), (2.1 1) are written as 

q = q(p), K = K(k). (2.15) 

In this notation the Feynman integral becomes 

./(/>) = ^lim ••• <lk,„ l,{K(k),q{i>)) (2.16) 

where 

(2.17) 

tlho 

are given by (2.5-2.6) with the substitutions 

Lbo = LboiK q) = Kbn + q,bM) ■ ( 2 - 1 8 ) 

In this section the finite part of (2.16) will be defined in the form^ 

F,(p) = lim f r/fc, • • ■ dk„, Rr(K(k), q(p)) (2. 1 9) 

£-* + 0 



where the modified integrand Ri(kq) is obltiined from Ihe origimil in- 
tegrand li(kq) by a suitable number of subtraclittiis. Unforlunalely the 
definition of R( will depend on the choice of the basic internal momenta 
qaba(^)- Though the final integral (2.19) is the same for a large class of 
basic momenta, we will - for the sake of definiteness - make a unique 
choice of q„^„ in the definition of the finite part. To this end we define 
the canonical momenta as that solution of (2.10) for which the quadratic 
form 

( 2 . 20 ) 

ulxj 

is stationary under the constraints (2.10). With the Lagrange multi- 
pliers j(|, ...,((;v of the constraints (2.10) the become uniquely deter- 
mined by 

^2,21) 

ba a 

These are N — c independent equations for the N — c independent 
differences — if c is the number of connected components of T. 

We introduce some combinatorial concepts which will be needed 
later on. 

Let .y'(/l) denotes the set of lines am! K(/l) denote the set of vertices 
of a diagram A. To any .set . !/'(!') we define a subdiagram A of /' 

by the lines Le dJ’ ami the vertices which are eiulpoints of a line in 'J'. 

^ riie integral docs not depend on llic choice of Hot, any two sets k„, 

and k\, ...,k',„ of m linearly independent internal momenta k„i,„ are related by an orthogoniil 
transformation. 
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Wc say that the diagram A is spanned by the set J/' of lines. The 
following definitions concern subdiagrams of a given diagram T. We 
define A =AinA 2 as the diagram spanned by 

Ai is called a subdiagram of A 2 , i.e. Jig ^2 if £ if( 2 l 2 )- If 

A 1 QA 2 , the diagram d 2 \^i 's defined as the diagram spanned by 

Let d be a subdiagram of A with connected components f),, 

We form the reduced diagram 

A = A/5==A/Si"-i\ ( 2 . 22 ) 

by contracting eacli line of rJ to a point. More precisely the reduced 
diagram A is defined by 

J^(A) = ^{A)\^{S), y(A) = r{A)\r{S)^{V,, . (2.23) 

Here 

F, = tr(5, ),..., n = (2.24) 

serve as new vertices of A replacing the vertices of the reduced diagrams 
(5,, Two vertices V, V'e y{A)\V'(6) are connected in A by the 

same lines as in A. V e f"(A)\'f'\<)) and are in A connected by all lines 
of J/'{A)\.^(S) which in A connect V with any vertex of F„. I~, and V,, 
are connected by all lines of Ji('(A)\Sf'(S) which in A connect a vertex of 
with a vertex of Si,. 

In the work that follows we will consider subdiagrams as well as 
reduced diagrams of our original Feynman diagram T. Let y g F be a 
subdiagram of F. m(y) denotes the number of independent internal 
momenta, iV(y) the number of vertices of y. The unrenormalized integrand 
ly is defined by the same insertion rules as for I, . lixplicitly 









{(‘ullffl/.,, 






f/' = Ull}y„ 



eV(v) 



(2.25) 



A'}.!’", are given by (2.5-2.6) with the substitutions 

U. = ■ (2-26) 

Here qh,„ denote the canonical momenta defined in reference to the sub- 
diagram y. I.e. qli,„ is that solution of 

iTy hL. = CL . cil,„ + r/L, = 0, K e f(y) (2.27) 

aba 



A\/t (Icnokrs llic JilTcruitcc ol llic I wo scis A, H. 
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for which 






is stationary. The four vectors satisfy 

I; = 0 . + Hac = 0,1/6 r{y ) , (2.29) 

aba 

We next define ql as linear combinations of k„^„, q„ by requiring 
il.AK^cn^LAKq) (2.30) 

for all L„(,„e iif(y). According to 

QlU<q)= ki,Mq) = LAi^q)-ql>,.iKq) (2-3i) 

aha 

the kl^,, ql are uniquely determined by this requirement. Equation (2.31) 
implies 

ql(Kq) = - Znr UAKq) = - B JK,. + ^a^Aq)) • {2-32) 

aba aba 

It can further be shown that the kl^„ depend only on the For 
the Eqs. (2.21) and (2.31) imply 

qabaiq) = »« - i<b K> K e (y) . p 33. 

E" quiJq) = 9^(0, q) ■ 

aba 

These equations, however, determine the functions ql^A^, q). 
Accordingly 

qUA(^q) = qabAq) 

and 

i<lbA(^q) = /,,h«(09) - qlhoi^q) = 0 

which proves the as.serlion. Hence we have the result that < 1 ^ are 
linear combinations of the form 

K^=K^(K), q^ = q^(Kq). (2.34) 

With the substitutions (2.26), (2.34) the unrenormalized integral /, 
becomes a function of K and q. 

Let /I be a subdiagram of y C F. In an analogous way we introduce the 
function 

K" = K>;{K '') , < = <(K/fy>') (2.35) 

by the requirement 

lHbAI<'‘ql^llbJt^\q^)- (2.36) 

For later use we note the relation corresponding to (2. .12) 

q'AK^ql = - Y:y\Ai<lba + ql,Jql) ■ (2.37) 
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If y is proper we define the dimension d(y) by 

diy) = X, + X, d(VJ + Am(y) . (2.38) 

ab<j a 

Here d{L^^„) is the degree of the propagator corresponding to 
with respect to the componenls c»f d(K„) is the degree of the poly- 
nomial assigned to V„. Apparently d(y) is the dimension of the im- 
renormalized h'eynman integral of y. Proper siibdiagrains of dimension 
d(y}^0 are called renormalization parts. 

We next study reduced diagrams of T. Let T), 7c be subdiagrams 
of r, proper and mutually disjoint. We consider the reduced diagram 

r = r/y,...y,. (2.39) 

We define the unrenormalized integrand by the same insertion rules 
as for /^except that the factor 1 is assigned to the reduced vertices K,, .... 
Explicitly 

(2.40) 

UbiT u 

with (2.5 2.6) and (2.18). Here n- - 11/ denotes the product over till 

abtj u 

lines L^i,„ or vertices resp. of I’ which do not belong to y,,...,y^,. 
Apparently (2.40) agrees with the definition (2.17) if applied to the reduced 
diagram F. 

After these preparations we now give the definition of the finite 
part of a Feynman integral. The integrand Rr(K, q) of the finite part 
(2.19) is defined by 

R,iK,q) = l,\K,q) \ ^ JK, ry) H (2.41) 

y,...y,. I I 

with 

K^' = K^iK), q^‘ = q^'{K,q). (2.42) 



The sum extends over all sets ,s = (y|, ..., y^.) of renormalization parts of F 
which are mutually disjoint 

for T=f=ff. 



This includes the case that s consists of F itself provided F is a renormali- 
zation part. The functions are recursively defined for every renormali- 
zation part y of F by 



OJK^qn 



filiy) 



l,{Kyqy)+ Z;/, ,.(K>'//^) I I 0,,{K\q^ 



(2.43) 



with 



K^' = Kl'{K^), q->' = ql'{K\q^). 



(2.44) 
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denotes the sum over all sets s = (}’i, ••.yj of renormalization 
parts Va + V of y which are mutually disjoint. The ' indicates that s = {y} 
is excluded in the sum. f*’’ applied to a function F(q^) of . . . , qh denotes 
the Taylor series in the components of the vectors qj up to the order v. 
This completes the definition of the finite part. 

We further introduce a function by 




(2.45) 

(2.46) 

(2.47) 

(2.48) 



if r is a renormalization part. 

The definition of the finite part can be generalized in various respect. 
First of all we remark that it is sometimes necessary to consider other 
sets of basic internal momenta besides of the eanonical momenta. 
We give the appropriate definitions for a sufficiently general class of 
basic internal momenta. 

Let qj^i,^ be basic internal momenta given for every subdiagram y of F. 
We consider the set S of all ql,,„. Again we can define ql, as linear 
combinations of q, k requiring that 



with 






(2.49) 



lll,a = l<lba + ^llhoUn^ 

Llbtr ^ilba T * 



(2.50) 



The set S is called admissable if the momenta depend only on K or 
K" resp. 

K^ = K^K), K^ = Kl{Kn for any /rDy. (2.51) 

The canonical internal momenta are an example of an admissable 
set of basic internal momenta‘s. 

Let {qlba) be a set of basic internal momenta for F. Then a set of 
basic internal momenta for the reduced diagram FlSf-.-S^ 

“ It can be shown thiil llic llnilc pari (2. IV) is llic .same for any admis.sable scl of basic 
internal momenta. 
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may be introduced in the following way. For 

XQri6,...6,, k = yl6, ... 5„yQr . (2.52) 

Set 

^tba — ^uba ■ (2.53) 

{^abJ is called the set of basic internal momenta induced by in 

r/S, ...<5^.. If is admissablc is also admissablc. Apparently 

ihe function Ir(K,q) as defined by (2.40) is constructed by using the 
basic internal momenta of F which are induced by the canonical momenta 
of r. 

Another generalization concerns the number of substractions. 
Sometimes it is convenient to take more substractions than would 
actually be necessary for convergence. For self-energy diagrams, for 
instance, one will always take at least two substractions even if the dia- 
gram should be convergent. To include this possibility we introduce a 
function d{y) which assigns to every proper subdiagram y of T an integer 
larger or equal to the dimension of y 

d(y) ^ X], + 5], d( K„) + 4m(y) . (2.54) 

aba a 

d(y) is called the degree of y*. Proper diagrams of non-negative degree 
are called renormalization parts relative to d(y). 

Relative to d(y) and an admissablc set of basic infernal momenta 
the finite part and the functions R^, Oy, Ry are then defined by the same 
equations (2.41-2.44). 

3. Explicit Form of the Finite Part 

The integrand R, of the finite part was defined recursively by liqs. 
(2.41 2.44). In this section we will derive explicit formulae for the function 
Webegin wilhsomecombinatorialdefinitionsconcerningsubdiagrams 
of a given diagram F. The diagrams yi ,}'2 to overlap 

J2 

if none of the following three relations holds 

yi£v2. VzSti. 71^72=0- 
Otherwise 71,72 ^re called non-overlapping 

7i 0 72 . 

Let r be any diagram. A F-forest L/ is a set of diagrams satisfying the 
following conditions 

* In addition we require i/(v) g d(vl + for any reduced diagram y — y/y, ...y, 

with diy) defined by (2,.'t8). 
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(i) the elements of U are proper subdiagrams of F, 

(ii) any two elements y', y" are non-overlapping 

y' 0 y" , 

(iii) U may also be the empty set. 

If in addition each element of 1/ is a renormalization part we call U 
a restricted F -forest. 

Any subset U' of a T-foresl U is again a /’-forest. All possible F- 
forests arc partially ordered by c. A T-forest U is called maximal if 
there is no other r-forest t/'such that U C V. Let be the maximal 

f-forests. Then all possible T-forests are given by the subsets of any U„. 

We will next be concerned with the structure of a given F -forest U. 
An element y of 1/ is called maximal (minimal) if there is no other y' eU 
such that yCy' or /Cy resp. Let y', y" be two maximal elements of U. 
Since y' C y" and y" c y' are excluded we must have 

y'ny'' = 0 

for maximal elements of U. 

Let y be any diagram of U. Denote by U(y) the set of all y' e U satisfy- 
ing y'Cy. U(y) is a T-forest as well as a y-forest. 

Let yi, ...,yc be the maximal elements of U{y). Then we define 

y(t/) = y/y, ...y,. (3.1) 

A r-forest U containing F itself is called full, a T-forest U not con- 
taining F is called normal. If F is no renormalization part all restricted F- 
forests are normal. If T is a renormalization part then there is a one-to- 
one correspondence between full restricted T-forests T and normal 
restricted /’-forests U given by 

T=t/u{r}. (3.2) 

Note that the empty set U = Q corresponds to T = {/’}. 

Let 1/ be a normal F -forest and y be an element of U. By P(y) we 
denote the set of all y'e U with 

y' 2 y. 

Since 

y'ny" 4=0 

for any two elements of P(y) the set P(y) is totally ordered byC. 

We now define the position n(y) of y in U by the number of elements 
contiiiiic<l in P(y). Any (wo renormali/alion parts with (he .same po.sition 
in U are disjoint. 
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Lcl T be a full r-foresl. Then we assign the position 0 to T in T. 
For any other element ye T we define the position in Tby the posi- 
tion which y has in 

i/ = T\{r} . 

Let denote the set of all lines which belong to at least one 

diagram of U. All elements of U containing a given line 
are totally ordered by c. Hence there is a uniquely determined cle- 
y„t,c with 

Kba 6 ^(y.bJ 

such that 

l-ab^i'^iy) if yCy^t„,yeU. 

Therefore Sf(U) is partitioned into mutually disjoint sets ^(y{U)) 

nv)= (j 

(3.3) 

y(U)ny'(U)=0 for y4=y'- 

The discussion of the recursive Eq.(2.43)can considerably be simplified 
by introducing substitution operators of the following kind. denotes 
the substitution operator 

q^^q^(K>‘,q'‘) for yCfi. (3.4) 

Sr denotes the substitution operator 

S, :K^->KHK), qy^qHK,q). (3.5) 

More precisely is defined as follows. Let / be a function of the variables 

K,K\q,q^ 

where y runs over all renormalization parts of T. Then / denotes 
the function which is obtained from / by substituting 

KJfX"), ql(K>‘,q>‘} 

for all variable c/ with y C p. With the notation 

K'~ = K, q'- = q 

this definition holils for .S’, loo. In addition we use the abbreviation 

t" = - (3.6) 
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With this notation the defining Eqs. (2.4 1 ) and (2.43) for /i, and become 
Rr(K,q) = /r(Kq) + Sr Z fl , (3.7) 



0^(K^q^)=-ty^K^q^)-tyS, Y!y hlr.-y. FI OJK^'q^^). (3.8) 

yi...y, t=l 

The following lemma states an explicit formula for the 0-fimctions. 

Lemma 3.1 . The 0-fiinction of a renormalization part y of T may explicitly 
he written a.s 

OfKyqy)=~TS, Z ri(-f^S^)/,(U) 

Act; 

or 

0^(K^qy)= Z YU-t'^xly(T). (3.10) 

TeJV XsT 

The sum in (3.9) extends over the set of all normal restricted y-forests U 

including the empty set. The sum (3.18) extends over the set of all full 
restricted y-forests. IfU) is e.s.sentially the Junction f hut with a special 
choice of the variables. ITe dejine 

IfU)=UyK^'’UPa (3-11) 

abtj a 

with (2.5-2. 6) and the substitutions 

= if L^.^eJTiy) (3.12) 



In (he product 



Kihif (/ ^^uhfT 



yel/ 



the factors —t.^S^ are ordered from leji to right according to increasing 
position. For elements of equal position in U the order is irrelevant since 

TSyT'Sy = T'SyTS, for yny'=Q. 

Proof. We use the notation 

£>(ff)= n (-'’'Sy)- (3.14) 

yeU 

First we note that the function 

OfKq)=-t'S^ Z IHU)ly{U) (-1.15) 
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may also be written as 

0^{Kq)= Y D(T)I^(T) (3.16) 

using the relation (3.2) between full and normal forests. We prove 
= by showing that Oy solves the recursive Eq. (2.39). First we re- 
write the right hand side of (3.15) 

D(U)Iy(U)=^-l^IyiK^q^)-t^Sy Y!y Z D{U)Iy{U). (3.17) 

UtJr' yi-.-Yc VtK{y,...yc) 

Here /C(yi ... y^) of all normal restricted y-forests having the 

maximal elements y,, . . . , yj.. The first term of the r.h.s. of (3. 1 7) corresponds 
to (7 = 0. Now any (7 e K(ji ... yj has the form 



(7 = T,(y,)u---uT,(y,) 



(3.18) 



where T,(y,) is the set of all ye (7 with y Sy,. T,(y,) is a full restricted y,- 
forest. On the other hand any set T,, ..., T, of full restricted y^-forests 
defines a (7 e K(y, ... y^) by 






Hence 



X D(U)Iy(U)==U ^ D(T,)Iy{U) 

l/6K()',...yc) t=l 



(3.19) 



■Jyly,...ySl^^^f)U E ^(T,) /,.(TJ 

T = 1 Tx 6 



where denotes the set of all full y,-forests. Using (3.16-3.17) we get 
dy{K\qy)=-l^Iy{K\q^)-t^Sy Y:Uy,y,..JKy,qy) n 

Vl-.-Vc '==1 

which proves Oy = Oy. 

Theorem 3.1. The Junction Rf is given explicitly by 



R, {Kq) = Sr I Y\ (- ty Sy) I.iU) 

Ue^r yet/ 



(3.21) 



with the sum extending over the set of all restricted T- forests. 

Proof. From (3.7) and the explicit formula (3.10) for Oy we obtain 

R,iKq) = l,{Kq)-\-S, ^ lriy,...yft^ ‘l) ]\ Z 

yi ... y,. r - I 7y^ 

^l,{Kq) + Sr X Z IKU)I,W). 
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Formula (3.21) can considerably be simplified by using the identity 
n (1 - 1^) 5, /r(t/o) = z n l,{U) (3.22) 

yel/o 1/ £ 1^0 

which holds for any F-forest t/o- Let now F be a diagram with no over- 
lapping divergencies, i.e. 



for any two renormalization parts of F. Then the set U of all renormaliza- 
tion parts is a F-forest. The subsets of Uq form all possible restricted 
F-forcsts. Using (3.21) and (3.22) we obtain the following theorem. 

Theorem 3.2. Let F be a Feynman diagram with no overlapping re- 
normalization parts. Then the integral of the finite part is given by 

Rr(Kq) = Sr (3.23) 

yeUo 

where the product extends over alt renormalization parts of F. 

Formula (3.23) represents Dyson’s prescription for removing non- 
overlapping divergencies [16]. Using the power counting theorem it is 
not difficult to prove that the corresponding integral (2.19) is absolutely 
convergent. A generalization of (3.23) to the case of overlapping diver- 
gencies can be given. The formula obtained, however, is not useful for 
proving convergence. We therefore quote the result only. 

Theorem 3.3. Let Ux, be the maximal restricted F- forests of 
a diagram F. Form the intersections 

(3.24) 

for all .subsets 

(I, ...US(l,...,c) 

(.some of the intersection (3.24) may he empty). The integrand of the finite 
part is then given by 

RriKg) = Sr Z U (1 - Z • (3-25) 

For the convergence proof of the following section it is convenient 
to use Eq. (3.21) in a more general form given by the following theorem. 

Theorem 3.4. The function R, is given explicitly by 

R,iKii)--=S, Z I I (-F.S’,,)/,(U) (.3.26) 

r> i> 

16 Cuinmuu. niittli i'liys., Vt>|. IS 
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with the sum extending over the set U of all F-forests. Here the conven- 
tion is used that 

F = 0 of d(y)<Q. (3.27) 

The proof is trivial since on account of (3.27) all non-restricted F- 
forests give zero contribution to (3.26). 



4. Convergence Proof 

In this section it will be shown that the finite part 
iR,(K{k),q)dk, ...dk„ 



(4.1) 



satisfies the requirements of the power counting theorem. In a previous 
paper the power counting theorem was proved for integrals of the form 



I 



dk 



P{k,q) 



n Ojo - If - F-f + '£(1/ + Ff) 



(4.2) 



where P(k, q) is a polynomial in k and q. Clearly (4.1) is of the form (4.2) 
since R,(K,q) may be written as 



= rir((«6a - + '■ + /‘aba)) . 

aba 

^2 = n rir - ds. + HKi + 

y aba 

Ltba ^tiha > ^aha 



(4.3) 



where A is a polynomial in K and q. 'I'he product | | extends over all 

y 

renormalization parts y of F. 

The hypothesis of the power counting theorem is contained in the 
following theorem 

Theorem 4.1. The finite part of a Feynman integral 

\dkRr(K(k),q) (4.4) 

II 



has negative dimension for and any hyperplane H described by a 
set of linear equations 

k = k(t) = a + bt , 

u = ((!(). t=(tj), h = (bij), (4..‘5) 

/ I, .... ni; j= I h . 
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With this result the power counting theorem (Theorem 2 of Ref. [6]) 
implies that ( 4 . 1 ) is absolutely convergent for e >0 and approaches a well 
defined distribution in the limit e-> + 0. 

For the proof of the theorem we begin with a couple of definitions. 
A F-forest U is called complete on 77 if F e (/ and if for any yeU 

either (i) all lines e iF(v) are variable on 77 relative to y 

or (ii) all lines e are constant on 77 relative to y. 

A line e if(F) is called constant on 77 relative to y if 

kl^„ = const on 77 , i.e. kl^„(T) = const. 

Let U be an arbitrary forest of F. We are going to define a completion U 
of U which will be shown to be the unique minimal complete forest 
containing U. 

We begin defining U for a full U, i.e. 7’e U. Let W{U) be the set of 
all yeU with the property that at least one line of y(77) is constant 
relative to y. For any yeW(U) let sly U) be the subdiagram of y which 
is spanned by the set of constant lines of y ( U) relative to y ^ . Let , . . . , 
be the connected components of y\s{yU) We first show that each i5„ 
is proper. 

Lemma 4.1. Each connected component of y\s{y U) is proper. 

Proof. Assume that e Sf'ly) is an improper line of y\.s(yU). Then 
momentum conservation at each vertex implies 

By definition of s(y U) the momenta are constant on 77, hence also 
kl^„ is constant on 77. If L^^^eS^ly) we have a contradiction because 
s(yU) is the set of all constant lines of y(U). Therefore L^if(y), i.e. 
Le ^{g>) with ipeV, tpCy. Since q> is connected we have If L 

were an improper line of it would also be an improper line of which 
is impossible. This completes the proof that y\.v(y77) docs not contain 
improper lines i.e. each must be proper. 

We define .^[V) as the set of all diagrams x^V which are connected 
components 5^ of y \s(y U) with y € WIU). The completion of a full forest U 
is then defined by 

D = U^.f^(U). ( 4 . 6 ) 



Our first aim is to show that t/ is a forest. We begin with 



Lemma 4.2. If x is a connected component of y\s(yl/) and y'e U, 
y' C y we have 



y' n T = 0 or y'Qx . 

’ No(c Ihal .vtyttt)) is defined as a subdiagrani of y but not of v(tt). That means that no 
vertices of are identified in s(y(0)). 



Id* 
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Proof. Since all y'Cy, y'ef/ are connected and / £ y\.>i(y t/) it 
follows y'£<5„ where is a connected component of y\s(yV). Hence 
y'Q6g^x or y'Cx. In the first case /nr = 0, in the second case /Ct. 

Lemma 4.3. U is a forest. 

Proof, (i) We first prove that any elements xe.s/{U) and y' e U do 
not overlap. Let t be a connected component of y\s{yU). We have 

y'Dy,y'r\y = Q or y'Cy. 

y'Dy implies y'Dx. y'ny — Q implies /nT = 0. y'Cy implies y'Cx or 
y'nr = 0 (Lemma 4.2). Hence y'er for any xe.s/(U) and y'e U. 

(ii) We next show that any two different elements Xi,X 2 es/ do 
not overlap. 

(a) Let t,,T 2 both be connected components of y\s(yU). Then 

Tinta =0. 

(b) Let T, be a connected component of yi\s(yi U), Tj be a connected 
component of y 2 \s(y 2 U). Ifyj Cy 2 Lemma 4.2 implies yj Cy 2 0 ^ 2^12 = 0. 
Hence Tj C T2 or t, 0x2 = 0. 

If on the other hand y, riy 2 = 0 then also x, 0 x 2 = 0- This completes 
the proof that U is a forest. 

Lemma 4.4. Let xeja/(t/) be a connected component of y\s(yU). 
Let l/(x) be the set of all a eU with aCx and yi, ....y^ be the maximal 
element of U{x). Then all lines of 

x(0) = x/yi ... y, 

are variable relative to x. 

Proof. Let L„j„6 J?”(x(t/)). By definition 

Kb,, + KbJf) = Kb„ + . 

<f = q'(Kycf), kl,„ = kl,JKy). 

Setting (f = 0 we obtain 

kl,„ + q:,M') = kl,., q' = tf{K\0), kl,„ = klUKf. 

Since x is a connected component of y\s(y [/) we have 

0) = X . Kb, a, e i^1.v(y U)} . 

Hence all f/’(K^ 0) are constant on H. If is constant on H Eq. (4.8) 
implies that kl,,„ is also constant on If in contradiction to ei^T^) 
S 2Z'(y\s(y U)). 



(4.7) 

(4.8) 

(4.9) 
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Lemma 4.5. U is complete. 

Proof, (i) re U. 

(ii) Let yeU, W{U). All lines of y(t/) are variable relative to y 

since y([/) = y(C/). _ 

(iii) Let yeW{U). Then ^(%U)) = £C{s(y U)) i.e. all lines of y(C7) 
are constant relative to y. 

(iv) Let T 6 s/(U). Then t(U) - x/yt ... y^ where y, . . . are ihe maximal 
elements of U(x). Lemma 4.4 implies that all lines of r(U) are variable 
relative to x. 

Lemma 4.6. Let U be a full forest. Any set V with 

UQVQU (4.10) 

IS a forest with completion U. 

Proof. Clearly K is a forest. We will show that W{V) = WifJ). 

(i) y € W{U) implies yeW(V) since s(y U) = s(y V). 

(ii) ye t/, ye W(V) implies ye lT(l[y) since 

(iii) If T e V\U Q s/(U) all lines of x(V) = x(U) are variable. 
Combining (i)-(iii) we obtain IT(K)= W{U). Hence 

s/(V) = s/(U)\(V\U) 

and V=U. 

Next we will define the base U of n forest U which will tmn out to 
be the minimal forest among all forests with the completion U. The set 
^(U) is defined as the set of all diagrams xeU satisfying 
ii)x 4 W(U). 

(ii) T is a connected component of y\s{yU) with ye W(U). Let U 
be full. The base (/ of t/ is defined by 

U = u\^{U)\{r} (4.11) 

H is a forest. Furthermore define a full forest U' by 

U' = U\^{U). (4.12) 

Lemma 4.7. If U is a complete forest on H the sets W{U) and 3S(U) 
are given by the following conditions: 

WfU) is the set of all ye U for which all lines of y{U) are constant re- 
lative to y. 

If y 4 fV(U) all lines of y(U) are variable on H relative to y. 

^(t/) is the .set of all diagrams xeU satisfying 

i\)x4mU). 

(ii) T is a maximal element of U{y) with ye W{IJ). 
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Proof. The first and the second statement follow immediately from 
the definition of W(U). 

If U is complete we have 

^(s(yU)) = .^{yiU)) for yeW{U) (4.13) 

or 

^{y\s(y t/)) = u • • • uy,) , (4.14) 

where 7 | ... y^ are the maximal elements of U(y). licnee the connected 
components of y\s(yU) are identical with the maximal elements y„ 
of U{y). This proves the last statement. 

Lemma 4.8. For any full forest U holds 

W{U')=W(U). (4.15) 

Proof, (i) If T e U\V' = ^{U) the diagram z{U) does not contain 
any constant lines relative to y. Hence 

xeU\U' implies riW{U). (4.16) 

(ii) Let yeU', ye W(U). Then y(H) contains a line which is 
constant relative to y. Since .£^(y(U))Q J5f'(y(t/')) the line belongs to 
y(lj'). Hence 

yeU',yeW{U) implies yeW(U'). (4.17) 

(iii) Let yeU',y4 W{V). Then y(U) does not contain a line which is 
constant relative to y. By definition y(H) = y/y, ... y,. where yi ...y^ 
are the maximal elements of U{y). Since y^ W(U) each y„ belongs to 
U\ therefore y(t/') = y(t/). Hence 

yeU',y^W(U) implies yiWiV'). (4.18) 

Combining (4.16-4.18) we obtain the statement of the lemma. 

Lemma 4.9. For each ye W{U')= W(V] the two sets s(yU), s(yU') 
are equal 

s{yU) = s{yU') (4.19) 

Proof. Let ye W{U). Any line of y(C) also belongs to y(t/'). Hence 
s(y l/)Cs(yf/'). 

Suppose that L„i,„ e if(s(y U'))\s(y U). must belong to a Ted^(U) 
which is a connected component of y\s(y I/) with ye W{U). It cannot 
belong to any aeU with ctCt since ■^(s(yU'))QFF(y{U')). Hence 
L„(,„eT((J). Using Eqs. (4.7-49) of Lemma 4.4 we find that 

const on II implies l<h,„— const on II 
in contradiction to the requirement on the elements of tiS. 
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We now extend the definition of completion and base to normal 
forests. If t/ is a normal forest we define the completion U and the 
base U by 

U=V, U=V where V = Uu{r) . 

Lemma 4.10. Let U he a given forest with completion U and base U. 
U is the completion of V and U is the base of U. 

Protf. It is sufficient to consider a full forest U. Lemma 4.8 and 4.9 
imply 

With the notation B= U', C = U 

5 = B u ^ ( (7) u .a«'( U) = L/ u jai'f 17 ) = C . 

Lemma 4.4 implies 

Hence C = C-^(C) = B. 

I'iicorcm 4.2. l.et C be a given complete forest with base B. The set 
of all forests U with the completion C is given by the condition 

BQUQC. (4.21) 

Proof. Let U have the completion C. Then U Q C and U= B 

(Lemma 4. 10). Hence BQUQC. 

Since C is the completion of B (Lemma 4.10) any U satisfying (4.21) 
has the completion C. 

'riieoreni 4..1. The fniile part of the integrand of a Feynman integral 
is given by 

R,iKq) = S,. ^ X,, (4.22) 

X,= l]it(y)S,)f{U), (4.23) 

yeV 

f(y)=l-U if yetM(U),f{y)=^-T if y^^{U). (4,24) 

The sum in (4.22) extends over the set ‘(i of all complete forests of T. 
The set 3S{U) is given by Lemma 4.7. 

Proof. Two forests are called equivalent if they have the same com- 
pletion. According to (he Theorem 4.2 the corresponding cqtiiviilence 
elasses are given by the condition CQUQ C where (' is ;i complete forest 
with base C. This partition of the set of all forests into equivalence 
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classes leads to the following formula (see Eq. (3.21)) 

R,= Y. ^c, ^c = Sr Y ( 4 - 25 ) 

CeV CCVCC yeU 

An alternative formula for Xc is 

= n(/(v)5y)MO- (4.26) 

yet 

An equivalent definition of f{y) is 

for yeC-C = ^(C), 
fiy )= for yeC. 

In order to show the equivalence of the two formula for Xc we work 
out the products of factors (1 — t^) in (4.26) 

= Z n(MT)Z)fr(Q. .4 27) 

0Q{y)=-t'' for yeQ, </(j(y)=l for y^Q. 

The sum extends over all subsets Q of C — C. Introducing K=C + Q 
as new variable of summation we obtain (4.26) which can be rewritten 
in the form (4.23). 

The next aim is to give upper bounds for the degree of the function 
Xc with respect to the parameters T of the hyperplane H. This will 
eventually lead to the desired result that the dimension of the renormaliz- 
ed Feynman integral is always negative. 

We first state a recursion formula determining Xc which follows 
easily from the definition (4.23). The subscript U will be omitted in the 
work that follows. For the sets W(U), given by l.emma 4.7 we 
will use the notation 



W=W{U). 

Lemma 4.11. For a given complete forest U the fimction Xc is deter- 
mined by 

Xc = X = (l ~t‘')Yr (4.28) 

where for any yeU 

Z = fy/y....y.Z/y, Yn-fyjy.- (4-29) 

71, ... , 7,. denote the maximal elements of U (7). Ify is minimal we set y^= f. 
/, is defined by (4.24). 

The function Vy has the general form 



(4.30) 
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where /I is a polynomial in K^, q' and 

= Or + HabJ) . 

aba 

<peUiy) aba 



Kba ^aba ^aba » 

kLa^kt.Akl. 



(4.31) 



We next want to determine the degree of the function Y^. To this end 
the following lemma will be useful. 

Lemma 4.12. Let F be a function of the form 



y= 



c ’ 



C - fI + i£(ll + fil)) 

a 



(4.32) 



where A is a polynomial in f,, ..., and 

la T 51 t^aP T ^ Qp 

with all 

l.Captp^O- 



Then the relation 
implies 



degr,,,F^/ 



degr,(l-f^)FS/-t/-l 



(4.33) 

(4.34) 



degr^jF denotes the degree of a rational function F with respect to the 
variables x = (x, ... x„). 

Proof. We decompose the polynomial 

A= t^y (4-35) 

y = 0 

such that is homogeneous in q of degree y. (4.29) implies 



if 

From (4.35) we get 



degre, „/l ^e + 5 
degr, ,C = 5. 



degr,4jge + 5-y . 



Since /t^, is homogeneous in q 



(4.36) 

(4.37) 



(4.38) 
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Here 

degr(l g -(5-ti + y- 1 . (4.40) 

Hence 

degr,(l - 1^) ^ S degr, Ay + degr,(l - (4.41) 

g c — d - 1 

using (4.34) and (4.36). 

It is convenient to introduce the following integer 

M(y) = 4p«i(/7) (4.42) 

n 

where the sum extends over all ^ satisfying the condition 
fie U , fiQy and fi ^ W. 

m{fi) is the number of independent internal momenta of JI. Apparently 
M(r) is the number of independent integration variables on H. For Ji 
contains only variable lines if fi^W while Ji contains only constant 
lines if /r e VF. 

Lemma 4.13. The followiiuf iiwiiiialilies hold 

Yy{K^(K),q^)^d{y)-M{y) for yeU,yiW, (4.43) 

degT,Yy(K->{K),qy)<-M(y) for yeW. (4.44) 

Proof. As hypothesis of induction we assume the inequalities to be 

valid for all maximal elements y„ of t/(y). It will then be shown that the 
inequalities also hold for y itself. 

(i) Case ye IF. Then the recursion formula holds with 

./y„ = - for y, 6 W. 

We will find the following relations 

degr, = (4.45) 

degr, Sy C- Yy^ < - M(yJ if y^ e W, (4.46) 

degr, 5,(1 -C“)T,^<-M(yJ if y^^ W (4.47) 

(4.45 4.47) imply the inequality (4.44) 

degr, YyS-'L W(?«) = -M{y). 

We next prove the relations (4.45 4.47): 

(a) Relulion (4.45) follows since all lines of y(C) are constant relative 
to y (Lemma 4.7). 




240 



Wolfhart Zimmermann 



Convergence of Bogoliubov’s Method of Renormalization 231 

{fl) Proof of relation (4.46). According to the hypothesis of induction 
we have 

degr,yjK>'“(K),q'“)<-M(v,). 

This implies 

degr, 

For it is 

degr,li<^“> yjK^»(K),(,Kf“)^degr, YjK^^{K),Qif’) . 

By definition of the substitution operator Sj, 

(S,f^- yj(K^r7^) = (f»“ YJ(Ky‘{K^ci^‘(K\qy)). 

In qy-(Ky,qy) only those kl,,^ occur with L„j,„e J/'iy) which are constant 
on H relative to y. Hence 

degr,(S, f^« YJ (Ky(K) q^) = degr,(f^- y,J r/^«) . 

(y) Proof of (4.47). Let y„ $ W. According to the hypothesis of in- 
duction. 

degr,.,.. y,.(K^“(K(T)), r/^“) g r/(yj - M(yJ . 

Applying Lemma 4.12 

degr,( 1 - 1 J YjKy‘(K), rf -) < - M(yJ . 

Applying the substitution operator we obtain 

(S/1 - tj YJ mK), qy) = ((1 - f,„ YJ (Ky-(K), r?^") {Ky{K), qy) . 

Again q’’* depends only on components ky„i,„ of Ky which are constant 
on II. 

Hence 

degr,(S,(l - f J yJ(X’(K),r/0= dcgr,(l -f>'“)yj(K^«(fO,r/^“) 
and 

degr, (S, (I - tJ YJ (Ky(K), qy) < - M(yJ . 

(ii) Case y^W. 

In that case the recursion formula reads 

^ hly I - Vc ~ •••(■" ^y) ' 

The relations 



degr„v = </(y) - 4m(y) , 




(4.48) 


degr,,,, S, y,^ ^ r/(yj - M(y„) 


if y^iW, 


(4.49) 


tlcgr,„v I.,, y,,„ < (liyj - MiyJ 


if y„ G IT 


(4.50) 
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imply 

degr„v Yy ^ d{y) - 4m(y) + ^ (d(y“) - M(/)) 

^d(y)-M(y) 

since d(y) + Y.d{yJgd{y). 

(4.51) is the inequality (4.42) stated in the lemma. 

We now prove the relations (4.48-4.50). 

(a) The relation (4.48) follows from the definitions of I. 
ip) The hypothesis of induction 

degr,,.. Y^.(Ky>(K), g'“) g d(yj < M(yJ 

implies 



( 4 . 51 ) 



degr„v. y,.(X^-(/C), qy^) ^ d(yj - M{yJ . 

Application of the substitution operator S, to yields 

(S, £>'“ y,J {Ky(K), qy) = (t>'“ YJ {Ky-(K), qy^) {Ky{K), q >) . 

Since £'’“ y,_^ is a polynominal in q'’" the substitution 

qy‘-*qy^(Ky(K),qy) 

can only decrease the degree with respect to T, qy 

dcgt,^ASyty‘Yj{Ky{Kiqy) 

S degr.^r. (£^“ yj(/C^”(X), qy-) g d(yj - M(y,) , 

(y) Proof of relation (4.50). We assume e W. According to the 
hypothesis of induction 

degr, y,.(A'^“(K),r/^“)<-M(/). 



This implies 



degr.^v. ty- YJKy-(K), qy-) < d(yA ~ M(yJ , 
degr„TS,£,, YJ(Ky(K),qy) 

= degr„Tf,. YJ (Ky-{K), qy-) (Ky{K), qy) 

S degr„v.(tj, yj (Ky-{K),qy-)<d{yJ - M(yJ . 



This completes the proof of the lemma. 

The results obtained in Lemma 4.13 will now be used in order to 
show that the dimension of the integral (4. 1 ) is negative. We have 



X={\~t,)Y,.. 

First let Te W. Then 



(4.52) 



degr, yr(/Cq)<-M(D 
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implies 

dcgr.il -tr)Yr(Kq)<- Min. 

Let r^W. Then 

degr,^.^Yr(Kq)^d(r)-M{r) 

implies 

degr,(l-f;-)yr(/Cq)<-M(r). 

In any case 

degr, < - M(T) (4.53) 

and therefore 

dcgr, R,(Kq)<-M(n. (4.54) 

Since Mp is the number of independent parameters of the hyperplane 
H it follows 

dim \ dk Rr<0 . 

II 

This completes the proof of the theorem. 



Appendix 

We shortly indicate the proof of the following generalized form of 
Eq. (4.54) 

degr,,A^Kf-(^«)<-A^(n (AA) 

which is useful for checking the equivalence of Bogoliubov’s original 
definition of the renormalized Feynman integral to the one used in this 



paper [17] M denotes a subset 
of the mass parameters. 

First we note that under the hypothesis of Lemma 4.12 

‘legr,„( 1 - fj) F g degr,j^„, /■ - d - I (A.2) 

can be derived which is a generalization of (4.33-4.34). The Eq. (4.43 4.44) 
can be generalized to 

degr,*,,, Y^iK^iK), q^) ^ d{y) -M(y) for yeU.yi^W, (A.3) 

degr,M y^(J^>'(A:),q’’)< -M(y) for yeW. (A.4) 

These relations are derived from 

degr,*,/,/,,. (A.5) 

degr,*,S,F“ y,_,< -M(yJ if (A.6) 

degr,*,S,(l -F“) y,.<-M(}g if y^^W (A.7) 
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'i( ye W and from 

degr,Ar,v ... g il(y) - 4»)i(y) , (A.8) 

if (A.9) 

degr 

t\tqy f*'“ yy^<‘HyJ-M{yJ if y^eW (A. 10) 

iiy^W. The result (A. 1 ) follows if the Eqs. (A.3 -A.4) are applied to (4.52). 

I am grateful to Dr. K. Hepp for many useful discussions and I wish to thank 

Dr. G. DcIl’Antonio and Dr. L. Motchane for the kind hospitality extended to me at the 

I.U.K.S. and the Islitulo di Fisica Teorica. 
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In perturbation tlieory the Green’s functions of composite operators are constructed 
by applying Bogoliubov’s method of renormalization. Normalization conditions for the 
composite operators are derived, as well as identities which relate composite operators 
of different degree. 



1. Introduction 

The purpose of this paper is to define composite operators and discuss some of 
their properties in the perturbation theory of renormalizable interactions. As an 
example we consider the model of a scalar field with a mixed A^— and zf'-coupling 



J^{A} - Jif^iA} fCm{A} 


(1.1) 


^oiA} = (1/2) d,,A8-A - (m^l2)A^ 


(1.2) 


- - If A^ - ~A* + ~ A‘‘ + hJ^C.iA} 


(1.3) 


A A 0 


(1.4) 



■^{A} will be used as an ell'ective Lttgrangian in the following sense. /», g and A 
represent the renormalized mass and coupling constants. The parameters a and b 
are power series in g and A with finite coefficients depending on m. The coefficients 
are recursively defined by the condition that the propagator has a pole at of 
residue i. In contradistinction to the Lagrangian of conventional renormalization 
theory ^{A} does not contain infinite parameters. 

* This work was supported in part by the National Science Foundation Grant No. GP-25609. 
t A preliminary version of the material contained in this paper appeared in W. Zimmermann, 
Renormalization and Composite Field Operators, in “Lectures on Elementary Particles and 
Quantum Field Theory” (S. Ileser, M. Grisaru, and H. Pendleton, Eds.), 1970 Brundeis Summer 
Institute in Theoretical Physics, Vol. I, MIT Press, Cambridge, Muss. (1971). 
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The time ordered Green’s functions of the theory are defined by the Gell-Mann 
Low expansion [1] 

••• A(x„)y = Fin«Te« - ^«(x„)>„/<Te^ 5 ^ 

A = 

A” denotes a free scalar field of mass m, Oo fhe free field vacuum expectation value. 
The symbol ‘Fin’ indicates that the finite part of the contribution from each 
Feynman diagram should be taken. Various methods for separating the finite part 
from a divergent Feynman integral are available [2-7]^ In the original version of 
Bogoliubov’s method the finite part is first defined for tlie regularized contribution 
from a given diagram [2]. As was shown by Hepp the finite part thus defined 
approaches a well defined distribution when the regularization is removed [3]. In 
this paper Bogoliubov’s method is used in the version of [5]. Without regularization 
the finite part is separated by taking suitable subtractions for the integrand of a 
Feynman integral in momentum space, as in the original work of Dyson and 
Salam [8-9]. The appropriate subtraction terms are obtained by applying 
Bogoliubov’s i?-operation to the unrenormalized integrand. The resulting integrals 
can be shown to be convergent as a consequence of the power counting theorem [5]. 
Composite operators B(x) will be defined through their Green’s function 

<TB(x)A{y,)--A(y„)y (1.6) 

The matrix elements of B(x) between incoming and outgoing states can be expressed 
in terms of the Green’s functions (1.6) by using the reduction formulas. It is not 
obvious, however, that the time ordered Green’s functions of the operator thus 
defined are identical to the original functions (1.6). For this certain consistency 
conditions^ on the corresponding retarded functions are required which also yield 
the locality of B. This point will not be discussed in the present paper. 

Let 

M = M{A{x)} (1.7) 

be a monomial of the field A and its derivatives. Our aim is to define an operator B 
which can be interpreted as the finite part of (1.7). Formally the time ordered 
Green’s functions of M are given by the Gell-Mann Low expansion 

iTM{A{x)] A{y^ ■■■ ^(t„)> 

= «Te'Fin.“W{z(«(x)} yf“(ji) /4“(j',.)>o/<Ted-^.V^>„) (1.8) 

This suggests defining the Green’s functions 

<,TB(x) A{yy) - A{yjy 



* The Epstcin-G laser method [6] including some applications is reviewed in ref. [7], 
“ For a formulation of the consistency conditions see [10]. 



(1.9) 
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of the composite operator B by taking the finite part of (1.8). B may be called a 
normal product of (1.7), in generalization of Wick’s definition of a normal product 
in the free field case [11]. 

The Feynman diagrams appearing in the expansion (1.8) contain a new vertex x 
which requires additional subtractions. Depending on the number of subtractions 
employed for removing the new divergencies we obtain different versions of the 
normal product. The minimal normal product of (1.7) is constructed by making 
only those subtractions which are required for removing all divergencies. In this 
paper a family 

W„[A/{T(x)}] (1.10) 

of normal products will be introduced. The normal product (1.10) of degree a is 
constructed by making a — r + 1 over-all subtractions for any proper diagram 
which contains x and has r external lines. It will be shown that this operator is 
finite provided 

a>d(M) (1.11) 

where d(M) is the dimension of the monomial M. If the degree equals the dimen- 
sion we use the notation 



N[M{A{x)}\ = Afa[A/{^(x)}], 
a = d{M), 



( 1 . 12 ) 



and say that the normal product is of minimal degree. If the .^“-coupling is absent, 
i.e., g = 0, the operators (1.12) represent the minimal normal products. For g ^ 0 
the operators (1.12) are not minimal. In the general case the minimal operators do 
not seem to be very useful and will not be considered in this paper. 

Alternative methods of defining composite operators have been developed by 
Epstein-Glaser [6, 7] and Wilson [12]. Wilson’s method uses a renormalized 
version of the relations 



dA{x) 



= -i dya j {^ird.y), ^(x)] 

dy, J dy [^,„t(y) ^Ux)] 



(1.13) 



On the basis of these relations the short distance expansion and composite opera- 
tors are constructed recursively in perturbation theory. 

In the method of Epstein and Glaser composite operators are first constructed 
for a model where the coupling constant is replaced by an external source A(a). 
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The adiabatic limit A(x) -> A is then shown to exist [6, 7], One advantage is that 
composite operators are constructed directly as local operators — without reference 
to Green’s functions. On the other hand the method described in the present paper 
seems to be more suitable for investigating anomalies [18, 19, 26], 

In Section 2 some definitions of Green’s functions are collected. After a review 
of the renormalization of Feynman integrals (Section 3) the Green’s functions of 
composite operators are constructed and their normalization conditions derived 
(Section 4). The integrands of Feynman integrals contributing to composite 
operators satisfy certain algebraic identities which will be derived in Section 5. 
These identities imply that any normal product 

NAM] (1.14) 

may be written as a linear combination of normal products of degree a, for any 
given integer a> b 

JVJM] = 5: M') NAM'] (1.15) 

(Section 6). The sum contains only a finite number of terms, it extends over all 
monomials M' for which the dimension d{M') is less or equal than the degree a, 

d{M')i^a. (1.16) 

As a consequence of (1.15) any composite operator (1. 10) may be linearly expressed 
in terms of the operators (1.12). 

We finally review some applications of the normal product algorithm [17-19, 
24-29]. The field operator A satisfies a finite field equation which has the form of 
the Euler-Lagrange equation derived from the effective Lagrangian (1.1-3), but 
with normal products N^ applied to the interaction terms. The Wilson expansion 
may be used to express the normal product in terms of A by the point-splitting 
method. In this way Valatin’s form of the field equation is obtained [13-17]®. 
Lowenstein [18] constructed a finite energy-momentum tensor [19-22]* 

n. = -I- W. - g..O) N,[A‘] (1.17) 

in perturbation theory which has all required properties, in particular the appro- 
priate Ward identities are satisfied. is the formal energy-momentum tensor 

0,, = (d^!dd-A) d,A - 

of the Lagrangian (1.1-3), c is an arbitrary constant. As was shown by Lowenstein 

® A derivation of local field equations in the framework of the Epstein-Glaser method was 
given by Slora [71. 

‘The improved energy-momentum tensor introduced in [21] for a regularized theory with 
/^‘-coupling docs not have a finite limit when the regularization is removed. Symanzik [22] found 
a corrected form of this tensor containing one free parameter which in the limit approaches (1.17). 
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the trace of the tensor (1.17) is never soft in perturbation theory, no matter how c 
is chosen. 

In a paper by Schroer it was shown that independent of perturbation theory the 
trace of the tensor (1.17) is soft for suitable c provided a Gell-Mann Low eigen- 
value of the coupling constant exists. This would imply the asymptotic conformal 
invariance of the Green’s functions [23]. 

Lowenstein [25] found an elegant proof of the Callan-Synianzik equation [23] 
and derived a differential equation of the renormalization group. Anomalous 
Ward identities and gauge invariance problems were studied for various cases [26]. 
Field equations were derived for a very general class of interactions [27, 29]. 
Lam proposed a generalization of the subtraction scheme which is particularly 
useful for studying nonlinear transformations [27]. Finally, the normal product 
algorithm has been extended by Lowenstein to Green’s functions involving 
several composite operators [25]. 



2. Notation of Green’s Functions 

In this section we collect some definitions concerning Green’s functions. For the 

Fourier transform /of a function / of n four vectors Xj we use the unsym- 

metric definition 

/(/»! ••• Pn) = \dx^- dx„ e'^^>y(xi ■■■x„) 

/(^, - ar„) = J ^ - J ^ -Pn) 

Let TOiixi) ■■■ 0„{x„) be a suitably defined time ordered product of components 
0„ of local field operators such as the scalar field /f, derivatives thereof or 
composite field operators. The Fourier transform or partial Fourier transform of 
TO i(Xi) ••• 0„(x„) will be denoted by 

T0,(p,) - a„(p„) =. I dxi ••• dx„ - 0„(xj (2.2) 

TOi(Xi) Or(Xr) C>r+l(/>r+l) 0„(p„) 

= J dXr+i ••• dx„ e’^^-'+‘TOi(xi) 0„(x„) (2.3) 

For the Fourier transform ^/(p) of the propagator 

zl/(z) = (TA(x) A(y)}, z = x —y (2.4) 



we have 



(rA(p,)A(p,)) ^ (2tt)^S(p, -I-P,) J/(/q) 



(2.5) 
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and 

= <r^(0)J(/>)> (2.6) 

< > denotes the vacuum expectation value. 

The connected part of a time ordered vacuum expectation value is recursively 
defined by 

<TO,(x,) - OMy = X - <TOtJx,J ->=0"" (2.7) 

The sum extends over all partitions of Xi x„ into classes 

(.^tii > i".)i hi * (^Mi • »•”) 

The Fourier transform of the connected part is of the form 

<T6,(p,) - O„(p„)y-onn ^ (2^). S {^p,^ <T0M - <5„(/;„)>‘^““C (2.8) 

< >trunc js called the truncated part. A Fourier transformation with respect to p^ 
yields 

<2’i<5(pi) • • • (5„(p„)>*>-“"« = < TO,(0) 0.,(p^) • • • 0„(Pn)>'^°'"' (2.9) 

The generalized Wick product 

:<5j(jfr) ••• 0„(x„): 

is defined recursively by 

T6>i(^i) 0„(x„) = :Oi(xi) ••• 0„(x:„): + E •■•> : Oi„(x:<„) 

(2.10) 

The sum extends over all partitions of {xx x„) into classes 

(^<01 > .^>oa >...)> (-’^<11 ) ^<14 >...) 

where the second class may be empty. 

The mixed product 

T :Ox(xx) 0„(x„); OxXyx) - 

is defined by 

TOtiXi) ••• 0„(x„) Oi'(Ti) 0„,'(ym) 

= T:Ox(xx) ••• <9„(x„):<9i'(Ti) 0„,'(yj 



( 2 . 11 ) 
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Next we introduce the factorization by 

= Z -XTO,(x{) 0-Jy^J X - (2.12) 

X <TO„(x„) 0'Jy,J 

The sum extends over all ordered partitions of yi ,...,y,n into n + 1 classes 



>•••)> {.V»ii > yii3 >■••) > y^nt 

••■) is assigned to x,(y = 1 ,..., «). •••) may be empty. 

We give some simple properties of the factorization. For m = n 



<T{^(xi) - A{x^)} A(y,) - A(y„)y-ot _ ^ ... _ yj 

(2.13) 

with the sum taken over all permutations of the x, . 



<7’{Oi(xi) ••• 0„(x„)} Oi'(yi) ■■■ 0„'( >',«)>““’* = 0 for « > m 
<nO(x)} Oy(y,) - = <TO(x) 0,(y,) ••• OJyJ> 

Let G,„(Xi x„ ; y^ y,n) be a set of Green’s functions which are symmetric 
in yi y^ . We may take, for instance, 

Gn.(^i ••• : J'l J'J = <T :^(xi) ••• A(x„): A(yi) ■■■ A(yJ> (2.15) 

or 

Gm(^; J'l >'m) = <TB(x) A(yi) ■■A(yJ} (2.16) 

where B(x) is a composite operator. We introduce the proper part C7 {Jj^“p of G„, by 
the recursion formula 

«t j - 

G,„(Xi X„ ; ;-i ••• >’,„) = E rf Ga(Xi "• A„ i Zj ”• ZJP™P 

u-1 “ • ■' 

X <r{A(z,) - A(zJ} A(y,) - A(yjy<^<^i (2.17) 

For a unique definition we must require to be symmetric in yi y,„ . We 

give a few examples. For the set 

Gm(x; yi ■■■ yn,) = <TA(x) A(yi) ••• A(yJ} 

of Green’s functions we have 



<7’^(x) ^(y)>P'-op S(x — y) 

<7’/f(.v) A(y,) ■■■ A( y,J)i‘''’i’ ^ - 0 if //i > I. 



(2.18) 
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For (2.15) we find 



<T:J'(a) - A(p„y.A(q)yrop == 



<T:A(pi) ■■■ A(p„):A(q)} 

Mp) 



For later reference we give the free field value of the proper parts , 



with the sum extending over all permutations P of ,...,y„ . Derivatives 
field operator will be denoted by 






where 



(p) = (Pl Pa) 

^(u) = . 

The time ordered product of field operator derivatives is defined by 

TAu^Xt) -AuJxJ - i);\ - t)<^:,TA(xd -A(x„) 

(p)i = ipn Pinii)) 

dfi = = ^KxiY>^. 

We will also use abbreviations of the form 

= - ^'tT{A{x,) - A{xJ A(q,) - A(<0) 



(2.19) 

3'.„) 

(2.20) 

of the 

( 2 . 21 ) 

( 2 . 22 ) 



(2.23) 



(2.24) 



3. Feynman Rules for Renormalized Green’s Functions 

In perturbation theory the Green’s function 

<r^(xi)-/l(x„)> (3.1) 

is defined by the finite part of the Gell-Mann Low expansion (1.5) which we write 
as an expansion with respect to Feynman diagrams 

<T/t(A,) - A(x„)y = E <rA(x,) - A(x„)>r 



(3.2) 
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The sum extends over the set of Feynman diagrams with endpoints Xi 
which can be built by using 4-vertices (corresponding to the ^^-term), 3-vertices 
(corresponding to the ^*-term) and 2-vertices (corresponding to the quadratic 
terms in -Sf'mt)- Disconnected closed loops (i.e., connected components to which no 
coordinates Xj are attached) are excluded. 

Let J" 6 be a diagram with N vertices. The endpoints carrying the coordinates 

jfj are called exterior® vertices and are denoted by Vi V „ . The remaining 

vertices are called interior vertices. The lines connecting the vertices 

^a, Lj, will be denoted by (a = v{ab)). , V,, are called endpoints 

of Z.„j connecting an exterior vertex with another vertex are called exterior 
lines. The exterior line Lai is also denoted by La . Lines connecting a vertex with 
itself will be excluded.® 

In momentum space the unrenormalized contribution from the connected 
diagram has the form 



<r^(A) - A(Pa)yr = 



Sr i „ f dki 



Sr — S(pi -f- p„) 




(3.3) 



The symmetry number is 

.9’{F) - o2-{3iy (3.4) 

where a is the number of double lines (i.e., pairs of vertices connected by two lines 
in Fig. 1), ^ is the number of triple lines (pairs of vertices connected by three lines 
in Fig. 2), and a is the number of automorphisms of the diagram, i.e., permutations 
of vertices which leave the diagram unchanged. 

The integrand Ip is constructed according to the following insertion rules. Each 
line Laba carries the internal momentum 

Aeba ■ ' ^baa (3*S) 

To the exterior vertices Vi ,..., V„ the external momenta 

Pi,,..,p„ (3.6) 

are assigned. For an interior vertex the external momentum is set equal to zero 

Pi=0 if j=n-fl,...,JV. (3.7) 

‘ Exterior lines should be distinguished from external lines which will be introduced later in 
connection with subdiagrams. 

* Contributions from diagrams containing such loops would vanish anyhow after renormaliza- 
tion. 
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Fio. 2. Triple line. 

The momenta are subject to momentum conservation at each vertex 

a=\,...,N. ( 3 . 8 ) 

denotes the sum over all lines Lai,„ of r with as one of its endpoints. The 
internal momenta are written as linear combinations 

^aboip') (^*^) 

The qabo are linear combinations of the external momenta p = (pi •••/>„) and form 
a particular solution of 



a 

^abor J^a > (faba “f* ^baa (3.10) 

6cr^ 

The kaba linear combination of s independent internal momenta = (^x 
and form the general solution of the homogeneous equations 

a 

/ ■ ^abi7 “0* ^ aba "1 ’ ^baa “ H 

bar 



( 3 . 11 ) 
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With these notations the insertion rules of Ip are: 

Ir=\[ATY[Pc (3.12) 

aba^ c. ^ 



with 

+ m^)Y^ (3.13) 

Pa = —/A for a 4-vertex, 

Pa = —ig for a 3-vertex, 

Pa = ia -f- ib{P — m‘) for a 2-vertex, 

(±/ is the momentum of the lines joining at the 2-vertex) 

Pa = \ for an exterior vertex, 
and given by (3.9). 

The products Ylaiar and HcJ" extend over all lines or vertices of the diagram F. 

The renormalized contribution of the connected diagram Fis given by the finite 
part of (3.3) 

<TAM ... A(p.)yr = to J ^ ^ ,3,14) 

Rp is constructed by applying Bogoliubov’s subtraction rules to the original 
integrand Ip (for details see [5]). The number of subtractions used in the definition 
of Rp is specified by the degree 



%)=4-r(y) (3.15) 

which is assigned to every proper subdiagram y of F. r(y) denotes the number of 
external lines of y (for a precise definition see the Appendix). As is shown in the 
Appendix the degree (3.15) satisfies conditions which are sufficient for the con- 
vergence of (3.14). In particular S(y) is greater or equal than the dimension r/(y) of 
the unrenormalized integral 

S(y) > <Ky) = 4 - r(y) - v,iy) (3.16) 

with Vsiy) denoting the number of 3-vertices in y. 

If the diagram F is not connected the contribution factorizes in the usual way. 
Let I"" consist of the connected components I\ Fa . Some of the F, may consist 
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of a single disconnected line. Let Pn be the external momenta attached to 

Fj . Then the contribution from F is 



<r^(A) ••• MPny>r = n 

i-1 



where 



snF) 



lim f 
* I 0 J 



(Iki 

J2^ 



(2nr 



^r(Pi •••/»» , ••• ^.) 

(3.17) 



Sr ^ Udrry S ( Z pJ 

i-»l tx=i 

y(F) = n = n - 

i i 



(3.18) 



ki ,..., k, are the independent internal momenta of all nontrivial connected com- 
ponents. 



4. Definition of Composite Field Operators 

In this section we will define composite field operators through their time- 
ordered functions. We consider the monomial 

-A/{m|{^(^)} = ^<»),(^) ••• (4.1) 



with the notation 



(/i)^ ” (H’H )■”) 

{p} = ((P)l ,-Ap)m)- 
The dimension of the monomial (4.1) is 

m 

d = d(M{^)) = m + Z 

3-1 

denotes the number of elements oru set .y, 

ff(p)j = '«(./)■ 



(4.2) 



(4.3) 
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We begin with the definition of the normal product 

BUx) = (4.4) 

of minimal degree. The time ordered Green’s functions of (4.4) are defined by the 
finite part of the expansion 

<r^w(x)/l(yi)-^(yj> 

= Fin«Te'^^“'‘*‘M,„){.4*(x)} A\y,) ■ ■ • >l“(y„)>„/<Te‘^-=^‘““'*>o) (4.5) 



The diagrams contributing to (4.5) contain a new vertex with the coordinate x 
which requires additional subtractions. The number of subtractions will be specified 
later. We first give the rules for constructing the unrenormalized integral of the 
contribution 

<TBap)^(<h)-Aqn)y^ (4.6) 

from a given diagram A. ^m+n >s the set of all diagrams contributing to the Green’s 
function 

<,TA(x,) - AixJ A(y,)-A(y„)y. 

Let r be such a diagram with coordinates Xj ,..., x,„ ; yi and corresponding 

exterior vertices ,..., K,„ ; F„, , i ,..., K„h „ . The interior vertices are V,,. 

Identifying the coordinates Xj by setting x> = x we obtain a diagram contributing 
to (4.6). For diagrams F, A related in this way we use the notation 

J = f, r = i. (4.7) 

The new exterior vertex of A obtained by identifying Fj F™ will be denoted by 
Fq . The exterior vertices of A are then Fq , F^+i F„,+„ , the interior vertices 
are F„, 4 .„+i F^ . The set of all diagrams contributing to (4.6) will be denoted by 
^mn • (4.7) represents a one-to-one correspondence between „ and . 

Let have the following connected components: 



■p p p f p/^ p» pv^ 

■* 1 >•“> 0 > •‘I >»*•* o' > ■‘I ■* c* 



(4.8) 



To Fj at least one x, and one are attached. To F/ only y’s are attached and to 
FJ only x’s. With this the unrenormalized contribution from F becomes 



<rJ(A) - ^{PJ Aqi) - ^(9„)>? = l»n J -0^ 




(4.9) 
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Pn PimU) and qj^ denote the external momenta of/^i p„, or q„ 

which belong to exterior lines of the connected component Fj . Likewise 
Qin-m denote the momenta of q^ q„ belonging to T/ and .Pjm-o) 

denote the external momenta of Pi which belong to Fj. To simplify the 

notation we set 



^1 — Pm+1 >‘**i Pm+n * 


(4.11) 


Ir is given by (3.12-13) with 




P " (.Pi /^tn+n)' 


(4.12) 



A Fourier transformation with respect to p; yields 



A{q,) - 



-J 



dpi dp,n 

(27tY {2ny 






dki dk, 

(27T)* ■■■ (27r> 



l*r 



(4.13) 



with 



{P} = i(p)l (P)m)- 



Introducing new variables of integration 



Pitt — ~~~ + Fiitt , Pitt — dCftt 

nii 



- - E </,. 



"j 






and carrying out the integration over 

<r^(^)/xi) ••• A(^)JxJ A(qi) ■■■ A(q„)yr 

o t mj—\ , nif —1 

Or r i-r I-T r-Tif TT W/V4<v 



(4.14) 



(4.15) 



(4.16) 



5/= fl(27r)«S(£g;„) 

j-1 a-1 



(4.17) 



lu P{M) and Ip the substitutions (4.15) are made for the external momenta. The 
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product is restricted to values./ with > 1,0" is restricted to values of j with 
rn’i ^ \, Setting = x and taking a Fourier transformation with respect to jc we 
get 






where 



and 



lim 



J 

Jn n 



dK,„ 






0" n 



' elk, 

(2ttY 



(4.18) 



S, == (27t)^ 8 (p + I q,„) n {2nY S ( q',„) 

y(A) = S^iF) 



(4.19) 



Imu) = SPi^Ar ■ (4.20) 

The substitution operator S prescribes that the substitutions (4.15) be made for 

momenta p, p,,„ . According to (4.20) the insertion rules for the construction 

of I,i are the usual ones except that the monomial F{„) is assigned to the vertex Fq . 
The renormalized Green’s function (4.5) is then defined by 



<r5(„)(x)^(yi)-^(y„)> = Y <TBUx)A(y,)-A{y„)>A (4.21) 

with the Fourier transform of 



Aiy,) ■ ■ ■ A(}'„)>a (4.22) 

given by the finite part of (4.18), namely 



A(qi) ••• A(qJ)^ 



Mf—1 



y(A) 



K?Jnn 



c/lC. 



la 



m,- 






n" n 



clKl * dk, 
(lirY U (Itt) 






(4.23) 



We still have to specify the number of subtractions to be used in constructing 
from the unrenormalized integrand . This is done by prescribing the degree 
^<i(y) of any proper subdiagram y of J. If y does not contain we define Sjj(y) by 
(3.15). If y contains Vq we define §d(y) by 



S,i(y) ^ d - r(y) 



(4.24) 
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where d is the dimension (4.3) of the operator and r(y) denotes the number of 
external lines of y (for a precise definition of r(y) see the Appendix). As is shown in 
the Appendix S^(y) satisfies the conditions (A. 35) and (A. 36) which are sufficient 
for the convergence of (4.23). 

We will also need composite operators 

(4.25) 

which are constructed with additional subtractions. The degree o of the operator 
may be any integer which is greater or equal to the dimension (4.3) 

a > </, a — d = 0, 1, 2 (4.26) 



The Green’s functions 



<TB\:^)ix)A{y,)-A{y„y) (4.27) 



are defined similarly to (4.4), (4.21-23) but with a larger number of subtractions 
<T5a(x) A(y,) - A(y„)} = ^ <Tfij:}(x) A(y,) - A(y„)y^ 






<r5{:l(p) A(q,) - A(q„)> 



(4.28) 



— lim f n n n n n 

“ i'. r. J H 1.1 ( 2 ,)- n n n 



In order to specify the number of subtractions used in constructing from 7^ we 
assign a degree S„(y) to any proper subdiagram S of A. If y does not contain F, we 
set 



S«(y) = S(y) 

If Fj belongs to y we set 

Sa(y) = a - Ay) 



According to (4.24) 



(4.29) 

(4.30) 



^a(y) = Stf(y) + a — d if V„ belongs to y. (4.31) 

Again the degree Sa(y) satisfies the conditions (A.35), (A.36) of the Appendix which 
are sufficient for the convergence of (4.28). 
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For the derivation of some normalization conditions we write down the 
expansion of the proper part, as defined by (2.16-17); 



A(y^) - = <7’:^L^(x) - A\y,) - A“(y„)>S 



prop 






(TBt^(x)A(y,)-A(yJ>^‘ 



prop 



The first term on the right side 

<T:Al,(x) - Aljx): A0(y,) - A\y„)>r^ 



(4.32) 



= 5 

mn tujj 



E - 3'n) - - yO 



(4.33) 



represents the zero order contribution and comes from the trivial diagram con- 
sisting of the vertex Vq only. denotes a free field, < >o the free field vacuum 
expectation value. The sum on the right side of (4.32) extends over the set 

of all proper diagrams 0 which can be obtained by dropping the lines with 
endpoints yi ,..., y„ from a diagram 0* contributing to <r5(^l(jc) A(yi) ■■■ A(y„)y. 

In momentum space the contribution from a diagram 0 is 

<TS\:Up) - ^(^n)>r" 



= ^a/n n'lirn' n («4) 

s, = (2..)*s(p- j;?,), = 



»,'-i 



dKL 



in the notation of (4.28). The renormalized integrand can be written as 

= (1 - f'") (4.35) 

where t* denotes the Taylor operator with respect to ,..., q„ up to and including 
the order ^^(tf). For the definition of see [5], Equation (4.35) implies 

C, - - 0 (‘*■36) 



or 



at qi = — q„ = 0 provided 



(4.37) 
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Hence 



<rB|“}(0) (4.39) 

= <T:.4t,,(0) - provided « + ^ #{v), < a. 



if « + S < « and 

. . < tM S 

<™a(o) Auso) n »/ ! n n »,. ! 

i-1 a»0 

if « + S {p} {/x}. 



(4.40) 



In these equations the following notations were used. Two sets (/x)j , (p)^ are called 
equivalent 

(y)i ('')} (4.41) 

if (p), is a permutation of (fi)i . {pi) and {p} are called equivalent 

{m}~M (4.42) 

if n = m and if there is a permutation ((p);^ (’^)>„) °f W such that 

(^)j ~ (p),.^ 

Otherwise we write (jn}76{p},5i,...,jj are the numbers of equivalent (/x)* occurring 
in (ju). Ojc is the number of a’s occurring in (/x)^ . 

We finally show that the vacuum expectation values 



<b{:1(a)> = 0 



vanish. The contribution from a Feynman diagram A is given by 



<^(:}(p)>. == 



8(p) 

S^(A) «“*+o 




TT dM 

(2n)^ (2u-)^ 



If A is proper the integrand is of the form 



(4.43) 



(4.44) 



= (1 - r/) R'-f = 0 

and vanishes since does not depend on p. If A is not proper it contains at least 
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one proper subdiagram y with one external momentum p only and degree 
b = S(y) > 0. Such a diagram contributes to the factor 

= (1 - == 0 

since Ry’ does not depend on p^. 

As has been emphasized by Lowenstein [13] the time ordered Green’s functions 
defined in this section are not uniquely determined. It frequently occurs that the 
same local operator B(x) may be represented by different polynomials of /l(x) 

= (4-45) 

B(x) = X Ci'N,^'[M,'{A{x)]] (4.46) 

Mj , Mj denote monomials of A and its derivatives, j includes Lorentz indices. 
While the time ordered functions of a given monomial were uniquely prescribed 
the Green’s function 



iTBix)A{y^)-A{y,Ay (4.47) 

as calculated from the representation (4.45) and (4.46) may differ by S-function 
terms. 



5. Algebraic Identities 

Let r be a diagram of and A = Pe . In this section we will investigate 
the relation between Rp and the integrand which we used in (4.28) for defining 
the Green’s functions of composite operators. Using the explicit formulas derived 
in [5, Section 3], Rp and may be written as 

Rv^Sp X n (5.1) 

Ufc'is'in viiu 

R^f = S^ X ri(-^.’'‘^v)-S'u/. (5.2) 

veU 

Ip and /j are related by (4.20). U{r) is the set of all r-forests, t/„(zl) the set of all 
J-forests relative to the degree S„(y). For the definition of the substitution opera- 
tors Sy see [5]. In addition we introduce the substitution operator Su . If applied to 
a function of the momenta labaip, k) the operator Su prescribes the substitutions 

laUpk)^Hboip^k^) 



if Laia belongs to y e {/ but not to any other y' e U with y' C y. 
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Apparently 

= '^'(r) u (5.3) 

where 0 is the set of all ^-forests with at least one element y containing Vq . From 
(5.1-3) 



=SFi,)Rr+ X (5.4) 

with 

YU-fa^S,)SulA (5.5) 

t/e<P yet/ 

Our aim is to write X in a more convenient form. First we note that any two 
elements y, y of U containing must satisfy 



y C y’ or y' C.y 



For y and y' are not disjoint since they have the vertex Vq in common. Hence 
among all elements yeU containing Vq there is a smallest one which we call t. 
Then 

U = M (5.6) 



Ui is the set of all y e U(y ^ t) with t C y or t and y disjoint. is the set of all 
y £ [/(y ^ t) with y C t. (5.6) implies 



n (-'a^>5v) = n (-v5,)(-t/5,) n (5.7) 

ve V ve Uy ys n. 

With this information Eq. (5.5) becomes 



E z E n n (5.8) 

Ter, V^eJl^ yeV^ v6W, 

Here T, denotes the set of all proper subdiagrams t of A which contain V„ and 
have degree S„(t) > 0. is the set of all J-forests C/j which have the property 
that each yeC/i satisfies 



T C y or T Cl y = 0 . 

u(t) is the set of all r-forests. (5.4) and (5.8) represent the final form of the algebraic 
identities. 

We finally discuss a generalization of (5.4), (5.8) which will be needed in the 
following section for establishing relations between normal products of dilTercnt 
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degrees. Suppose and are formed with different degrees 8„ and defined 
through (4.29-30), assuming a > b. We have 



l/e'S'aM) yeU 


(5.9) 


yeU 


(5.10) 


In (5.10) we used the convention 




V = 0 if w<o. 




For any y containing Fq we split 




= hy + {t^y - hy) 

while 


(5.11) 


f V /V ^d(v) 

‘a — h — ^pv 


(5.12) 


holds for all y’s which do not contain Vo ■ Substituting (5.11) into (5.9) we obtain 


Ue‘l/^(4) Fe^{U) yev 


(5.13) 



Here ^(U) is the family of functions with the property 



(i) /V = or Fy = - V) Sy 

if y contains Vg , 

(ii) Fy = -tjSy = -t„ySy 

if y does not contain Kq . 

For any U there is a function in ^{U) which assigns Fy = to any yeU. 

Taking out ail terms with F = F^t we find 

= Rf + X (5.14) 

^ = Z E (515) 

£/£'&■' yiU 

is the set of all forests having at least one element y which contains Vq . Our 
aim is again to write A'in a convenient form. For F F^ there is a smallest element 
T in U which contains Vo and satisfies 



Fr “ - tu^) S, 



(5.16) 
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For given U and F we decompose 

t/ = t/i u [/jj u {t} (5.17) 

where Ux and U^, are defined as below Eq. (5.6). As generalization of (5.4), (5.8) we 
finally obtain 

p(o) n(b) I v” 

Ka — Aj -1- A 

E I E n (-v^v)(-(v-/»o)*Sr n (-v-5,)5p/. 

Ter, r,6«(T) v6t/j veu, 

Ta , are defined as below Eq. (5.8). 



6. Relations between Composite Operators of Different Degree 

In this section we will derive some identities which relate composite operators of 
different degree. We consider the formal operator product 

M{^^{A{x)} = ^(„),(x) ••• ^(„)Jx), m > 2 (6.1) 

of dimension 

d= m + Y. > 2 ( 6 . 2 ) 

and form the composite operators 

/?Li(.v) = iV„[Afw{/l(A-)}] (6.3) 

sfflW = iV,[/W(,){/l(A-)}], (6.4) 

It will always be assumed that 

d ^ b < a. (6.5) 

We will compare the power series expansions of the Green’s functions 

<TBt\ix)A(yx)-Aiy„)y^ Y <TBt](x) A(yx) - A(y„))^ (6.6) 

^TB^^{x)A{yx)- A(yjy Y <TbI';!,(x) A(y,) - A(y„)y^ . (6.7) 
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According to (4.28) the contributions from the diagram A are given by 

iTB'-dip) A(g,) - 

= a J n n n- n' (‘■») 



<rS&(p)J(^,)-AMh 



A ) .'■% J n n' ^ n- n ' (6..> 



The renormalized integrands and /ij,*'* are related by the identity (5.14-15), We 
first determine the set Ta appearing in (5.15). By definition Ta is the set of all proper 
subdiagrams of A which contain Vq and have nonnegative degree 

Sa(r) > 0. (6.10) 

The definition (4.24) of the degree yields the inequality 

a-r^O (6.11) 

where r is the number of external lines ofr. This implies 

r = l,...,a (6.12) 

The case r = 0 may be excluded since 

(// - fft") S, n Suh = 0 

V6£/, 

vanishes if t has no external lines. Tor then ail momenta l)j(,„ are independent of 
the external momenta p^. Hence T„ is the set of all proper subdiagrams of which 

contain K„ and have r 1 a external lines. 

The unrenormalized integral factorize according to 

h=hiAr (see Eq. (A.26)). (6.13) 

With (6.13) the identity (5.14-15) becomes 

+ X 

^ - E Z E n 

roTa v6£/i 

X SuJanUa^ - n i ■ 

Vi. 



(6.14) 
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In order to work out the explicit form of the dilTerential operator — /j’’ we list 
all nonvanishing external momenta of r. The external lines of t are given by (A.2). 
Some of the subscripts a,- may be zero. In this case external lines of t are attached 
to Vf, . The nonvanishing external momenta of t are then 

Pi^ =Po =P 



and 



Pi 



Pr" 



corresponding to the external lines (A.2). The momenta />„hi = f/i Pm+n = < 7 « 
cannot be external to r. For the corresponding exterior vertices V^+i Vm+„ do 
not belong to t since t is proper. The sum of all external momenta of t must vanish 



r 



Po' + S P/ = 0 



(6.15) 



Since t is connected (6.15) is the only linear relation among the external momenta. 
Choosing as linearly Independent external momenta we have 



V - V = K ■■■ - C 



with 



(p)j — (pil )•••) Pjrii))y {p} ((p)l >•••» (p)r) 

7 " T T ^ 

Piip)f PiPi PjpjrU) ’ ^ Vi^ 



The sum Xl"p)» extends over all sets {p} with 



(6.16) 



(6.17) 



b <r+ Y Mp)i a 

i-1 



(6.18) 



The operator prescribes that the external momenta pi’ be set equal to zero. Let 
Su be the first substitution operator of 



■Sr n (-^-’'‘Sv) 

ve Ui 

to act on (6.16). That is, /t is either /"or the smallest element of which contains 
T. then effects the substitution 

P/-^P/Ui'‘,P'‘) 
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with 



(6.19) 



PiW,p") = 

In (6. 14) we may therefore replace 

Pi(p)i P^-(p)f 

by 

- s„ - (-//aVX). - i-illfroM-iy •••• 

We thus obtain the following factorization of X: 

Y V Vo p(a) 

" (V n #(A ! 

UiE^j veUi 

= Z n 

ye^i^lr) p6K 
Us^ir) veu 

In (6.21) the substitution p = yjr was used. For the notion of the reduced diagram 
d/r and related definitions see the Appendix. /j/rSp) is defined by 



( 6 . 20 ) 



6 , 21 ) 



(6.22) 



r 

Ij/t{p) ' ' |~[ 4l&jO^(^> p)(p)j Ai/t 



(6.23) 






Integrating (6.20) over the internal momenta, summing over all A and taking a 
Fourier transformation with respect to p, r/, ,..., q„ we obtain 

<ra|Sl(A-)zl(y,) - A(y„)} = (TB\±x)A(y^) - A(yJ} 

^ < /• + Z < «• 



i=i 



The coefficients are 



X! <7'a(';!(0)vi<''>'(0) ••• /i<‘’’’-(0)>i 



(6.25) 
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where is the set of all nontrivial diagrams contributing to the proper part. The 
notation in (6.25) is similar to (2.24), i.e., 

= ... A{q,) ■ • • ^(^,)>P’-‘>P (6.26) 

The contribution 



<r:Aoo.),(0) - A„(^,J0): J<“*‘(0) - ^<">^(0)>‘’'“" 

from the trivial diagram (with the notation of (2.24)) vanishes because 

A = m + <r + Z #(p)i 

in (6.24), and therefore {p) 7 ^ {p}. Hence 

gW(p) ^ j^(p>,( 0 ) ... ^<‘>>r( 0 )>P^“P (6.27) 

for the coefficients of (6.24) with the notation (6.26). According to this the G, 
are invariant tensors which can be composed of and e„^p„-tensors only. 

Applying the reduction technique to the variables of Eq. (6.24) we 

obtain the operator identity 

5,‘?,(x) = £{:i(x) + x: W 

’ (6.28) 
^ <r+ Z ^ 

^-1 

with the coelficients given by (6.27). If the reduction technique is applied to only 
part of the variables we obtain (6.24) in operator form 

r^S(^)^(>-x)-^(T„) 

= r.s|„“J(x) A(y,) - A(y„) + E“ Gtl‘‘’^TBtl(.x) A(y,) - A(y„) 

^ ' (6.29) 

b < r+ Z #(p)i < 

The coefficients can also be calculated directly from (6.24) and the normaliza- 
tion conditions (4.40) of the normal products. 
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Wc finally derive a formula which expresses in terms of the operators 



of minimal degree. To this end we write (6.28) for a 



b + 1 



to) 



H n mp)i ! 



p(b+l) 
J (J{u) -0{p> . 



(6.30) 



The sum is restricted by 

b<r+t Mp)i <b+L 

j-i 

Hence the degree b + 1 equals the dimension of the composite operators appearing 
in the sum 



r + E #(/>).• = ^ + 1 

j=i 

= Bu) . 

With the abbreviation 

- Cl”‘, if 6 = r -I- t ^(p)j - 1 



i-i 



we find 



ota) D 

iJ(u> = — 2,, 



,/r!n#(p). ! 

Here d denotes the dimension of 5{„) 






(6.31) 



(6.32) 



The sum is restricted by 



m 

d = /» I E ■ 



j-i 



d<r-VY,#{p)i<.a (6.33) 

A corresponding formula holds for time ordered products 
<T5fcV)^(;'i) - ^(y«)> = iTBU^)A^y,) - /l(y„)> 

- ES G,W,<™(p)Cv) ^(Ti) - A(y„)y 

(6.34) 

Many examples for the relations (6.24-34) can be found in the applications of the 
normal product algorithm by Lowenstcin and Schroer [18, 24-26]. 
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APPENDIX: Subdiagram and Reduced Diagrams 

The conventions concerning subdiagrams and reduced diagrams used in this 
paper are slightly different from those of [5]. We briefly introduce the relevant 
modifications. 

A subdiagram y of F e or J e 

yCr or yC A 

is defined by a nonempty subset of lines of F.’’ The vertices of y are formed by all 
endpoints of lines belonging to y. A line of T or Zl not belonging to y is called an 
external line of y if one or both endpoints lie in y. 

We next introduce external and internal momenta for y. Let 



Cl ' Cf 



be the vertices and 



L 









(A.l) 

(A.2) 



be the external lines of y. The indices a, , bj are ordered such that Oj refers to the 
endpoint Va^ which belongs to y. If both endpoints and of a line belong 

to y this line is listed twice in (A.2) as Lab„ and . 

As external momenta of y we introduce 



(A.3) 

(corresponding to each vertex (A.4) of y) and the new variables 

(A.4) 

corresponding to each external line of y as listed in (A.2). The combined sets (A.3) 
and (A.4) of variables will be denoted by the symbol 

P'' = (Pc, Po, , Pi’' P/) (A.5) 

The momenta associated with an interior vertex o( F ox A vanish. Hence 
only those momenta in (A.3) can be different from zero which belong to the 
exterior vertices 

Kx,..„ of (A.6) 

^ The empty sict or u (riviul iliaerum consisting of it single vertex unit no line is not u stil'Kliiigriim 
in the sense of this dclinition. On the other hiiiul the full diagram itself is cunsiilereil us a sub 
diagram. 
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or 



Vo , Vm+i V«i+n of (A.7) 

At each vertex of y we introduce the total external momentum 

^ ®Xt 

= /»o + Ev Pi'' 

(A.8) 

(I Cl Cyyf(y) 



The sum extends over all external lines of y which are attached to . These 
are all lines listed in (A.2) with Oj = a. 

The internal momenta are required to satisfy momentum conservation at 
each vertex of y 



= qj(pl 



The will be written in the form 



(A.9) 



C, = klUn + qlUpl 



(A.IO) 



where the are linear combinations of the external momenta p* and form a 

particular solution of 

Ev“ = q:{p% c. + qlaa = 0- (A. 1 1) 

The are linear combinations of j(y) independent internal momenta 

k-'={ki- k\)M 

and form the general solution of 



= klo. kl^ =--- Q. 
k> and py are expressed in terms of k and p 

ky = ky{k,p), py==py{k,p) 

by requiring 



raUk\p-^) - UM,P) 
for each internal line of y and 



(A.12) 

(A. 13) 
(A. 14) 



P''a, --= —Uo(k,p) 



(A. 15) 



for each external line of y. 
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Let be a subdiagram of y C F. Jn an analogous way we introduce the func- 
tions 



A“ = A/(Av, py), = p^«(A»', pv) 


(A. 16) 


by setting 




/?^c(A“,p“) ^ Hb.{k\p') 


(A.17) 


for every line L^ba of p. Moreover, we require 




pr -ll,b,a,(k\pl 


(A.18) 


if La^bjo^ is an external line of p, but not of y, and 




11 


(A.19) 



if ^ 0 , 6 , 0 , = external line of ja and y. (The numbering (A.2) of external 

lines may be different for ^ and y, hence j ^ kin general.) 

The choice of the particular solutions qabaip) of (A. 11) should be such that k’> 
depends on k only and A:" on kv only in (A. 13) and (A. 16) 

k = kiky), A“ = k^“(ki’). (A.20) 

As was shown in [5] such Qabaip), qlbaiP'') can always be constructed. 

The unrenormalized Feynman integral associated with a subdiagram y of 
r e or J e is given by 

= j clk^^ - dk‘',M (A.21) 

where 

= (A.22) 

ubo c 

with the usual insertion rules. The products extend over all lines and vertices of y. 
The dimension r/(y) is defined by the dimension of the integral (A.21). 

A diagram is called trivial if it consists of a single vertex and no line. A diagram 
is called proper if it cannot be separated in two parts by cutting a single line. Two 
diagrams are called disjoint if they have neither a line nor a vertex in common. Let 

y be a subdiagram of F e oi A e . Let yi yo be mutually disjoint proper 

subdiagrams of y. The reduced diagram 

y = y/yi"' 7 c (A.23) 

is then defined by reducing each y^ in y to a vertex. In other words, the lines of y 
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are formed by those lines of y which do not belong to any y, . The vertices which 
are formed by the corresponding endpoints but with all vertices identified which 
belong to the same y, . The unrenormalized Feynman integral associated with 
(A.23) is given by 

= I - dk\-i 

where 

h — n? ^ ri5t ^ 0 

aba c 

is formed with the usual insertion rules. The products extend over the lines and 
vertices of y which do not belong to any y^ . Accordingly the factor 1 is assigned to 
each reduced vertex. and are related by 

ly ^vhv-yjvi " -A'c (A. 26) 

Let y be a subdiagram of The dimension d{y) of y is defined by the 

dimension of the integral (A.21) which is given by 

d{y) — 4.v(y) + 2v^{y) — 2/(y) (A. 27) 

Here s(y) is the number of independent internal momenta of y, v-Jly) the number 
of 2-vertices, f(y) the number of lines belonging to y. The dimension d{y) of the 
reduced diagram, i.e., the dimension of the corresponding integral (A.24), is 
given by 

dir) = 4s(y) + 2u,'(y) - 2/(y) (A.28) 

where n/(y) is the number of original 2-vertices belonging to y (i.e., not counting 
those 2-vertices which were obtained by reducing proper self-diagrams of y). The 
relation 



(A.24) 

(A.25) 



d(y) = d(y) -f 4y<i) 

a—1 



(A.29) 



then follows from (A. 27-28). This is obvious in the absence of 2-vertices in y. 
Moreover, the insertion of 2-vertices into the lines of y does not change (A.29) 
since the degree of a factor A -f- — m^) is cancelled by the degree of an 

additional Feynman denominator. Hence (A.29) holds in general. 

We next derive two conditions for the degree 8(y) defined by (3.15). (A.24) may 
also be written as 



^/(y) == 4 — r(y) — 



(A.30) 
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Here r(y) is the number of external lines of y with those external lines counted 
twice for which both endpoints lie in y. v-j(y) denotes the number of 3-vertices in y. 
From (3.15) and (A.27) we obtain 



which implies 



8(y) = 4y) + i^aCy) 



S(y) ^ t/(y). 



(A.31) 

(A.32) 



Moreover, (A.29), (A.31) and 

t^s(y) ^ t '^3(y,) (A.33) 

imply 

S(y) ^ d(y) + X 4yi)- (A.34) 

The conditions (A.32) and (A.34) guarantee that the final renormalized integral 
(3.14) is absolutely convergent and approaches a distribution in the limit e —*■ -| 0.“ 
We finally derive the corresponding formulas for the contribution from a 
diagram A e to the Green’s function (4.28) of the operator . Let y be a 
subdiagram of A. We have to verify that the degree function S„(y) as defined by 
(4.31) satisfies the conditions 

So(y) > diy) (A.35) 

Sa(y) > d(y) -t- S„(y^) (A.36) 

for any reduced diagram (A. 23). Only the case where y contains the vertex need 
be checked. In this case the dimension of y is given by 

d(y) = S #(/x)i 4- 4^(y) -I- 2v,(y) - 2/(y) (A.37) 

which may also be written as 

d(y) = d — r(y) — v^iy). (A.38) 

d is the dimension (4.3) of the operator , s(y) the number of independent inter- 
nal momenta of y, v^iy) the number of 2-vertices (excluding Vo), Va(y) the number 

* See ref. [5]. Apart from minor changes the convergence proof is not aflected by the modi- 
fications of this paiier. 
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of 3-vertices (excluding V„), l(y) the number of lines belonging to y. (4.30) and 
(A.38) imply 

S«.(y) == d(y) + v^(y) + a — d (A. 39) 

yielding (A. 35). 

In order to check (A. 36) we note that (A. 37) implies 

d{y) d(y) -1- Y, ‘Kyj) (A .40) 

j-i 

in the absence of 2-vertices. Since the insertion of a 2-vertex does not change the 
dimension of a diagram Eq. (A.40) holds in general. Assuming that none of the ■ 
subdiagrams yi ,..., y„ contains Kq we have 

W = S(y^). (A.41) 

Then (A.31), (A.39), (A.41), and 

fiir) > Z faCVi) (A.42) 

imply (A. 36). Next we assume that y, contains Va . Since y ^ are disjoint only 
y; contains K# . Hence 



So(Vj) = <^(ys) + Hij}) -\ra — d 
^a(yi) = d{y,) + t> 3 (yj) if i ¥= j. 

Combined with (A.39), (A.42) these relations imply (A. 36). 
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Normal products are defined in perturbation theory for renormalizable interactions 
of a scalar field. Various identities involving normal products are derived. As an applica- 
tion Wilson’s asymptotic short distance expansion is verified in perturbation theory for 
a product of two field operators. 



1. Introduction 

In a previous paper composite operators 

iVa[A/(„){/l(x)}] (1.1) 

were defined in perturbation theory for the model of a scalar field A with mixed A^, 
^^-coupling [1]. Miu) denotes the formal monomial 

MMiAix)} = • • • ^(„)„(x) (1 .2) 

with the notation 

iP'tl >•••> 

■■■ > 

(m) = ((/^)l V. (pXn), 

a may be any integer greater or equal than the dimension of the monomial 

(1.4) 

* This work was supported in part by the National Science Foundation Grant No. GP-25609. 
t A preliminary version of the material contained in this paper appeared in W. Zimmermann, 
Renormalization and Composite Field Operators, in “Lectures on Elementary Particles and 
Quantum Field Theory,” 1970 Brandcis Summer Institute in Theoretical Physics, Vol. I (S. Deser, 
M. Grisaru, and 11. Pendleton, Eds.) MIT Press, Cambridge, Muss. (1971). 
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^/(A/(y)) is the dimension of in the naive sense, where the dimension 1 is 
assigned to the field A and the derivative , i.e., 

m 

d(.Mu){A(x)}) = ni + X "'O') (1-5) 

j-i 

Composite operators for which the degree a equals the dimension (1.5) are 
called composite operators of minimal degree and denoted by 

^[A/(„){^(a:)}] = with a = diM^). (1.6) 

In this paper (1.1) will be generalized to a definition of a normal product 

- A(,)Jx„,)] (1.7) 

which depends on different coordinates jci ,..., . a may be any integer. For a <0 

the operator (1.7) equals the corresponding time ordered product 

iV«[^u,(^i) - A<^,jxj] = - a:^:,jA(x,) - ACxj 

if a =- 1 ,- 2 ,.... (1.8) 

If a is greater than or equal to the dimension of the monomial the normal product 
(1.7) approaches the composite operator (1.1) in the limit Xj x. 

For the special case of two operators the normal product 

KIA u,(xi) A („)/ji:g)] ( 1 .9) 

will be defined in two different ways. In Section 2 the operator (1.9) is defined by a 
linear combination 

A^aM(„).(^i)^w/x,)] = i)^‘d^^7A(x,)A(x,) + f C,(|)fi/x) 

i-i 

( 1 . 10 ) 

a: = (a'i + x.i)/2, ^ = (x^ - x^)l2 

of the corresponding time ordered product and composite operators Bj{x) of 
minimal degree d iSi a. The coefficients Gj are explicitly given in terms of Green’s 
functions. An alternative method of defining normal products is developed in 
Section 3. There the Green’s functions 

<TN^[Ai,^)^{x^ Jx,„)] v4(;'j) ••• A(>-„)> (1.11) 

are defined in perturbation theory by a simple generalization of the corresponding 
definition of 



<TyV„[/f,„).(A-) /!(,.)>-)] A(y,) A(y„)y 
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which was given in [1], (Ref. [1] is referred to as I throughout). For the case of 
m — 2 the complete equivalence of both definitions is established in Section 5. 

A generalization of (1.10) to the case of more than two operators is possible, 
but will not be given in the present paper. 

The normal product (1.9) satisfies 

^«WoM<„),(a-i) ^(,,),(at 2)] = iV„a„^M(„),(Xi) /4(„),(Xi)l (1.12) 

and Lowenstein’s rule [2] 

^<M)/^a)] (1-13) 

The normal product formalism is applied to Wilson’s short distance expansion 
for a product of two operators [3]. In Section 4 the principal part of the Wilson 
expansion 

TA{xi) A(x2) = ^/x) + R(xjX^) 

= (^'i + Xi)/2, i = (xi — x^j2, hin /? = 0 

is derived in perturbation theory, confirming earlier results by Brandt [4]‘. On the 
right side the sum extends over all composite operators (1.6) of minimal degree and 
dimension 

d < 2, 

including the identity. The index j includes possible Lorentz indices. Explicit 
expressions for the coefficients ft in terms of Green’s functions are found. The 
remainder is obtained in the form 

R(x^x^) = AaM(;c,) /((Xg)] - AJ4(x)^] (1.15) 

which vanishes in the limit Xj -*■ x. 

In Section 6 the asymptotic form of the Wilson expansion 

^(^ 2 ) = B,(x) -f R„(x,x,) (1.16) 

is proved to be valid in perturbation theory®. The sum extends over all composite 
operators (1.6) of minimal degree and dimension 

d ^ n. (1-17) 

* The form (1.14-15) of the principal part was applied by K. Symanzik in ref. [5] to the asymp- 
totic behavior of vertex functions at large momenta. The paper also contains another derivation 
of (1.14-15) which makes use of the 2-particle structure of Green’s functions. 

“ Another proof of the asymptotic form of the short distance expansion has been given by K. 
Wilson [()], using a different method. 
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The coefficients fj are expressed in terms of Green’s functions. The remainder R„ 
is related to the normal product by 

+ i) A(^)/x - ^)] 

Xi = X -h i, X 2 = X - i 
ft- ... 

c = n — 2 — n;(l) — /»i(2). 

Applied to a function F of ^ the expression FF denotes the Taylor series of F at 
^ = 0 up to and including terms of order c. The remainder (1.18) vanishes at least 
like for | ^ 0. 



2. Definition of Normal Products 

As a generalization of the Wick product we introduce a family of normal 
products 

AoM<„)i(jCi)-4(^),(x5,)] (2.1) 

where a may be any integer. If a is negative we set® 

./VaN(»),(^i)^(„),(^2)] = ^W,(^2). a <0. (2.2) 

No is identical with Wick’s : : -product 

= 7’/4(„)j(a'i) /1(„)/Aa) - <,TA(,,)^{x\) A(„)JXi)> ■ 1 

(2.3) 

For positive a we define 

A„M(„)/xi) = TAu)/Xi) A(^)^(Xo) - (TAu^(() /l<„),(-^)> 1 

AT = (Aj -f Ag)/2, f = (Xj — Aa)/2 

• The time ordered product of derivatives of field operators is defined by 

<7>I(.,^(a,) ... /<(.,^(A„)> - ^ ... aZ„ <mx.) - /((jr„)>. 
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The sum extends over all sets 

{p> = ({P)l (P)r) 

(p)i = (pil pjm) #«(y) = 0. 1.- 

with 

0 < r + t #(p)j < a (2.5) 

i-i 

#(p)j denotes the number n( J) of elements in (p)j . is the composite operator 

B(p)W = (VN(p),(a-) ■■■ ^(p),(x)] (2.6) 

of minimal degree 

d = r+t Mp)s . 

)-i 

The coefficients will be given later. According to (2.4) the normal product is a 
linear combination of the time ordered product and local operators depending on 
X = (xj -f- JCa)/2. This suggests a natural definition of the time ordered product 

r(Af„[^<„),(xi) /4 (p)/a2)] A(yi) — A(y„)). (2.7) 

In order to form (2.7) we multiply (2.4) by the operators A{y^,..., A(y„) and apply 
the time ordering separately to every term on the right side. We thus arrive at the 
following formula for the time ordered products (2.7) 

^u,(Ais)] Aiyt) A(y,) 

= r^(„)/A'i) A(^)Jx^) A(yi) A(y„) 

- <r^(„).(^)^(„),/-0> TA(y,) - A(y„) 

- r w (2.8) 

We finally define the coefficients C|^^(^) by 

^‘“NO) - ^<'’>^(0)>>’'‘“" if r 2 

(2.9) 
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and 



j-#(p)l+#(p)j^_2J#(w)s+#(»)2 0 ^ j 

j-#(p)i+#(p)s^_ j^#(h)j+#(b)i 0 ^ ^ 

^(P>I ^ ... ^pinu) *** ^**^"^** if r — 2 



( 2 . 10 ) 



b denotes the integer 

b = r + Y #{p)i - 1- 

(For the definition of the proper part < see 1, Section 2].) The notation used 
in (2.9-10) is 



<JOA^“\q ;) ... J-Wr(gr^)>Pf°p = ... d[^\TOAiqi) ■■■ ^(^r))*’™'’ (2.11) 

for the proper part of a time ordered function involving the operator O. In the 
formula (2.4) for the normal product iV„ all coefficients are determined 
recursively. For every term of the sum satisfies 

^ = /- + E#(p)^- » <«- 1 (2.12) 

so that all coefficients are given by normal products Ni, with b < a. 

According to (2.8) reduction formulas hold in their usual form for the time 
ordered product (2.7). In particular, the matrix elements of (2.4) are uniquely deter- 
mined by the vacuum expectation values of (2.7). 

The normal product (2.4) satisfies the differentiation rules 

epWJ^W.(x -I- 0 Am,(x - ^)] - -1- a - ^)] (2.13) 

S.“K[Au^Jix -I- $) A^^yjix - 01 = + 0 A^,)Jix - 0] 

(2.14) 

(2.13) follows immediately from the definition (2.4), (2.9-10) of the normal product. 

(2.14) was derived by Lowenstein [2] in perturbation theory. It can also be derived 
by using the definition (2.4), (2.9-10) and Lowenstein’s relation for composite 
operators 



a/A[^(p)/x) ^(„),(x)] = Nd/[A(,)Jix) ••• ^U),(x)]. 
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Repeated application of (2.13-14) yields 

— ^)] = NaSM[A(^)^(x + 0 Au,)lx — ^)] 

^t)Na[Au)Jix + ^ A(^)/^X — 0 ] = — 6 ] 

b = a + #(v). 



(2.15) 



(2.16) 



Using (2.15) and (2.16) any derivative of a normal product with respect to Xi and 
may be written as a linear combination of normal products. 

For time ordered products we have similar diiferentiation rules 



+ 0 Aujix - $)] A(y,) - A(y„) 

= TNaei)NdA^,)Jix + $) A(,)Jix - $)] A(y,) - A(y„) 
8l^TN^Ai,)^(x + ^) Ai,)^(x - ^)] A(y,) - A(y„) 

= TNi8l)[Ai^)^(x + i) ^(„),(at - f)] A(y^) ■■■ A(y„) 
b = a i- #(i-)- 



(2.17) 



(2.18) 



Normalization conditions for the normal products (2.1) can easily be worked out. 
We first consider the Green’s function 



= <TJVAAu,(x^),Au (X 2 )] ^‘'\0) - ^<'>"(0)>‘>^“'> (2.19) 



for Xi = ^, X 2 = —i with the notation (2.11). Taking the vacuum expectation 
value of (2.8) and setting x = 0 we find 






■(f. -0 = 0 



(2.20 



if Z #(*')# ^ and n ^ 2, 

( 2 . 21 ) 

In deriving these relations the normalization conditions (see [1, Eq. 4.40]) for the 
composite operators of minimal degree were used. 

Next we consider (2.19) for arbitrary values 
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By translation invariance (2.19) is a polynomial in x. Likewise 



is a polynomial in x. Differentiating (2.19) with respect to x and using (2.18), 
(2.20-21) we find that and coincide at jc = 0 with all deriva- 

tives. Hence the normalization condition 






t i#(dj+#W3^®i -jaij id'h ,-**'*» _1_ ^ j*(v)i+Mv),C)Xi 0*3 yWi^Wa 

"na‘ (u), (u»s''l -^4 ^ «a •'l > 



( 2 . 22 ) 






is valid everywhere, with the notation (2.11). 

As examples for the definition of normal products we work out Ai[/4(x:i) /^(jCg)] 
and A 2 [/l(jfi) A(Xi)]. It is convenient to use the notation G(^) for the coefficient of 



A(x), G,(^) for the coefficient of 

B.(x) = A[/f‘(;c)], (2.23) 

G'>»’"o»(^) for the coefficient of ^4^...p^(x), and G‘'’h"'<‘’*(f) for the coefficient of 

= N[A\x) ^Q,(x) - (2.24) 

With this notation we have 

Ai[/f(x-i) ^(JC*)] = TA{Xt) A(x,) 

- (TA(^) A(-$)} 1 - C(a A(x), (2.25) 

G(f) = <r :A{0 A(-0: 40)>prop, (2.26) 

A 2 M(xi) A(;c 2 )] = TAix,)A{x,) - iTA(0 A(-^)} 1 

- G(a A{x) + mi) AXx) - lG,ii) A[.4*(x)], (2.27) 

G »(0 = <rA^M(^). 4 (-^)]v^<-( 0 )>p™p 

= <T :A(i) A(-i): ^»(0)>p™p, (2.28) 

G,(i) = <TA,M(a^(-a]^( 0 )^( 0 )>P'»P - 2 
= <T :A(i) A(-i): A(0) A(0))v^<^t> - 2. 



(2.29) 
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In (2.28) and (2.29) the definition (2.25) of the iVi-product was used with 



and 



<^(x)> = 0 

<r^(0) J^»(0)>prop = 0, 
<r/4(0) ^"(0) ^(0)>p''«p = 0. 



3. Green’s Functions of Normal Products 
The time ordered Green’s functions of the composite operator 

(3.1) 

a > cl = m + #(p)> . 

were defined in [1] by a formal power series with respect to the coupling constants. 
In this section we will extend this definition by constructing a set of Green’s 
functions 



<TiVaMw.(^i) ••• ^(«)„(.v„.)] A(yi) ••• A{y„)y (3.2) 

in perturbation theory which in lim jc^ -> jc approach the Green’s functions 

<7’Arj^W,(x) - >l(„)„(x)] A(y,) - A(y„)y (3.3) 

of (3.1), provided a d. For m — 2 the functions thus defined will turn out to be 
identical with the vacuum expectation values of the time ordered products (2.7). 
The equivalence of the two definitions will be established in Section 5. 

The power series of (3.1) will be set up in the form 

<rjv.[/l(,)/xi) - A(y,) - A(y„)y 

= 5] (TNM^.)pl)■■■A^,^JixJ]A(y,)■■■Aiy„)yr (3.4) 

re'ifm+n 

A corresponding expansion 

<rAJ^(„)^(x:) ^(„),„(x)l A(yi) ••• A(y„)y 

= Y, <7’ATJ/l(„)/x) /!(„)»] A(y,) A(y„)y^ 



(3.5) 
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for (3.2) was given in [1]. The diagrams F e and /I e are related by the 
one-to-one correspondence 



j = /*, r = J. 



(3.6) 



The terms of the expansion (3.5) were defined in [1, Eq. 4.28]. A Fourier trans- 
formation with respect to x yields 






"j-i 



/ n n ^ n- n ^ n ^ ( 3 . 7 ) 

Sa'= fl(2^)^S(E9U. 

t ' 1 • J_l 



This suggests defining 

- ^w>,„)] A(.qr) - A{q„y>r 

H^l 






f n n rf' n iim f n 

nr) J U (2^)^ '* +“ J li (2^)* ^ 

Sr' = sy, ^F) = 



(3.8) 



which, for a > w + 2 #U*)i > approaches (3.7) in a suitable limit Xj -*■ x. However, 
due to the presence of the e-limit it is not easy to study the limit Xj-*x rigorously. 
The limit should be taken such that all quantities 



{Xi - xMiXi - Xjf I)’/* (3.9) 

stay bounded. Otherwise the limit may diverge since (3.8) in general has singulari- 
ties on the light cone. Thus 



lim <,TN„[A(^)p{) (x„)]v4(>'i) ••• A(y„)} 

= <TA„U(„)/x) - A(,)„(x)l Aiy,) - A(y„)y 

for (x, — Xj)li\{Xi — bounded and o > w + ^ #(p)y • 



(3.10) 
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If a is negative the degree 8„(y) of any proper subdiagram y containing is 
negative. Consequently no subtractions for any such diagram are made, therefore 

— v4(„)Jx„)] A{yi) A(y„)y 

= <TA(„)Jixi) — A{y^ — ^(y„)> if a = -1, -2 

(3.11) 

If a — 0 only those proper subdiagrams containing K# require subtractions 
which have no external lines. A connected diagram J e contains such sub- 
diagrams iff A itself has no exterior vertices except (see Fig. 1). In this case 



Ra — (1 — — 0, 



(3.12) 




Fig. 1. Subdiagram of d which has no external lines. 



since Rj does not depend on the external momentum. Hence 

<rAo[-^Wi(^i) ••• ^w„.(^m)] Myi)- Myn)> 

= <TA(„)^(Xi) ••• AM^xJAiyj) ■■■ dl(y„)> 

- <r^(„),(xO - A^,^JxJy(TA(y^) - A(y„)y. (3.13) 

We finally give a generalization of the normalization conditions 1.4.40. The 
proper part of (3.4) as defined by Eq. (1.2.17) has the expansion 

{TNAAmPi) - ^(J'l) - A(y„)yrop 

= <7’:^?„,,(x.) - A\y,) - ^"(>'„)>r‘’ 

+ I •••] A{y,) ->r‘’ (3.14) 
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The sum extends over the set 0^ of all diagrams Tl which are related to the diagrams 
of the class (as defined below Eq. (1.4.33) by 

n = 0 = ft 

Applying the differentia! operator and using (1.4.36) we obtain 

- /<(„)>„.) A(q,) - A(q„)>fr = 0 if <7, = 0 

if « + 

(3.15) 

for any diagram It e0. Hence the relations 

<TNMuh(x,) - ^<•'>‘(0) - ^‘^>"(0)>'’™P (3.16) 

= (T:Ah^(x,) - AUJxJ: A^^HO) - A^\0)yr^ for n + ^ #(v), < a, 

follow as normalization conditions for the Green’s functions of normal products, 
with the notation (1.2.24) and (2.11). Using (1.2.20) the right side of (3.16) can be 
worked out as follows 



<T:AUlix,) - Al^JixJ: - ^<^»»( 0 )>' 



(3.17) 



The sum extends over all permutations 



/«! ■•• (V„A 

ll -in} 

For m = 2, Eqs. (3.16-17) are in agreement with the normalization condition 

( 2 . 22 ). 



4. Principal Part of Wilson’s Short Distance Expansion 

According to Wilson’s hypothesis the short distance expansion of TA(xi) A(x 2 ) 
has the principal part 

TA(x H- i) A(x - f) = E„(^) 1 -I- E,(a A(x) - iE./‘(i) 8,A{x) 

+ IE,(^) N[A{xf] -I- R(x, ^) 



(4.1) 
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where the remainder vanishes as ^ 0 with ^'7(| bounded [3], Wilson’s 

dimensional rules imply the following bounds on the dimensions of the coefficients 

d{E^) < 2 , d{E^) < 1 

(4.2) 

d{E^“) < 0 , d{E^ < 0 . 

Here the following definition of the dimension </(/) of a function /(^) is used 
lim pHipt]) = 0 if j > d{t) 

lim pH(pr}) = oo if s < d(t) 



for any fixed vector ij with tj* 0. 

It was first shown by R. Brandt that these statements hold to all orders of 
renormalized perturbation theory [4]. An alternative proof will be given here as a 
first illustration of the combinatorial methods developed in [1]. The generalization 
to the product of field operator derivatives is not discussed in this section since this 
will follow from the complete short distance expansion of TA{x^ ^(^’2) by differen- 
tiation. 

We will first check Wilson’s hypothesis for Green’s functions in the form 
iTA{x + ^)A{x-^)A{y^)-A{y„)y 

= E,i^)iTA{y,) - A(y„)y + E,{0<TA{x) A(y,) - A(y„)y 



- iEm UTA{x) A{,y,) - 
+ A{y,) - A{y„)y 

+ •••>'„). (4.3) 

We begin by comparing the Green’s functions 

{T -.Aix,) A{x,^: A{y^) - A{y„)y (4.4) 

{TN[A{xf]A{y;)-A{y,)y (4.5) 

iTN^[A{x^) A{x,)] A{y,) - A{y„)y (4.6) 



in perturbation theory. For (4.6) we will use the definitions (3.5), (3.8) of the 
preceding section. It will be shown later in this section that the Green’s functions 
thus defined are identical with the time ordered function of the normal product 
W2[^(xi) ^(xa)] as defined by (2.27). 

We first give convenient expressions for the contributions of a diagram F e *2’,, ,.3 
or zl e ^2.n to (4.4-6). In the notation of [I] i® defined as the set of all dia- 
grams contributing to <^TA(xi) A(x.i) A(yi) ■■■ A(y„)y. We distinguish the classes 
of diagrams in which are defined as follows. 
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is the set of diagrams F e for which Xx , A'a and at least one coordinate 
yf are attached to the same connected component of F (Fig. 2). 

j/a is the set of diagrams F e ‘^„+a for which and belong to different con- 
nected components of F (Fig. 3). 

jj/g is the set of diagrams F e for which jCj and x^ belong to the same con- 
nected component of F to which no coordinate y} is attached (Fig. 4). 




Fio. 2. Example of a diagram belonging to . 



X, 



X 



2 



Y, 



Y, Y, 



Y Y 
'b 'e 



Y 



8 



Fig. 3. Example of a diagram belonging to s/, . 
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As for the notation of the connected components we follow the convention of 
Eq. ( 1 . 4 . 8 ). \( r the connected component containing Xi and is denoted 
by r*! . If r" 6 the connected component containing Xj is called Pj . If Pe 
the connected component containing JCj , x^ is denoted by Accordingly the 
connected components of F are 



Fx.Fx',.. 


F'' 

>•> -i C 


if 




Pi y Pi > Pl'y 


F'' 

c 


if 


P G 


Px,Px.- 


F'> 

^ 0 


if 


Pe^3 



where the F/ are the connected components to which only coordinates yj are 
attached. 

Apparently 

^n+2 ^ ^ ^2 



The set of diagrams obtained from by identifying Xj = = a; will be denoted 

by SSi. 

^ 2 ,n — U .^2 U ^3 . 

The contributions from a diagram Fe ‘^,, ^3 or zl.^ ,, have the form* 



<T:A(xx)A(x,):A(gx)-A(q„)>r 

Bp f dK _—{(»,*, 4- »,*,) 1; f dkx dka 



f g-»(l>i*i+J>2*a) 1™ f ... n 

J (277)* ^ J (277)* (2t7)* 



y(F)J (277) 

<7’iVU(x)*] A(qx) - ^(9n)>a 

_ jjjQ f 



S/’iA) ' +0 J (2 t7 )* (2 t7 )* 

<mj^(;ti) /1 (x2)] A(qx) - A(q„)yp 

s/ 



dk^ 

(2t7)< 



R. 



if A 






f lim f ... R, 

} (2t7)* «.|0J (2t7)* ( 277 )* 



( 4 . 7 ) 



if Fes/x, 



e^jOrJla, ( 4 . 8 ) 
( 4 . 9 ) 

if F 6 j/, or 



where 

A = P, Sr' = S^' 
Px = (W2) + P. Pa = (P/2) - K, 



i:(277)*s(£9;a) 

7-1 '.-I ( 410 ) 

7-1 



?7i >...> ?7nJ denote the external momenta of the connected component. 

* For integrands Pp it is always understood that the suhstitutions p, — pj2 + K, pj -- pl2 -- K 
are made. Hence Prcorresponds to Siip in tlic notation of /. 
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For P 6 we have 

<TN^[A(x^) A(y,) - Aiy^)}r 

== <7’:^(xi) Aix^): A{y^ ••• 

8 



(4.11) 



<-•+0 J ( Itt )* 



dk, 

{IttY 



Rr 



if Fes/^, 



y(D 

(TNM^-,) A(x,)] A(}’i) - /l(j-„)>r 

= <7':^(;ci)^(:r*):^(;',)-^(>'n)>r = 0 if (4.12) 



In (4.11) it was used that any subdiagram of J -- /'containing Vg is one-particle- 
reducible (see Fig. 5). If Fes/g the integrand R^ of (4.9) contains the factor 

Ra.; = (1 - t/) Ra.: = 0, A", = A" (4.13) 



which vanishes since Ra^i^ does not depend on p. Therefore (4.12) holds. 



X 




Because of (4.11-12) we may restrict ourselves to the nontrivial case Fes/^ or 
A = / e£4?i for the comparison of the Green’s functions (4.7) and (4.9). In general 
Rp and R^ are related by (I.5.4-5), i.e. 



R^ = Rr + X (4.14) 

X==S^l^ Y. E n (-'’'^v)(-t^‘5.) n (4.15) 

Ter yeU^ yen. 

We will study the expression X in some detail. First we determine all possible 
diagrams t to be summed over in (4.15). The set T was introduced as the set of all 
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proper subdiagrams t of which contain V and have nonnegative degree. The 
definition (1.4.24) of the degree yields the inequality 

0<S,(T) = 2-f (4.16) 

where r is the number of external lines of r. This implies r = 0, 1, 2. r = 0 is not 
possible since in any F e Xi , are connected to at least one y} . Hence only 
diagrams r with r = 1, 2 are eligible. Accordingly the set T is given by 

T=T^\jTi (4.17) 

where Tj is the set of diagrams t with r = j. The corresponding contributions to 
(4.15) are denoted by Xj and 

X = X^-\-X^ (4.18) 

= I I n n (4.19) 

t£T-i veu^ V£l/, 

X, = S^Y. Y. S (4-20) 

Ter, 1 /jeJ='(c 7) ve£/, yet/. 



The diagram a is defined by 

(T = f, (4.21) 

i.e., T is obtained from a by identifying = Xj, . The set of all such a is called S. 
(4.21) is a one-to-one correspondence between S and T. The unrenormalized 
integrands belonging to a and t are identical: 

h h . (4.22) 

For any subdiagram r of A containing the unrenormalized Feynman integrand 
factorizes 

Ia = IahF I A, Jo . (4.23) 

It will be seen that X can be written as a sum of factorizing terms. We begin with a 

discussion of X^ . In this case 



S(t) = 2 - m = 0. (4.24) 

Therefore, the Taylor operator becomes 

F = - tor ^ 4 . 25 ) 



and merely prescribes that I lie exieriial nioinenla oI't be .se( ei|uai U> zero. 
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We rearrange the products occurring in (4.20) by using (4.23), (4.25), and the 
fact that /^/T does not depend on the external momenta qr of the diagram t 



n i-rs,)(-rs^) n i-rs;)Sui^ 

-5-, n (-rs,)(-rs,) n 

V6t/j 

= n U. n Wol- (4-26) 

vs£/i ' vet/, ’ 

With this Xi becomes 

^2 = - Z (4.27) 

tgTjj 

where 

Xl^==S^ X n (-'"‘^v)'S't//a/r (4.28) 

V^eJl^ v6i/, 

^ n (-'’'■^v)*Sn/J. (4.29) 

' vet/, ' 

We recall that the sum St/,e^,. extends over all forests of renormalization parts y 
of r which satisfy y D t or are disjoint. Accordingly (4.28) may be replaced by the 
sum over all forests V of zI/t with elements y' = y/r. Hence 



= E n (-^’''‘5v')5t/'/a/v= (4.30) 

t/'e.^M/T) v'et/' 

/V ^yv = S^(y') if y' = y/.r. 

Thus X 21 represents the renormalized integrand of the reduced diagram Ajr 
with respect to the degree 8^ . On the other hand, 

E n(-^’'^v)/. = 7?„ (4.31) 

Ue^ia) v£t/ 

represents the renormalized integrand belonging to the diagram a. Combining 
(4.27) with (4.28-30) we obtain 



= - E (4.32) 

tQT 

I(/t— 0 



(4.33) 
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Hence A'a is a sum of terms which factorize into the renormalized integrand of the 
reduced diagram Ajr and the renormalized integrand of a. 

In case of Xi we have 

8(r) = 2 - r = 1 (4.34) 

There is only one external momentum for each t which we denote by q. Hence the 
Taylor operator becomes 

l+X 9, 8^ («5) 

it */u 

with set equal to zero afterwards. We thus obtain the following factorization of 
= - I R^iX- I E(-OJiu./x{W}a-o (4.36) 

t£Ti TETi u 

where 

I n hir (4-37) 

VEjt, vel/, 

is a contribution to the Green’s function iTA{x) A(qi) ■■■ A(q„)} and 

Z U Ur) (4-38) 

ve U, 

is a contribution to the Green’s function 

(TAAx)A(q,) - A(qjy 

Combining (4.18-20) with (4.32-33) and (4.36) we find 

R, = Rf + R^'^k^ -\-yY. (-/) + E R^aiX . 

tgFj TeTj w xeTj 

(4.39) 

Multiplying by 

KRi + Ri) = KRi + 

with 

JCl = ^ ^ X — P Pi -I ■ Pi 
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and integrating over and kj we obtain 

<T:A(Xi) Aix^y. A(q^) - 

= <TN{A{xd A{q,) - A(qJ}r 

+ Y <TA(x)A(q,)-A(qJ)^iXTA{OA(-$)AiO)\ 

reri 



5 ] i-iXTAM Aiq^) - A(qjy^,XTA(0 A{-0 ^«( 0 )><, 

reTf 



(4.40) 



+ j; <TN[A(xy] A(q,) - A(qJ)^,XTA(0 A(-^) A(0) A(0)X 

Tsr, 



for any Fes^^. Summing over all Pe and taking the Fourier transform with 
respect to q^ q„ we obtain 



with 



Y <T:A{xi) A{Xi): A(yi) ■■■ A(y„))r 

reji/, 

= X <^2lA(Xi)A(x2)]A(yi)---A(y„))r 
+ i?i(^) E <T^(a) /!(/,) 

-f'£2"(a I <Td^A(x) A(yi) - A(y„))r 

re'^U 

+ R(0 E <rN[A(xr]A(y^)-A(y„)>j (4.41) 

F:i(^)= E <T:A(^)A(-i):A(0)X ( 4 . 42 ) 

E ( 4 . 43 ) 

4 (^)= E <r:^(a^(-D:^( 0 )^ 0 )>„ ( 4 . 44 ) 



<g’i„ and denote the set of all diagrams F e or zl e for which x is 
connected to at least one y^ . is the set of all proper nontrivial diagrams with 

coordinates Xi x^ , J’n as defined below Eq. (1.4.33). 

For diagrams in which x is not connected to any yj we have 



<7U(x) A(y,) - A(yJ>r - 0 
<TlA(xr]A(y,)-A(y„))^ - 0 



(4.45) 
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because of (1.4,43). With (4.11-12) and (4.45) Eq. (4.41) yields 

<7’:/l(xi)^(x,): A(y,) - A(y„)y 

= <TN,[A(x^) A(x,)] A(y,) - A{yjy (4.46) 

+ E,(0<TA{x) A{y,) - A(y„)y 
- iEAO K\TA{x) A(y,) - A(y„)y 
+ m$XTN[A{xy] A(y,) - A(y„)y. 

The expansions (4.42-44) represent the Green’s functions 



E,(^) = <T:A(i) A(-~0- (4.47) 
£,“(a = <T:A($) A(-0 ■ ^ (O))*'™’’ (4.48) 

4(^) = <T:A(i) A(-i): J(0) ^(0)>‘’"*> 

- <T:A„{^) Aoi~0 : 4(0) 4(0))^“’’ (4-49) 

In (4.49) the contribution from the trivial diagram was subtracted which equals 

<T:A,(0 A„(-0 : A,{0) 4(0))^“'’ = 2 (4.50) 

Introducing the remainder 

r(x$yi j>„) = <7W2[.4 (xi) ^(jcsj)] A(yi) ■ A(y„)y 

- <T'Ar,M(jc)'=] A(y,) - /l(y„)> (4.51) 

we can write (4.46) in the equivalent form (4.3) with (4.47-48) and 

E,(^) <TA(^) A(-^)y (4.52) 

E,(i) = <r :A(^) A(-i): 40) 40)>p™p (4.53) 

The remainder (4.51) vanishes as ^ O for |''/(| |)^/^ bounded 

lim r(A:^>'i ••• y„) = 0 (4.54) 



This completes the proof of the short distance expansion (4.3) of the Green’s 
function. 

We next prove Wilson’s short distance expansion in the operator form (4.1). A 
comparison of (4.46-49) with (2.27-29) shows that the Green’s functions 

<TiV,r/l(x,) /t(A-,)) A(y,) - A{y,y> (4.55) 
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as defined in perturbation theory (Section 3) are identical with the time ordered 
functions of the operator given by (2.27). Since the matrix elements 

of are related to (4.55) by reduction formulas the relation 

fim N,[A{x + 0 A(x - 01 = (4.56) 

follows from (4.51) and (4.54). Hence the definition (2.27-29) of the normal product 
represents the Wilson expansion (4.1) in operator form with the coefficients 
(4.47-48), (4.52-53) and the remainder 

R(x^) = N,[A(x + a A(x - i)] - Afa[/l(x)*] (4.57) 

which vanishes in the limit 



lim R(x, = 0, 



(4.58) 



Similarly we obtain 

TA(x + ^ A(x - 0 A(y^) •• • A(y„) 

= Eo(i) TA(y,) - A(y„) + E^(0 TA(x) A(y,) - A(y„) (4.59) 

— K^TAipc) A(yi) A(yJ 

+ TN[A(xr] A(y,) - A(y„) 

+ E(xiyi —y„) 

with 



fim R(xiyi -y„) = 0. (4.60) 

We finally check the dimension of the coefficients E^, Ei, i?a“ and E^ given by 
(4.47-48), (4.52-53). Let /"be a diagram contributing to E^^ . The dimension of any 
subdiagram y of J = P which contains Fo is 

diy) < 2 (see Eq. (I.A.38)). 

Accordingly E^ is at most quadratically divergent for 0 

d{E^) < 2 (4.61) 

Let r contribute to E^ or E^^, A subdiagram y of A — P which contains F# has the 
dimension 



d{y) ^ 0 
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as follows from Eq. (1.A.38) and the structure of the Feynman diagram for a mixed 
A^, /4*-coupling. Hence 



and 

since £' 2 " <s of the form 



d{E^) < 0 
4 £ 2 “) < -1 

£2“ = tEM^) 



(4.62) 

(4.63) 



Similarly one finds 



d{E^) < 0 



(4.64) 



It can be checked in low orders of A and g that the indicated singularities are 
actually present. Hence Wilson’s rule is satisfied with 



fi?(£„) = 2, d{E^) = 0 

if g, A 0. 

d(£2“)=-I. d(£,) = 0 

For pure .,4^-coupling, i.e., g = 0, one has 

£1 = 0 , £ 2 “ = 0 if g = 0 

and 

rf(£o) = 2, d{E^) = 0 ifA^O, g = 0 



(4.65) 



(4.66) 

(4.67) 



5. Relations Between Normal Products of Different Degree 

In this section we will derive some identities which relate normal products of 
different degree. To this end we compare the power series expansions of the Green’s 
functions 

<rWaM(„)i(xi) A(„)/a: 2 )] Aiyi) ••• A(y„)y (5.1) 

<TN,[A(,),ix,) Au),(x,)] A(y,) - A(y„)} (5.2) 

assuming a > b 0. The Equation (4.46) of the preceding section represents the 
special case a = 2, b = 0 since 

<TNdA(x,) A(x,)] A(y,) - ^(y„)> = <T :A(x,) A(x,): A(y,) - A(y„)> 
according to (3.13). 
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The contributions from a diagram or to (5.1) and (5.2) are identical 

according to the following generalization of (4.11-12) 



<5"^o['^(u)i(jfi) A(yi) A(y„)}r 

= <.TNo[A(^)J^Xi) A(^)^(Xi)] A(}\) A(y„)}r 

For both contributions vanish. 

For contributions from a diagram Fes/^ are given by 



if Fb or s/. 



(TiVoMw.Cvi) A^,^p,)] A((j,) A(q„)}r 



S/ 



r an 
J (277 






lim f 
£->+0 J 



dki 



6^(F) J (2t 7)* £ . +b J (27 t)* 

<7W»M(„),(Xi) v4(„),(jc2)] A{q;) ■ A{q„)yr 



Sr' 



dK 



Se{F)} (2t7)« 



-i(j>lXi+PiX 2 ) 



lim 

€-*•+0 



f dki 

J (2,r> 



dk, 

(277)1 






s n{b) 

(2n)* 



(5.3) 



(5.4) 



with the notation (4.10). 

The renormalized integrands and are related by the identity (1.6.14) 
with X given by (1.6.20-23). Multiplying (1.6.14) by 

S(A:i + Ki) ^ (5 5) 



taking a Fourier transformation with respect to qi q„ , integrating over the 
internal momenta and summing over all F we obtain 



<TiVJ^(„)^(A- + ^) - ^)] A(y,) - ^(y„)> 

= <TN,lA(,^^(x + ^) Au.),(x - i)] A(y,) - ^(y„)> 

+ E* Ga‘^’(a<r5fe>(A) A(y,) - A(y„)> (5.6) 

With the notation (2.11) the coefficients are given by 

= E <rJV,[AM,(i) ^(„),(-ai A<‘’\0) - ^<">^(0)>r“‘* (5.7) 

where is the set of all nontrivial diagrams contributing to the proper part. Hence 
== <TN,[Au,(i) /<(„),( -^)] ^‘"’'(O) - ^<‘>>T0)>‘"“‘' 

- <T:Al,,(i) AlyJ-^): ^^">*(0) ^“‘^(O)),^''*'* (5.8) 
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Eq. (5.6) takes the form 

A(yj) Aiy^)} 

= <TN,h[Au4x,) ^(„),(. v .,)] Aiy^) -A(y„)> 

Solving this recursion formula we obtain 

<r4(„),(x,) A(^)^(x 2 ) A(yi) ■■■ A(y„)y 

= <TAi,hiOAuJi~i)XTA(y,) - A(y„)} 

^ (— ( 1 

+ E; r\Yl#{p)i ! 

+ <7’WJ/rw.(A-.)/lu/A-a)l^(;',) - A(y„)y. 



(5.15) 
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The coefficients are given recursively by (5.9-10) with 

b = r + Y,^(p),-l (5.16) 



Comparing (5.9-10), (5.15-16) with (2.8), (2.10-11) we find complete equivalence 
of the two definitions of 



<TNa[Ai,)Jix,) A(y,) - A(y„)y. (5.17) 

The Green’s function (5.17) as defined by the power series expansions (3.4), (3.8) is 
identical with the corresponding time ordered function of the normal product (2.4). 
This equivalence may be used to prove the existence of derivatives 

Si)TNa[Ai,)Jix + 0 ^(„),(x: - ^)] A{y,) - A{y„) (5.18) 

According to (3.10) the limit of the right side of (2.17) exists for 

^ — 0, p 1)1/* bounded (5. 19) 

provided 



2 + #(v) + #(/t)i + #(,.), < a. (5.20) 



Therefore, the limit (5.19) exists for all derivatives (5.18) which are of order 

#(v) ^a-d. (5.21) 

This property of the normal products will be used in the following section for 
proving Wilson’s asymptotic form of the short distance expansion. 



6. Asymptotic Form of Wilson’s Short Distance Expansion 

The defining equation (2.4) of the normal product already has the form of a 
Wilson expansion 

TAi,),(x,) Ai^yjix,) = 1 

+ 7irn^ G<w>,(„).(^) 5w(x) 

= X + ^, Xi = X — t 



( 6 . 1 ) 
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which in general does not vanish. In order to modify (6.1) we introduce a new kind 
of normal product 

Ma[A(u)S.X^ 

which will vanish for jc^ x with a sufficient number of derivatives provided the 
degree a is chosen large enough. We define 

^(„).(JC2)] = (1 - //) AT„[^(„)^(a:i) ^(„),(xg)]. 



:>^i = Jc + ^2 = a: — (6.2) 

c = a — 2 - #(;a), - #(/x)2 . 

This is well-defined since all ^-derivatives involved exist according to (see (2.15)) 

^(»)/-'-2)] - iV«0i)M(„).(xi) ^(„).(jca)] (6.3) 

which stays finite for ^ 0 provided 

#(v) < c. (6.4) 

Some examples of Af-products of /4(xi) i4(A:a) are 

Af-ilA(xi) Aix^)] = iVLi[.4(Ari) Aix^)] = TA(xi) A(xe) (6.5) 

MolA(x,) A(x,)] = NolA(xO A(x,)] = :A(x^) A(x,): ( 6 . 6 ) 

M^[A(x^) A(x,)] = N,lA(x,) A(x,)] (6.7) 

M,[A(x,) A(x,)] = .?V 2 [^(^i) ^(^ 2 )] - JV,lA(xr] ( 6 . 8 ) 

M,lA(x,) A(x,)l = N,lA(x^) A(x,)] - N,[A(xr] (6.9) 

M,[A(xi) A(x,)] = N,[A(x,)A(x,)]-N,[A(xr] 
~ttNAA^Xx)A(x)] 

-i-i‘‘eN,[AJx)A,(x)l 



( 6 . 10 ) 
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In (6.9-10) we used 

+ i) A(x - ailf-o = KW(X + A(X - 

- ATJ/1(X) ^(;c)] = 0 (6.11) 

dJdMalACx + i) A(X - ^)]|f.o 

= NJJ3/[A(x + i) A(x - m-o 
= 2N,[A,Xx) A(x)] - 2N,[AM A/x)]. (6.12) 

In order to discuss the behavior for ^ 0 we set 

i=PV (613) 

and write 

^a[-d(„).(A:i) ^(^)/X2)] = (1 - tp')^a[-d(„)^(A:x)^(„)/A:2)] 

= (1 -0^a[^W,(A-,)^W,(X2)] 

C ! op p_Q 

Xj = X -|- pT], A'a = A" — p7]. 

In perturbation tlieory the matrix element 

(0,iV<.M(p)/A,)^(„)/A,)],i) (6.15) 

between suitable state vectors exists as a continuous function of p (including 
p == 0) provided 



a ^2+ #(/i)i + #(/a )2 and # 0. 

Likewise 

(^,^a-~Mw,(A0-4,,.).(A2)]^) 

A'l = X + p-q, A'a = A — pq 

is continuous in p provided 



(6.16) 



(6.17) 



a ^2 + n + Mp)i + #(m)2 



or 



(6.18) 
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Equation (6.3) implies 

^ (0, v4(„),(a-2)]i/i) = (cP, Na M<„),(x,) ^(u),(JT2)]0) (6.19) 

Hence (6.15) is continuous in p with all p-derivatives up to and including the order 
c. Hence 




(6.24) 
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Application of (1 — tf”) with 

c = b -2- #0r)i - #(^), 



to (6.24) yields 

AM 

“i~ I 1^1 («)a(-^2)l 

(v) = (Px V.X.X). (6.25) 



Introducing 






b = r + Y, #ip)i — 1 



(6.26) 



(notation (2.11)) we obtain 

0 - h^) G(‘l(„).(f) - A/|r’).(e),(0 if r # 2 (6.27) 



and 






_ ,•#(<.), +#(p)s(_ J J#(p)j+p-(»)i (6 28) 



(6.25) then takes the form 






VMX ( 

U Hn#(p)x! 



7/(';’).(.).(f) fl(p»(A') 






(6.29) 
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In deriving (6.29) we used the fact that the last term on the right side of (6.25) 
cancels the contributions from the polynomial expression in (6.28) because 



#-o 



t 

_ V6+lf l\!(‘Wa+#(»)a 

“ ,a,k ^ 

1 X'i+l f j\#(p),+#(«)a ‘ 

+ . 2Tmr#w 



<p)i(p)a 



(6.30) 



The sum £(►),<►), extends over all sets 



with 



(v)l = (vii ,...), (l-)2 = (vg, ,...) 

#(•')! + = C + l 

(6.29) may equivalently be written as 

a4(„),(A'a) = <Ta4(„)j(^) a4(„)j(— f)> ■ 1 

.a (-/)^^<^’^ 



^ ^ n ^(p)i ! ‘^(m)2(^2)]' 



(6.31) 

By (6.22) the remainder vanishes stronger than any power for ^ 0, provided a is 

chosen large enough. Moreover, 



for 



lim^ 



= 0 



«=='•- 3 -I- X mp)i - #(ja)i - > 0. 



(6.32) 



Accordingly (6.31) represents Wilson’s short distance expansion in asymptotic 
form. 
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Abstract. Dyson's power counting theorem is extended to the case where some of tlie mass 
parameters vanish. Weinberg’s ultraviolet convergence conditions arc supplemented by infrared con- 
vergence conditions which combined are sufficient for the convergence of Feynman integrals. 



1. Introduction 

In the theory of renormalization Dyson’s power counting theorem plays a 
decisive part [1-3]. The contribution of a proper Feynman diagram to a Green’s 
function has the form 

^ ( 1 . 1 ) 

fi (/] - mj + iE{1J + 

7=1 

where 

k = {ki...kj, /J=(Pi ■••/»«), 

^■7 — (^>^71^72^73)' ^ 

(Ik ~ (Ik I . . , (Ikfn ^ (Ik j. , ,(lk j^ydk j^dk j2,dk , 

kj and pj arc Minkowski vectors with the metric (+ 1 , - I, - 1 , - 1 ). The vectors 
Ij are linear combinations 

lj=Kj{k) + Pj(p) (1.3) 

of the vectors and p,, ...,Pt^ with Kj^O. P is a polynomial in the com- 

ponents of k and p. The denominator of R is the common denominator of the 
unrenormalized integrand and the subtraction terms. 

If all masses are non-zero Weinberg’s version of the power counting theorem 
can be used to prove that the integral (l.l) is absolutely convergent provided the 
renormalized integrand R hits been constructed according to Bogoliubov’s sub- 
Iraetion rules [3,4]. It can further be shown ihtit the limit c.-* I t) exists ;ts a 
covariant tempered distribution. 

So far the power counting theorem has only been stated for non-vanishing 
masses. In the present paper Weinberg’s ultraviolet convergence conditions are 

P. Breitenlohner and D. Maison (Eds.): Proceedings 1998, LNP 558, pp. 310-323, 2000. 

© Springer-Verlag Berlin Heidelberg 2000 
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supplemenled by infrared convergence conditions which will be shown to be 
sufficient for the convergence of integrals (1.1). The limit (;-♦ +0 [5] as well as the 
application to field theoretic models [6 9] are discussed in separate papers. 

Our results are consistent with recent work by Bergere and Lam, as well as by 
Trute and Pohlmeyer, on the asymptotic behavior of parametrized Feynman 
integrals for small mass values [10-12], 

Some general definitions are given in Section 2, Section 3 contains the state- 
ment and proof of the power counting theorem. The concept of reduced integrals, 
which is useful for some application of the theorem, is introduced in Section 4. 



2. General Definitions 

We consider integrals of the form (1.1). L denotes the space of the linear forms 
j=i J=i 

which will be interpreted-as inhomogeneous linear forms in the integration varia- 
bles k,,...,fc„,. Elements of L are called linerarly (in)dependent if their homo- 
geneous parts (in k) are linearly (in)dependent. A set of elements in L is called 
a basis of L if their homogeneous parts form a basis for the space of the homo- 
geneous forms in k. 

We observe that always for an absolutely convergent integral (1.1) a basis 

( 2 . 2 ) 

exists consisting of linear forms which occur in the denominators of (1.1). Other- 
wise there would be at most tri <m linearly independent forms 

0 (2-3) 

with the remaining Ij being linear combinations of vectors (2.3) and pj. Extending 
(2.3) to a basis 

of L with Jacobian one (relative to k^,...,kJ we find 
J — J'r//j, . . . I . . . dw^R 

with the divergent subintegral 

Jr/vv, .. ‘lw,R. 



Therefore, a basis (2.2) of L must always exist if the integral (l.l) is to be absolutely 
convergent. 

For the formulation of the power counting theorem we will need certain sub- 
integrals which we set up as follows. Let 

M, = = (2.4) 

be a basis of L with Jacobian one (relative to k^,...,k„). Using (2.4) as new inte- 
gration variables for (l.l) we obtain 
J —jdiidi’R , 

« = («,. ..hJ, t)=(y, ...a*), 

du = dui ...du^, dv=dvi...dv^ 



(2.5) 
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where P and Ij are expressed in terms of w, v and p through 
k = kUi, v,p). 

We consider a hyperplane H defined by the condition that the linear forms 
= 

have constant values. The subintegral of (1.1) along H is then given by 

J(H] = ^duR. (2.6) 

We distinguish two different definitions for the dimension of a siibintegral (2.6). 
The upper dimension dim refers to the behavior for large values of the inte- 
gration variables. The lower dimension dim refers to the behavior for small 
values of the integration variables. We define 

dimJ(//)-IIeg„« + 4((, (2.7) 

dirn d)//) = deg „f? + 4a . (2.8) 

The upper degree deg„ (or lower degree deg „) denotes the leading power of q in 
the limit g^co (or e-+0) if Uj = guj is substituted into R. More precisely, 

v = deg„R, V = deg,,/? , (2,9) 

if 

lim ^ +0, 00 , lim ^ 4=0, 00 (2.10) 

1^-* (juQ 

for almost all values ofu, and the remaining parameters Pi,...,ti(„p,,...,p;v. 

We quote some rules for the upper and lower degree. Let N, D,F,F,,...,F, 
be complex- valued f unct ions of real four-vectors w,,...,i/„, p,,...,Pb, Pi,- 
which the definitions dcg„ and deg,, may be applied. Then the following rules hold 



deg„F'’ = udcg„F, 


(2.11) 




(2.12) 




(2.13) 


N 

deg„^-=dcg„(V-dcg„P, 


(2.14) 


fl ^7= Z ^ufj, 
1=1 1=1 


(2.15) 


fl^"l= Z deg,F, , 
1=1 1=1 


(2.16) 


r 

deg,, X Fjgmax{dcg.,Fj} , 


(2.17) 



j = I J 



d^Mu X Fj^niin{;^„/C} , 
J- 1 J 



(2.18) 
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Let F be a polynomial of » = (a,, r = (r,,...,r,,) and />==(p with 

vectors Vj, p^. Then we may write 

P = Q.^0 (2.19) 

a 



where are independent monomials in u and are polynomials in v, p which 
are not identically zero. The upper and lower degrees of F are given by 



deg„F = max{degMj , (2.20) 

a 

deg„F = min {degM J . (2.2 1 ) 

a 



3. Convergence Theorem 

In this section the power counting theorem will be formulated for integrals J 
of type (1.1) assuming that a basis (2.2) of L can be formed. Weinberg’s hypo- 
thesis of the power counting theorem may be stated as follows: 

Ultraviolet Convergence Condition. The inequality 

dimJ(f/) = deg„R + 4n<0 (3.1) 

holds for any basis (2.4) and for any hyperplane II defined by conslani rabies of 

In particular, the upper dimension of the full integral J should be negative. 
Weinberg’s condition (3.1) is sufficient for the absolute convergence of J provided 
all masses are different from zero 



mj>0, j=\,...,n. 

In the general case we propose in addition the following 
Infrared Convergence Condition. The inequality 



diin./(//) = dcg„R + 4a > 0 


(-T2) 


holds for any ha.sis (2.4) satisfyiiui 




= ... =ni,__=0 


(3.3) 



and/or any hyperplane H defined by constant values of 

The ultraviolet and infrared convergence conditions combined form the 
hypothesis of the 

Power Counting Theorem. Let J he an inteqral of the form ( I . I ) for which a 
basis (2.2) of L can be formed. J is absolutely converiient if the ultraviolet con- 
rerqeiice condition (3.1) and the infrared coiwei-fjence condition (3.2 3) hold. 

Due to the inet|uality 
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the absolute convergence of (1.1) is implied by the absolute convergence of the 
corresponding Euclidean integral 

J = J dkR{k, p) 

(3.4) 

j= 1 

where now 



Therefore, we may restrict ourselves to proving the absolute convergence of (3.4) 
under the conditions (3.1-3). 

We begin proving a lemma on the infrared convergence of certain integrals 
which are homogeneous in the integration variables. 

I jjmina. Cou.s’Wcr inUyrals of the form 



F = 



I dui...du„ 

u}£ I 



M 



Y\(ujr 



(3.5) 



where the Uj are linear combinations of the Euclidean four-vectors and M 

is a monomial in the components of u , M may he factorized as 

U 

M=Y]Mi (3.6) 

i I 



where M,- is a monomial of Ui- Eor any subset 



(3.7) 



of the integration variables we form the integral 



F:. 



= J diu,...dui^, 

uf ^ I 



j 



(3.8) 



where the product J extends over alt Uj which are linear combinations of 
j 

vectors (3.7) only. The integrals (3.8) are called sections of (3.5). 

The .statement is that the integral (3.5) is absolutely convergent if the dimension 
t/j, of each .section (3.8) is positive: 






(3.9) 



This condition includes the dimension of the full integral which we denote by d. 



d=dimF=d, „>0. 



Proof. We decompose the integral (3.5) into 
/» 

M 












Uiujr^ 



(3.10) 
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with the sum extending over all permutations 
I ...<A 



r= 



I, ...I, 



We will check the convergence of each term F,>. In order to simplify the notation 
we rename the integration variables and monomials by 

Moreover, we denote the momenta Uj and exponents ly of the denominators by 

such that each is a linear combination of W|,...,vv, with non-vanishing coef- 
ficient of Wj, 

i' = \ 

In this notation F,, may be written in the form 



J i > (3.111 



According to the hypothesis of the Lemma the dimension of each section 



r . r . N- 

Pc—Ph...ic— I J 



J J 

is positive, 

dim r,. = </,.>() . 

</,. satisfies the recursion formula 

(/, = 4-t-deg(V,-degn(fk;j)'‘‘^ + d,.. , . 

J 

We choose a number S with 
dc>5>0 for c=t,...,a 
and form the integral 



(3.12) 



(3.13) 



(3.14) 



IN, I 



\N2 



|NJ 






(3.15) 



Since |vv,J^ I and d-<i-d„ ,'> >0 the integral is majori/cd by (1, 
\F,\SG. 



(3.16) 
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We will prove the convergence of G by recursively estimating the integrals 
^ r , l^cl f , 



The dimension of 






; 

is [see Eq. (3.13)] 

dimfi„ _ , = 4 + dcgiV„ - dcgfl( • 

J 

Now, by a change of integration variable, 

I r / „ 1^-1 



a.-,= 






1 ^ ^ —= 

- - Wj - I 



(3.17) 



In the last line the limit l/|«a-ik°o could be performed since the dimension of 
the integral is negative. Hence 




where y„._ , is a constant. 

Repeating this argument recursively we obttiin 




by Eq. (3.13-14). Finally 




JNA 



The integral on the right hand side exists since its dimension 
dim/'i — 1 /| f <^ = <')>() 

is positive. By (3. 1 6) each term of the decomposition (3.10) is absolutely convergent 
which implies the absolute convergence of (3.5). This completes the proof of the 
lemma. 

We now turn to the 

Proof of the Power Countinfj Theorem. Let Sq be the set of all momenta Ij 
with ffij=0. Let S be any subset 

SQS„ 

T denotes the complementary set 
r=So\s. 
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We require that with a momentum Ij the set S should contain any /, which satisfies 
ni,=0. 

We decompose the integral (3.4) into 






where 



’ VSH in. 



For studying /l^ we select momentum vectors 



(3.18) 

(3.19) 



Oj 1 1 



(3.20) 



in S which form a basis of 5. Then IjeS is a linear combination of 

li = Vi + Qi 

a N 

j=> J=< 

We say that S or the integral /Ij,. has zero external momenta if Q, =0 for all /.eS. 

For r small enough the term zlj vanishes unless all external momenta vanish. 
For the proof we observe that since the occur among the /,eS. The U j 

are of the form 

a 

^j= Z 

at = I 



where with jj being characteristic number of the integral. Now 



ie>i ^i/,i+it/jig(i +//)/■ 

implies 

for any Q., 

~\+n ^ 

if the domain of integration is not empty. If at least one (2j+0 we may choose r 
such (hat 

(3.21) 

l+t] 

But then the domain of integration is empty and -4.v=0- Hence for r small enough 
we find 

J = Y.^s (3.22) 

s 

where S is restricted to tho.se subsets for which Q/ = 0 for any IjeS. 

In each integral we introduce new variables of integration as follows. By 
adding suitable vectors 



a + b = m. 



(3,23) 
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(3.24) 



of L with Jacobian one (relative to Then each IjeS is a linear com- 
bination of The remaining Ij are linear combinations of p,, 

We next write the numerator P as a polynomial in u 

oc = (oi, a„), (3.25) 

I - I 

"n'Hii'iifi', a,. = a,,). 

with the coefficients being polynomials in p,,...,p^. Then 



M, 









jisifjp' nr(orwf+'»fy'^’ 

U=(/,,...,0\So. 

We now estimate the p-integrals 

f / 

To this end we consider the integral 
Jdp ^ 



(3.26) 






(3.27) 



(3.28) 



with M >0. In (3.28) all masses are different from zero. Because of the ultraviolet 
convergence conditions the integral (3.28) is absolulcly convcrgcnl. 1‘ach /; in 
(3.28) is of the form 

/y= yj(r) + R/ii,p). 

Using 



we find 



m 



m 



jt/p 



\p\ 



\p\ ' 



gcj’r/p 



Hence 

jt/p 



\r(lj + 

P 



YlAvf+M^r'Uviyi'+mjr^ 
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is absolutely convergent. The denominator does not depend on u while the 
numerator is a polynomial in u. Applying Lemma 3 of Ref. [13] we find that 






CJiv, p) 



Wi{Vf + M^r‘Wu(V^ + m]Y> 
is absolutely convergent. With this we can estimate (3.27): 
IQJ 



// Urilj)”' UuHj + 



M 



2\r 






K'J 



Ur(lj + M^rWj+^')"' 



\ 



1 



(using ^ I + 






r 

ici 






using 






— 7-.-S 






/? + M] 



M, 



Mf 



*7 ' "’*7 ‘"7 '”7 

The inlcgrnl of the Iasi line only clcpciuls on p and the masses. Hence 

Sa (/SH ll.st'jl 

The integrals on the right hand side can further be estimated by 

r .... _... f I.. 

i 1?^ 1 inX 1 1 m^7' / 

where d is the dimension of the integral. I’hiis 

|M,| 



(3.29) 



.So. u/il ll.SOj) 



(3.30) 



with the sum restricted to those which occur in (3.25) with non-vanishing 
coefficient. According to the Lemma (page 8 of this paper) we have convergence 
of the integrals on the right hand side if the dimension of any section is positive. 
In order to check the dimension d of the full integral 



f- r / 

..1, TO)-' 

we form the subintegral 
7(/7)=|d», 



(3.31) 



[](/;+ mj)''J 



(3.32) 
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of (3.4) along a hyperplane // defined by constant values of By the 

hypothesis (3.2-3) the lower dimension 5 of J(H) is positive, 

f) = 4« -1- deg ,, /'- dcg„ J I (/] I- mj )"< > 0 . (3.33) 

J 

This implies 

0 < 5 = 4« + deg YlsHjr^ - deg„ Y\r(l]r 

^4a+ ^,.P- deg Ils(/; 
g 4fl + deg M, - deg ns(^- )"^ = d . 



Hence the dimension of (3.32) is positive. 

We further have to verify that the dimension r/,,. of each section 









(3.34) 



is positive. Here M^,, , is the restriction of the product (3.25) to factors depending 

on Uj, n<i. ..c denotes the product over all factors for which IjeS is a linear 
combination of the vectors ...«,^ only. Useful information is obtained by com- 
paring the expansion 

(3.35) 

of P with respect to monomials in with the expansion 

(3.36) 

with respect to independent monomials in h,^ only. We know that 
occurs as a factor of at least one monomial with Cj,=#0. Since the 
monomials are linearly independent the factor C^. of MJ,. = in (3.36) 

must also be different from zero. This implies the inequality 



deg„.P^degM^.,...i^ (3.37) 

which will be crucial for the proof of the theorem. denotes the lower degree 
with re.spcct to Ihc variables i/' = ((/,,,...,n, ). We now form the subintegral 



./(//') ==jV/n,.,...r/n,.^ 



P 

j 



(3.38) 



along a hyperplance H’ defined by constant values of Pi,...,Pj, and the momenta 
Uj which do not belong to u'. The lower dimension S' of (3.38) is positive by 
hypothesis (3.2-3), 



0<<^'=4c + deg„.P-deg„.n((; +m])"U 

J 

g 4c P- deg Hi, . ..iSljP ■ 
With (3.37) 



d 






- 4c deg . - deg I I , J Ij )'' ' 
^ 4c + P - deg n,. , . . , , j Ij )" ' 
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follows. Hence the dimension of (3.38) is positive. According to the lemma 
each integral on the right hand side of (3.30) converges. This completes the proof 
of the theorem. 



4. Reduced Integrals 



In this section we discuss integrals of the form 

/ = jt//cfld,(/,) (4.1) 



in the notation of (1.1) and 

Mj 

(ij - m] + k(l j + /»; ))"^ 






nj>0 



(4.2) 



where Mj is a monomial in k and p. For integrals of this type we introduce llic 
concept of the reduced integral. Let 



S = (4.3) 

be any subset of the momenta If,..., I,,. From the elements of S we select a basis, 

i.e. we choose linearly independent forms u of L such that each Ij-eS is 

a linear combination of and p,,...,p,^. With respect to S we form the 

reduced integral 



^ed(S) a jdu,...du„l]s 

lj=l/U,p), U=(llf,...,U„) 

where the product extends over the IjsS only. The reduced integral (4.4) is 
defined up to a factor which depends on the chosen basis. 

Of special interest are reduced integrals of vanishing masses and vanishing 
external momenta, i.e. 

mj=0 if IjeS , 

!j=lj(n), independent of p, if IjeS. 



In this case each factor Aj(lj) occurring in the redticed integral is homogeneous 
in n. 

In case that (4.1) represents an tinrenormalized Feynman integral the reduced 
integrals have a simple graphical interpretation; /f,.j(S) is the Feynman integral 
which corresponds to the reduced diagram S' = S/T where all lines of T have 
been contracted to a point. 

With the concept of the reduced integral we can give an equivalent formula- 
tion of the infrared convergence condition for integrals of type(4.1)'. Consider 
a basis 





• • • > Wfl , 




■■i^b Ob 


(4.5) 


of L with 










m„ = ... 


= ~ 0 . 






(4.6) 



' This rurmulutiun was used by Muck [ 14’J lo study inl'raied convergence of inlegrals like (4.1) 
in the context of conformally in variant theorems. 
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For any such basis Ihc infrared convergence condilion reads 

^«n^A) + 4«>0. (4.7) 

We now form the reduced integral 

7,JS)a (4 8) 

with respect to the set S of all momenta Ij with nij=0 and lj=0 at n = 0. Then 
for any we have 

/IIy + 0 

or /j=(=0 at 11 = 0 
Therefore, 

deg u = deg Usd j(lj) (4.9) 

and 

deg,, n d ,(//■) + 4a = diml.JS) . (4.10) 

Hence an equivalent formulation of the infrared convergence condition for the 
integral (4.1) is 




dim/,JS)>0 

for any set S of momenta Ij with 



ni~0 

and lj = 0 



at j/ = 0 



if IjeS. 



(4dl) 



(4.12) 



With this result, we are able to formulate the infrared convergence condition for 
an integral of the type [notation of (l.l) and (4.1)] 



\<lkQ\\A^(lj) (4.1.1) 

j- 1 

where Q is a polynomial in k and p, in terms of a power counting criterion in- 
volving the formal integral 



idkllJjilj) (4.14) 

where the product is restricted to the set Sq of momenta with m~0. In particular, 
we have the following 

Corollary to the Power Counting Theorem. The inleynil (4.13) is absolutely con- 
vergent if the ultraviolet convergence condition (3.1) holds and if any reduced 
integred q/ (4.14) with vanishing external momenta has positive dimension. 

Troo/'. 

dcg„6 I 1 Aj(lj) = 4 I [ 4 ,(/j) 

j-i 

^deg„ fid, .(/,.). 

j= 1 
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Hence the infrared convergence condition of (4.13) is implied by that of (4.1). 
Any reduced integral of (4.1) with (4.12) is also a reduced integral of (4.14). This 
completes the proof 
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